SOLID STATE PHYSICS 111 Exercise session 5 Oct. 24th 2024

Fractional quantum Hall effect: Laughlin wavefunction

1) Many derivations can also be found in Prof. Mila’s lecture note.

(a) Anticipating the notations of the next question:
1 /., e 2 1 /- N
Huamion = 3 (74 G A) = 5 (1 +11).

(b) The computation of the commutator is fairly standard:

P e e .eh .heB
[Hxany] = [pwa EAy] - [py7 EAJL] = _Z?(axAy - ayAa) = _Z?' (2)

Now, we can define P =11, and Q = e%ﬁy We then rewrite

1 (., €e*B?. P2 .
Hanauzi P2 2) = — 5 2Q?
tonion = 5= (P24 S50 ) = b Jma Q2 Q
where B
e
c = —. 4
We = (4)

Working with P and @ as p, and z, we recognize the Harmonic oscillator such that [z, p,] = iA.
This directly gives us the results.

We compute the two correlators

JN 1 - . eB
X 1L] = [z, pa] — 1,11, = ifi — ik -0 5
L] = [opa) - [, T = ih— i 6
(X, 11,] =0 (6)
Similarly for Y. Given the form of the Hamiltonian, we directly have [X s Hiandau) = 0 =
[Y, Hpandau- Just as an example:
[X,f[i] = [X»ﬂy]ﬂy + ﬂy[Xvﬂy] =0 (7)
Finally,
(£, 7] = —— (9] = ——[py ] — ——5 1L, 1] = (5)
5 = e, T, Px - Py, Y meE xy Ly = —

Here, we can prove the result in different minimal ways. The simplest is to note that we can
formally rewrite the Hamiltonian as

1 - ~ A~ N
HLandau = %(Hi + H?}) +0x (X2 + YQ)' (9)

With the previously derived commutation relations, that means we can separately solve the
two harmonic oscillators. Let b be the bosonic operator from the second oscillator. As a linear
combination of X and Y, it commutes with the Hamiltonian. The general eigenstates are

P ik

1
i |0) with energy A(n + §)Wc~ (10)
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(f)

This is where the gauge becomes relevant. Here, two ways offer to us: either we can start
from the proposed equations and show that we recover the original Hamiltonian, or write the
expression of a as a function of II. We remember that ¢ must be linear combination of the II
and that

. . 1
I + 11 = 2mhw,(ata + 5) and [a,a'] = 1. (11)

Let a = ozzf[z + ayﬁy. That means that

1
2 2
. - 12
aaf? = oy = 5 (12)
PN PN 1
azay Il I, + aya, 1T, 1T, = —3 (13)
(g — agzay))ihmw, = 1. (14)

The first line is in fact not necessary to solve the problem. The second line imposes o,a, to be

purely imaginary, and the third line then fix the norm. Let a, = \/ﬁ and oy = —iag. Then

1 s - 1 _eBy eBzx
(i, + 1) = ———(i(—iho, iho, + =L 15
©= ot e+ Iy = e (i c )ty m5) (15)

1 . mwe / mwc

We introduce the elementary length

h

b
mwe

Ip = (17)
which has the correct dimension, and obtain the expression of a we wanted. Note that [z can
be obtained also in the following way. We know that the energy scale is fiw,., so we can factorize
the second half of the Hamiltonian

1

Lo 202 _
2meQ

hw, mw,
2 h

Q*. (18)

Given that @ is a length, the natural length scale of the problem should be

h
15 = : 19
b= (19)
The Hamiltonian can be rewritten in the suggestive form
2p2 (2
H andau — hwc B a2 | 2

A similar computation gives the result for b. Note that we have a lot of freedom of choice in the
definition of the orbitals. This form is the most convenient on the plane, and for identification
with the angular momentum.

We start with n = m = 0 The vacuum state verifies
al0) = bl0) = 0, (21)

which leads to .
i‘I)o,o =0=1,0Pg,0 + iq’o,oo (22)

1,5P
v9®o0 + i
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The first equation implies

Do0(z,2") =€ B f(2) (23)
and the second .
Doo(z,27) = ¢ B g(z") (24)
Together, we have )
Do o(z,2%) = Ce i (25)

The normalization constant is obtained by fixing the norm of ®( o to 1

/ d*7 o0

To obtain the general form, let s assume that it is correct up for m > 0.

2_ 2 / / e ¥ = O x 2l (26)

pt

0,m+1) = ————
0.m +1) =

|0, m) (27)

V2

— 4
Doy = — (1D 4+ —— )by 28
0,m+1 m( B 4ZB) 0, ( )
) m _zz*
V2 Ay Ay (20)
m+1 Up" Als" fomp2mt2yom
z z ¢ (30)

\/QZQB (m+1) \/27rl2Bm+2m!2m

2) This part is mostly related to the Appendix p.77 in Prof. Mila’s lecture note.
(a) The classical angular momentum is L, = xp, — yp,.
(b)

L, = TPy — YPx

1 1 1 1 1 1
= (X ) (—=mw.X + =II,,) — (Y — IL) (=mw.Y + =11,
(X + ) (= gmeeX o+ 51) = (Y = L) (Y + 51L) o
_ 1 2 2 1 2 2
— 2me(X +Y )+2me(Hm+Hy)

= h(a'a—b'd)

(¢) This is completely in Prof. Mila’s lecture note.

(d) Again, See the lecture note. We work in the lowest Landau level in this question, so we can throw
away all the « operators, and just apply the results of the previous question for the operators

B

(e) We want a recurrence relation on n this time, so we use

a-‘—
vn—+1

|n+1,m) = |, m) (32)
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We obtain: Y
2 z*
P, = —0P, —
n+1l,m \/m( n,m + 2lB
By induction, if P is a polynomial at rank (n,m) it remains a polynomial at rank (n + 1,m).
We also have Py, a polynomial for all m, so P, j, is indeed a polynomial in z and z*.

Pom) (33)

By construction, the angular momentum of ®,, ,,, is h(n —m).

A computation similar to the previous exercice give us

Bpp = — e B, (34)

C o [2niZpon



