
Course 01/2

Ordinary differential equations (1/2)

§ General 

§ Taylor method

§ Euler method

§ Multistep method

§ Implicit methods



General

Most general form 

If higher order, e.g. 

we define the momentum

and we obtain two coupled first-order equations: 

Since the matrix-structure is natural, we only consider the following 
as the most general form:

dy
dx

= f ( x , y ) 

m =  F ( z ) 
d2z
dt2

dz
dt

p ( t )  =  m

dz
dt

p
m

= ;
dp
dt

=  F ( z ) 

dy
dx

= f ( x , y ) 



Problem

Initial value problem:  What is the evolution of y ?  

General strategy 

1. Discretization

2. Recursion formula:      yn as a function of yn-1, yn-2 …

dy
dx

= f ( x , y ) 

y ( x = 0 ) = y0

xn = n h h = 1 / N

N steps



Euler method

Example:

Analytical solution:

Euler method:

dy
dx

→ +   o ( h ) yn+1 – yn

h

dy
dx

= f ( x , y ) → yn +1 = yn +   h f ( xn , yn )   +   o ( h2 ) 

after  N steps    → o ( h ) 

dy
dx

=  – x y ;      y ( 0 ) = 1 

y =  e – ½ x 2

yn +1 = yn – h xn yn +   o ( h2 ) 



Results

Fractional error:   0.0033         0.030

y ( 1 )  =  0.606531 y ( 3 )  =  0.011109

Exact solution : y =  e – ½ x 2



Euler method

§ Considered to be of low accuracy.

§ With a higher accuracy larger steps would be allowed.

yn +1 = yn +   h f ( xn , yn )   +   o ( h2 ) 



Taylor method

differential equation

Upon replacing in the recursion relation, we get:

where all the derivatives are evaluated at ( xn , yn )

Limitation: the function must be simple to differentiate
Advantage: higher accuracy than with Euler method

yn+1 =   y ( xn + h )   =    yn +   h ynʹ +   ½ h2 ynʹʹ   +   o ( h3 )

ynʹ   =   f ( xn , yn )

ynʹʹ  =          ( xn , yn )   =           +                =           +        f df
dx

!f
!x

!f
!y

dy
dx

!f
!x

!f
!y

yn+1 =   yn +   h f +  ½ h2 "f
"x + f "f

"y + o ( h3 ) 



Results

Fractional error:   0.0033         0.030

y ( 1 )  =  0.606531 y ( 3 )  =  0.011109

Exact solution : y =  e – ½ x 2



Multistep methods

Problem:  f  unknown over integration interval

Possible solution: linear extrapolation

The integration gives 

Adams-Bashforth 2-point formula

Possible extension:  the extrapolation can be performed with higher order polynomials
using more points.

Disadvantage:  multistep….the start has to occur with some other method, e.g. with the
Taylor method or the Runga-Kutta method  

dy
dx

= f ( x , y ) yn+1 =   yn + !
xn

xn+1

f ( x , y ) dx

yn+1 =   yn +  h 3
2 fn – 1

2 fn–1 + o ( h3 )  

f  ≅ (x – xn–1)
h fn – (x – xn)

h fn–1    +  o ( h2 ) 



Implicit methods

So far yn has been explicitly given through the available information.
In implicit methods, an equation has to be solved to find yn . 

n n+1

xn+½ = (n + ½) h

dy
dx xn+½

=   f ( xn+½ , yn+½ )



Implicit methods

Left-hand side: symmetric difference

Right-hand side: linear interpolation

yn+1 = y (xn+½ + ½ h) = y (xn+½ ) + ½ h yʹ(xn+½ ) + ½ (½ h)2 yʹʹ(xn+½ ) + o ( h3 ) 

yn = y (xn+½ – ½ h) = y (xn+½ ) – ½ h yʹ(xn+½ ) + ½ (½ h)2 yʹʹ(xn+½ ) + o ( h3 ) 

⇒ yʹ(xn+½ )  =                 =                    + o ( h2 ) yn+1 – yn

h

⇒ f ( xn+½ , yn+½ )  = ½ f ( xn , yn ) + f ( xn+1 , yn+1 ) + o ( h2 ) 

xn xn+1xn+½

f

x

dy
dx xn+½



Implicit methods

we obtain 

implicit equation for yn+1

In particular, when f  is linear in y :           f ( x , y )  = g ( x ) · y

In our example: i.e.  g ( x ) = - x
dy
dx

=  – xy

yn+1   =   yn +   ½ h f ( xn , yn ) + f ( xn+1 , yn+1 ) + o ( h3 ) 

yn+1 =   1 + ½ g ( xn ) h
1 – ½ g ( xn+1 ) h yn



Results

Fractional error:   0.0033         0.030

y ( 1 )  =  0.606531 y ( 3 )  =  0.011109

Exact solution : y =  e – ½ x 2
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