SOLID STATE PHYSICS 111 Homework 1

Oct. 10th, 2024

Diatomic tight binding chain

(a) The Heisenberg equation of motion is given by:

d )
%(Cjci+1) =i[H, CICz‘H],
where H is the Hamiltonian.
The Hamiltonian is:
N N/2 N/2
H= —tz (C;Cj+1 + C}+1Cj) + Vg Z N2j—1 + Vp anj,
=1 =1 =1

where n; = c;r-cj is the number operator.

We want to compute the commutator [H, cch_l]. We will consider the contributions from the

hopping and on-site potential terms separately.

First,
i T I R | T T
[ejejv1, cicita] = [cj, cicita]ejvr + ¢jlejp, ¢ ciga]
I Toor U 1 i
= cilejs civalej + e, ¢jleivicipn + cjeileiv, civ] + ejleja, ¢fleit
= CI(ZC}CHJ — 5i+1,j)cj+l — QCIC;CH»lchrl
+ C;CI(—20i+1Cj+1) + C;(_QCICjJrl + 5i,j+1)ci+1
= —0is1,50 41 + 0ijricieiin.
Similarly,
T T _ T i
[cj+1cj7 cicit1] = 5i,jcj+1ci+1 = 0i41,j4+1C;C;-
Now,
1 T _ 1 1
D dernclein] ==Y dipa el + Y 8 ckein
J J J
= —cleiya+el e
- i Ci4-2 i—1¢1+1
and
1 T _ 1 T
D chneicleml ==Y dijeliicinn =) dirgrcle
J J J
_ T T
= GGt €y Cita
Combining
N
[ chejar+ el ei) clei] = —cleiva + ¢l ycipr —ni +
jCi+1 j4+1%5 ) > G Cit1] — 3 Cit2 i—1Ci+1 7 i+1-
=1
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On the other hand,

[c;c]7 cchl] = J; JC]CZH — 0it1,5C I (6)
and thus
D chjaczmncleinl = D biaimach yein =Y dipaniacieaia
=cleipr —cleii =0
iCi+1 — C;Cit1
and
D> eljeajiclein] = 0. ®)
J
Therefore,
[H,cleipa] = —t(=cleia + e — ni+niga), (9)

Final Equation of Motion

Combining both contributions, the equation of motion for c;cm-H is:

d .
E(Cchl) = it(c]eive — c]_jcip1 + 1 — nig).
(b) Band structure

(i) Using the @ and b operators we write

N/2 N/2 N/2

Z( Tb +of la; +aj+1b —|—b}+1aj) +UGZCL;G/]‘ —HJ(,Zb}bj
Jj=1 j=1

= Z Z [ Lbk’ + blak, + albkfe_zik n bzak/e%kl} ey

#k kg
+ Vg Z alak + vp Z bLbk
4k #
2t N T 2ik T 23k’ t i
= N 5k K [akbk/ + bkak/ + akbk/e + bkak/e } + Vg Z aar + vp Z bkbk
k,k’ k k
= —tz [ 2”“ Tbk +(1+ e+2’k iak] + v, Zalak + vp Z b%bk
#k #k
_ Z ( 1 bT) Va ) —t(]. + 6721‘]@) Qg
= 2 Q. k 7t(1+€+21k) Up bk; .

(10)

The fourth equality is the expression of the Hamiltonian in momentum space. One should
be careful not to forget a; p1bi+ b; 4105 in the first line, otherwise half of the hopping terms
in the Hamiltonian could be missed.

(i) See the last line in (10).
(iii) H(k) can be written as

Vo + Up
2

Uy

Hk) = 2227 ¢[1 + cos(2k)] o — tsin(2k)o? + 915544702. (11)
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Therefore,

2
| = \/t2 [1+ cos(2k)]? + 2 sin(2k)? + (”“ . “b>
Vg — 0, 2
= 1/2t% + 2t2 cos(2k) + ( B 5 b)

— \/4t2 cos(k)” + (U“ 5 “b>2, (12)

8), = arccos —&_ vb,
2| h|
; sin (2k)
= arctan ——————
Ph 1+ cos(2k)’

and the eigenvalues are Fy (k) = Yt + |1y, with the gap A = 2ming |hi| = ve — vs.

(c) {5k7511/} = {u’{l,kak + u’{Mbk,ull,k/al, + Ulg)k/bz,} where u;; are the entry of the U matrix
corresponding to i-th row and j-th column. Therefore,

{Br, Bl } = uiy pun e {ar, af } + ufy gurz g {bi, b } = uly gurn e Ok + uip g1z Opp.  (13)

Therefore, {8y, 3},} = 0 when k # k. When k = k', {8, 81} = [ur1.4]? + |u1ox|? = sin? 6y, +
cos? 0, = 1. Thus, {ﬂk,ﬂ,i,} = 0k k. Similarly, one can also find, {ay, ozL,} = Ok k-
(d) The lower band E_(k) has a minima at k = 0. By expanding E_ (k) near k = 0, one finds

Va tUp 2t2 9

42 +V + — k2, 14
VA TV (14)

where V' = “a52 The free electron dispersion is given by Ej = hk?/2m. By comparing the two
expressions one finds that the effective mass of electrons near the band minimum is

. WAV

Ty

E_(k) =

(e) By doing a similar calculation as above, one finds that

E_(k) = “‘”2”’” V- 2\]“/2;. (15)

Thus, the effective mass for the lower band at k = 7/2 is

e
4¢2 -

Since an electron carries negative charge, the absence of an electron (a hole) behaves as if it has
positive charge. When an electron has negative effective mass near the top of the lower band, the
hole, which is essentially the absence of that electron, is assigned a positive effective mass. This
is because the motion of the hole (as a vacancy) mirrors that of the electron.

(f) Band structure
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(i) At k= m/2, O4—r o = arccos —1 = 7, hence

() =0 (o) = (o) () = () (19

The interaction between the electrons and holes most probably happens near the 'Fermi
surface’, which, in our case, is the point k = 7/2, therefore, we would like to focus on this
region.
(ii) We write
N/2 N/2
U= uZ(anan_H + Tlgj_l’n,Qj) = uZan(n2j+1 + ngj_l)
j=1 j=1
N/2
= U Z b;rbj (a}aj -+ (Z;L-+1aj+1)
j=1
1 V2
U . N 9 AN _ 9 r__ -
- WZ Z e_l(k—Q)QJbqu(e 2i(k'=q")j 4 o=2i(K'—q )(]+1))a2/aq,
=1 #k.a kg’ (17)
4 N/2
U —i(k+k'—q—q')2j 2i(k’—q’
=3z 2 Doen e 2 Olbal ay
#k,q,k’,q" =1

2
= Fu Z Otk —g—q0 [1 + cos (2K — 2q') — isin (2k' — 2¢)] b bgal, ay

#k,q.k',q'

2u .
T2 Okrw—g—g.0[L+cos (2K —2¢) — isin (2 — 2¢)] B Bs0f, 0.
#k,q,k",q'

Q

Notice that sin (2k" — 2¢’) is odd w.r.t. k' — ¢’, or we simply write U = (U + U1) /2 since U
is hermitian, we then can drop the sin terms. By using the trigonometry formula cos(24) =
2cos?(A) — 1, we reach the expression

;_4u 2 tg ot
U= N Z Okt —q—q,0 08" (K" — ') B By g
#k,q,k",q'

k' —q,then g—k'+q 4u
—q;then g—k'+q 4U Z cos?(k — k/)ﬁ]iﬂk/a;rg’-i-qak""q (18)
#k,q,k’
4u
N Y cos’(k = Kay BB al,

#k,k',q
where in the last line anticommutation relation for fermions has been used:

6;2@10‘;2@(1’ = ﬂlﬂq(%mk' - O‘q’a/t') = *aq’ﬁzﬁqO‘L + 5!12’6’@1511'
———

neglected

(iil) Egpire = ”"T'“”’ After the energy shift, we can write
H = Z (—Eka};ak + Ekﬂlﬂk)
#k

where Ej = |hg).

Then we need to deal with (H + U)|¥,) = [Z#k(_EkO‘LO‘k + Ekﬁ};ﬁk) +U]|¥,) = (BEq +
wq) |¥q). Let’s divide the expression into three parts, and use the fact that a£ |2) = 0 and
B, |©) = 0 for any valid k:
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Z Eko‘ko‘k ZAk O‘q+kﬁkm Z EpA k’akakaq+k’/8k’ )

#k #k k!
Z EyAj (- q-s-lc'O‘L + 5k,k’+q)0‘kﬁl£’ €2)
#ho K’ (19)
= Z AZrOéq+kr5;1/(* Z Ekoz,tozk |Q>) + Z Ek/+qAZ'ak'+qﬂch' ‘Q>
#k! #k #k'
= EQ |\I/q> + Z Ek+qAZOék+qﬂli ‘Q>
#k
[ ]
(- BB Al ergaBLIN) = - BrAL 5B p08L 1)
#k #k #k k!
= > BRALBLBL B, — Sk p) oy 1)
Rk T (20)
=0- Y ExAlBla,., Q)
#k
=Y ExAla,,,BL1Q)
#k
[ ]
u
Uy =35 >, cos’ (k=Ko BiBual D A, 19)
#kk g #p
= 4N Z Al cos®(k — k' )t Bkﬂk,ak,+q,ap+q5 |€2)
#k,k'\q',p
= 4N Z Al cos 2k —K )ty Bkﬁk,ﬁ (Ok'+q ptq — p+q04;c/ ) 1)
#k,k',q";p .
gives 0
u
= —IN Z Al cos?(k — k’)ak_k,+p+qﬁzﬁk,5; |€2)
#k.k\p
= 4N Z Al cos®(k — K)oy, _ k/+p+q6k(6k/,p B8 19)
Sk k! \p =
- u 2 1
=1y Z A cos*(k — K)oy, By 19)
#hk, K
(21)
Group the equations (19), (20) and (21) together and we will get
FEq |\If + Z EkJrq + E}g)Aqak+qﬂk |Q Z Ak/ COS (k k' )ak+qﬁk ‘Q> (EQ + wq) |\IJQ>
#h #k %
u
D | (Brwg + B —wi) Al = 15 3 Al cos®(k = k) | a8 19) = 0
#k #Hk
=0
(22)

From (22) we find our final results.
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(iv) Given cos(k — k') = 1, we write

4qu
(Ex + Eryq —wyg) Af = N > AL
#k'
1 1 1
AT — A9,
4y NEk—FEk_;,_q—wqg]; k

Since (23) holds for all k, we can sum the equation over k on both sides, and get
1

R q = ’ ql

k=T NZEHEM—% X

and we reach

4u NZEk+Ek+q_wQ.

(v) (Optional) Check the Mathematica notebook.

(23)



