SOLID STATE PHYSICS 111 Exercise session 5 Oct. 16th 2024

Fractional quantum Hall effect: Laughlin wavefunction In this exercise, we will
try to derive the Laughlin wavefunction without trapping potential step by step starting from the
Hamiltonian, and look at its properties in detail, as it plays an important role in QHE. We consider
spinless electrons in two dimensions.

1) In this question, we rederive the expression of the single-particle orbitals in the symmetric gauge.
NB: Questions (a) to (e) can be done without specifying the gauge.

(a) Write the general expression of the Hamiltonian of a particule of charge —e in a uniform magneric
field.

(b) We introduce the operators

~ e
ey = Payy + EAw/y' (1)

Compute the commutator [1211, ﬂy] Show that we can write the Hamiltonian as

1 2 1 A
H andan = 7P2 - 24732 )
Landa om =+ 2mch ( )
with [Q, P] = ih.
(¢) Show that the Hamiltonian can be rewritten as
n 1
H:hwc(a a+§) (3)
with a, a’ bosonic operators verifying [a,a’] = 1.
(d) We now introduce the operators
X—i-—Lom (4)
= —
mwe
1
Y =9+ 1L,. (5)
Mwe

Show that they commute with the Hamiltonian and compute the commutator [X' , Y]

(e) Show that there exist b, b’ bosonic operators such that [b, Hyandau] = [0, HLandau] = 0. Deduce
the general form of the eigenstates of Hyangau in terms of a and b, and give the corresponding
energies.

(f) We use the convention z = x — iy and 0 = (0, + 10y)/2. Show that, in the symmetric gauge

defined by
By B

A:c = 9 5 Ay = 5 (6)
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one can rewrite the a and b operators such that:

a=\/5<z+l38), (")

4lp

b:\/§<:l;+138), 8)

where [p is a length scale to be determined.

(g) Show that the eigenstates of Hpandau in the lowest Landau level can be written as
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Note that if we write 2z = re ™', we reach exactly the same expression as Eq.(4.43) in Sigrist’s
textbook.

Hint: start from the state with n = m = 0 and use induction.

2) In this question, we discuss the orbital momentum of the electrons.
(a) What is the angular momentum of a classical particle?

(b) Using that definition, express L# as a function of f[w, fIy, X and Y. Deduce its expression in
terms of a and b.

(¢c) We introduce the center of mass and the relative coordinates for two electrons:

— —

Rom = M ond Trel = T1 — 72,
L (10)
— . . . rH — T2
Peyv = pi + p2 and pre = 5
What is the relation between El, Eg, ECM and Ere17 Show that one can rewrite
Lew = h(alay =818y, Lig=hala —8lp) (11)
with
\/§OL:|: = ai + ag, \/5/3:‘: = bl + b2. (12)

(d) Show that LZ,; and L?, commute. Let’s now work in the lowest Landau levels, and let | M, m)

the two particle state defined by

Ly |M,m) = hM|M,m), (13)
LZ 4| M, m) = hm|M,m). (14)
Show that it is proportional to
(1 22) (21 — e ¥ (15)
(e) Turn back to the one-particle wavefunction. We note
Dy = Pz, z*)e_|Z|2/4IQB. (16)

Derive the recurrence equation on n satisfied by P, ,, and deduce that P, ,, is a polynomial in
z and z*. What is the angular momentum of the orbital ®,, ,,,? Finally, give the form of ®,, g.



