
Particle Physics 1 : Exercise 9

1) Properties of the chirality operator
Using the properties of the γ-matrices and the definition of the chirality operator γ5 = iγ0γ1γ2γ3,
show that

(a) (γ5)2 = 1
(b) γ5† = γ5

(c) γ5γµ = −γµγ5

2) Chiral projection operators
Show that the chiral projection operators PR = 1

2(1 + γ5) and PL = 1
2(1 − γ5) are indeed

projection operators, i.e. they satisfy the following properties :
PR + PL = 1, PRPR = PR, PLPL = PL, PRPL = 0

3) Differential cross section for e−µ− → e−µ− scattering
Using helicity amplitudes, calculate the differential cross section for e−µ− → e−µ− scattering
in the following steps

(a) From the Feynman rules of QED, show that the lowest-order QED matrix element for
e−µ− → e−µ− is

Mfi = − e2

(p1 − p3)2 gµν [u(p3)γµu(p1)] [u(p4)γνu(p2)] ,

where p1 and p3 are the four-momenta of the initial- and final-state e−, and p2 and p4 are
the four-momenta of the initial- and final-state µ−.

(b) Working in the centre-of-mass frame, and writing the four-momenta of the initial and
final-state e− as pµ

1 = (E1, 0, 0, p) and pµ
3 = (E1, p sin θ, 0, p cos θ) respectively, show that

the electron currents for the four possible helicity combinations are
u↓(p3)γµu↓(p1) = 2(E1c, ps, −ips, pc)
u↑(p3)γµu↓(p1) = 2(ms, 0, 0, 0)
u↑(p3)γµu↑(p1) = 2(E1c, ps, ips, pc)
u↓(p3)γµu↑(p1) = −2(ms, 0, 0, 0)

where m is the electron mass, s = sin θ/2 and c = cos θ/2.
(c) Explain why the effect of the parity operator P̂ = γ0 is

P̂ u↑(p, θ, ϕ) = u↓(p, π − θ, π + ϕ).
Hence, or otherwise, show that the muon currents for the four helicity combinations are

u↓(p4)γµu↓(p2) = 2(E2c, −ps, −ips, −pc)
u↑(p4)γµu↓(p2) = −2(Ms, 0, 0, 0)
u↑(p4)γµu↑(p2) = 2(E2c, −ps, ips, −pc)
u↓(p4)γµu↑(p2) = 2(Ms, 0, 0, 0),
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where M is the muon mass and E2 =
√

p2 + M2 is the muon energy in the centre-of-mass
frame.

(d) For the relativistic limit where E ≫ M , show that the matrix element squared for the
case where the incoming e− and incoming µ− are both left-handed is given by

|MLL|2 = 4e4s2

(p1 − p3)4 ,

where s = (p1+p2)2. Find the corresponding expressions for |MRL|2, |MRR|2 and |MLR|2.
(e) In this relativistic limit, show that the differential cross section for unpolarised e−µ− →

e−µ− scattering in the centre-of-mass frame is

dσ

dΩ = 2α2

s
·

1 + 1
4(1 + cos θ)2

(1 − cos θ)2 .
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