PARTICLE PHYSICS 1 : EXERCISE 6

1) Dirac and Klein-Gordon equations
Acting on the Dirac equation with 4”0, and multiplying by —i gives
Y'AH0,0,% + min” 0,3 = 0.
Since 1 satisfies the Dirac equation, 1y”0,1 = ma), and thus
(v'4*0,0, + m*)¢ = 0.
Since the order of differentiation doesn’t matter v/4#0,0, can be written as
V70,0, = ;(v”v“ +9"9) 0,0, = ¢ 0,0y,
and therefore
(9" 0,0, +m*)yp =0
= (0"0, +m*)p =

which is the Klein-Gordon equation.

2) Spin and angular momentum of a non-relativistic free particle

(a) Consider the commutator of p? with the x-component of L = £ x p :

L, = gﬁz - 2]3?;
6%, Lo| = [02+ 0} + 0%, 0p- — 2p,)|
= [p2.9p:] — [, 2B, (1)
= [p2.9] b — [p%.2] By
where the last line follows from the fact that p, commutes with § and p, commutes with
Z. Using
[@aﬁy] = gﬁy - ﬁy?j =1
the commutators in the previous expression can be simplified as, for example :
15, = Dubyd — 9Dy
= Dy(9Dy — i) — OPyDy
= DylDy — 1Py — YDyDy
= (§by — )Py — 1Dy — JDyDy
= —2ip,.
Similarly, [p?, 2] = —2ip., and therefore Equation (1) becomes
(0%, Lo| = [py.0] p: — [0, 2] By = ~2ip,p. + 2ip.p, = 0.
(b) Since the Pauli spin matrices do not depend on the spatial coordinates, it is fairly straight-

forward to see that all three components of the spin operator commute with p2.
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3) Spin and angular momentum of a relativistic Dirac particle

(a) As in the previous exercise, we will compute the commutator between the Dirac Hamito-
nian Hp and the first component of the angular momentum L, :

Hp, L. = [+ p+ Bm, §p. — 2p,]
= [a - D, 9p. — 2p,]
- [awﬁx + O‘yﬁy + O‘zﬁza gﬁz - 2ﬁy]
Given the commutator between Z; and py,
[xj>pk] = 5jki7 (2)
the above expression can be simplified as
[I:IDa Eaz} = [ayﬁy + azﬁm gﬁz - 21331]
= [Py, 90:] — [Pz, 20, (3)
= O‘yﬁz [ﬁy7 g] - Oézﬁy [ﬁza 2] )

where the last equality follows from the fact that p, and p, commute. Using again Equa-
tion (2), the commutator in Equation (3) can be finally written as

[ﬂD, I:x] = —ioyp, + ia,py = —i(ayp, — a.py) = —i(a X P),.

After repeating a similar computation for ﬁy and L., the final result for the angulat
momentum is
[Hp, L] = —i(c x p).

The spin operator acting on a 4-component Dirac spinor is

5= 52 2 <0 a) ’
In order to compute the commutator between the Dirac Hamiltonian and the three com-

ponent of S, one needs to derive the comutators between the ¥ matrices and the matrices
appearing in Hp, a and [, which in the Dirac-Pauli representation correspond to

o 0 O'j . 1 0
= (Uj 0) and § = <0 _1>.
It is straightforward to show that [, X;]. Then
' . 0 0 ) O 0 . O 0 ) 0 0;j
[apzk]_ (O’j O) (O O'k> <0 O'k) (O’j 0>

_ 0  ojor) 0 oo _ 0 [0}, 0] (4
oo 0 oo, 0 [0, 0%] 0
. 0 .

= 2Z€jkl <O'l Uol> = 2Z€jkl (67

where the last step follows from the commutation relation of the Pauli spin matrices
l0j,0k] = 2i€ji 07 Given the commutator in Equation 4, one can easily compute the

~—
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commutator between the Dirac Hamiltonian and the first component of the Spin :
. N 1 R R
{HDa S:v} = 5 [aypy + azPz, Ex]
1, 1.
= §py [aya Zm] + §pz [Oéz, Ea:]
1
= iﬁy%eymaz + §ﬁ22iemyay
= —i0,Py + iy P,
= (oD, — .Py) = i X P)a.
A similar computation can be carried out for S’y and S, to show that
[ﬁD, Sz} = Z(a X IA))

It is worth noting that in non-relativistic quantum mechanics (previous exercise), both
spin and angular momentum commute with the free-particle Hamiltonian, while in rela-
tivistic quantum mechanics only the sum J =L +S does. This implies that, in general,
it is not possible to identify a complete set of Dirac spinor states that are simultaneously
eigentsates of Hp and e.g. S., as was instead the case for 2-component spinors in non-
relativistic quantum mechanics. However, in the specific case where the particle momen-
tum is aligned with the z axis, the solutions to the Dirac equation (which are eigenstates
of ﬁD) are also eigenstates of S, with eigenvalues j:%, as proven in the second part of the
exercise.

If the momentum p is parallel to the z axis, the four particle solutions to the Dirac
equation reduce to

1 0
0 1
u=vE+m b us =vVE+m 0
E+m
0 Bim
E—pm E)p
u3 =vVE+m (1] u=vE+m Eam
0 1

where u; and us are the positive energy solutions with £ = +/p? + m?, while uz and uy
are the negative energy solutions with £ = —y/p? + m?. Given the operator for the third
component of the spin

1 0 0 0
N 1 110 =1 0 0
=55 =510 0 1 0|
0 0 0 -1
it is straightforward to show that
A 1
S,up = 5“1
A 1
S,ug = —§U2
gZU3 = U3
A 1
zUq4 = —§U4
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4) Helicity

In the Dirac-Pauli representation

o 0 O'j . 1 0
Oéj_<0—j O) andﬁ_<0 _1>.

and since [ contains the identity matrix it is clear that {B,mﬁ] = 0. Therefore, it is only

necessary to consider the commutator VL, - f)]
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