Course 03/2

Issues about accuracy and stability

= Stability of Verlet algorithm
= Gear algorithm

» Performance of various algorithms



Stability of Verlet algorithm

Harmonic oscillator

X(t)=—aw2x(t)

Verlet evolution: x(t+h) = 2x(t) — x(t—h) — h2w?x(t)

cal
Ansatz of solution on the discrete time steps: x(t) = e @

Replacing in the Verlet evolution:

eo'a)(t+h) _ 2eca)t_ o co (1 —h) _ hza)ozem)t

coh —coh
e = 2 - e —  h2wy?

2 — 2cos(wh) = h? @y



Stability of Verlet algorithm

cat
x(t) = e —_— 2 — 2cos(wh) = ey

= If hwy?> 4, there is no real solution for w, w is imaginary

— the solution diverges (easy to check!)

» If wh<« 1, we expand the cosine:

Z-2[ 1~ LG W s

(ho )2[— Vi (ho )4]= h? wy?

Correction term depending on h : lim o
h—-0

o



Gear algorithm

General form of interest:  x(t) = f(t) (Newton equation)

Four-component quantity:

-

Yo = ( Xo AtX, At2X, ZAt3x, )T

1. Predictor step (Taylor expansion)

- . . ann
yn+1P = ( Xn+1P’ At Xn+1Pa ;—Atz Xn+1Pa %At3Xn+1P )T
(1 111)
-»> -> : 0123
P = A with A =
Yn+1 Yn 0013
\O 00 1/

2. Force calculation at predicted position x,,,4 :

f( Xn+1P )



Gear algorithm

3. Corrector step

- - > .-
Yn+1 = yn+1P + a QAtz[ f( Xn+1P ) _ Xn+1P]
\ J
|
scalar quantity:
for the 39 component of }/:,H , the predicted
4-component quantity acceleration x,.,P is replaced with the one
1/6 calculated at step 2, i.e. f( x,+17 ).
- 5/6
a = 1
1/3 = No iteration: just one force calculation.

= To optimize a , Gear used criteria of
accuracy and stability under the assumption
that the force only depends on position,
not on velocity.
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Performance of
various algorithms

: : 10!
Tests on two cycles of an harmonic oscillator

1st criterion:
Accuracy with respect to exact solution

as a function of time step h o™

Overall accuracy 10~

= | east accurate: Euler method.

largest deviation from exact solution

= Most accurate: Gear method.
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Performance of <
various algorithms

107"
Tests on two cycles of an harmonic oscillator

2"d criterion:

Root-mean-square deviation

from the linear regression line of

the energy as a function of time step h

1072

r.m.s. noise in E

103
Conserved energy (rms noise)

= | east accurate: Euler method.

= Most accurate: Gear method. =

= Qverall the same considerations as
for the overall accuracy, but Gear
10-% . .
and Verlet appear now to be 0.05 0.10 0.20 0.40 080

comparable at large time steps. o step sizeh |
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Performance of
various algorithms

Tests on two cycles of an harmonic oscillator

3"d criterion:
Drift of the line of energy line
as a function of time step h

arift over 1 period

Drift in the energy

= Verlet beats Gear for large time steps.

= For long simulation, Gear algorithms
are less efficient.
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