Classical Electrodynamics

Week 13

1. Relativistic Doppler effect
An electromagnetic wave is described by the fields:

1
E = Ejsin(wt — k - x) , B=-kxE, Eo-k=0, (1)
w

where w is the frequency in the laboratory reference frame and k = w/ce, is
wave vector. An observer moves at constant velocity v along the z-axis. Find the
frequency w’ of the wave in the reference frame of the moving observer. Show
that (%, k) is a four-vector.

Hint: The phase of an electromagnetic wave is Lorentz invariant.

Solution

The phase of a wave is Lorentz invariant because we can identify it with the
number of wave peaks in a certain time interval. Indeed, if observer R counts n
peaks in a certain interval At, observer R’ will declare the interval longer, and
the peaks more rare, but will still acknowledge that n peaks reached observer R
between the beginning and the end of the experiment. You can also check directly
the invariance of the phase: F),, is proportional to sin(wt — k - x), and since it
transforms as a tensor under Lorentz transformations, also F},, will be. Therefore
we just have to write the argument of the sine in terms of the transformed
coordinates 2" and ¢’

ct’ = yct — Byz (2)
2= —Bryct + vz, (3)
and so
ct = vyet' + Bz’ (4)
z = Byct + 7. (5)

The phase becomes:
wt — kz = y(w — kv)t' — <k — w%) 2. (6)

Now, the observer R’ measures the frequency by counting the wave peaks that

reach him, who is sitting at constant 2z’ in a certain time interval, therefore
w

W' =7y(w—kv) = yw(l - p) EEEY) (7)

where we have used w = ck. Notice that this is not just the effect of time dilata-
tion: the frequency is defined with respect to two different spacetime intervals
by the two observers (see spacetime diagram in fig. [I| and the comment at the
end of the solution). The frequency itself is v = w/(27), so
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If the observer R’ moves in the same direction of the wave - that is, away from
the source, with v > 0, we see that the frequency lowers, that is, the wave is
red-shifted.

The fact that k* = (“E’, k) transforms as a four-vector immediately follows from

eq. @, after defining w’ and k' such that wt — kz = W't — k’2’. That same
conclusion could be reached by noticing that the phase can be written as follows:

wt —k-x=k'g,2", (9)
with g, the Minkowski metric. Invariance of the phase can be written as
k*gx" = k'gua”, (10)

which of course implies that x* and k* transform as four-vectors.

Alternative method The following is equivalent to observing that the phase
is Lorentz invariant, but might be more intuitive. The phase diagram (1| shows
in dotted lines the lines of constant phase, which travel at the speed of light.
The time interval between one peak and the next is cT=length(AB) in the frame
R and c¢T’=length(AC) in the frame R’. The frequencies are the inverse of this
time interval, so we just need to compute T’ as a function of T. The point C is
the crossing point of the following two world-lines:

light: ct =cl'+ 2 (11)
observer: ct = “». (12)
v
Therefore: c
CT + 20 = —Z¢, (13)
v
that implies
T
o= —— (14)
1=z
zZC T
tr = 2 = 15
© v -2 (15)

We are ready to compute the length of the segment AC, and we must do it with
the Minkowski metric:

[SH ]

2 — g2 1+
%T:J

cT" = length(AC) = 1/ (ctc)? — 22 = (16)
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Since v = 1/T, we recover the previous result. Finally, let us stress again that, as
evident from the formula, the Doppler effect is not the result of time dilatation
on the interval T: indeed the interval would even contract, if the observer R’
had been running towards the source (v < 0). Remember, instead, that the time
interval whose length is 77" is the segment AD in the spacetime diagram, as it
is easy to verify.
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Figure 1: Spacetime diagram of the situation. The dotted lines represent the trajec-
tory of points of constant phase of the electromagnetic wave.

2. A conducting loop with a rectangular shape of sides @’ and I’ supports the current
I’ (in the reference frame where the loop is at rest). The cross section of the wire
of the loop is S’. The loop moves at constant speed v in the direction parallel to
the side of length a’.

Find the charge distribution and currents in each side of the loop in the reference
frame of the laboratory. Comment on your results.

Solution

We know that the object transforming as a Lorentz four-vector is the current
density j* = (cp,j). So we will compute j* in the reference frame of the loop R’
and transform it to the laboratory frame R. The relation between the currents
in the two frames is:

g’y = AP0 (A ) =AMV () (17)
which implies that
g (x) = (Ah)*, 457 (") (18)
where A and A~! are the matrices:
¥y =By 00 v By 00
| =By ~ 00 a_|By v 00
A= 0 0 10 , AT = 0 0 10 (19)
0 0 01 0 0 01

(The frame attached to the loop R’ moves at velocity ve, in the laboratory frame
R and we define § = v/c. A is the transformation that takes us from R to R’
ie 2’ = Ax).

In side 1 of the loop (the side where [ is in the positive 2" direction), in the loop
frame : there is no charge density pj = 0 and the current density is j; = I'/S’e,



in the volume of the wire. In the laboratory frame, we have:

cpr = v(eph + Bi1) = 1% 20)
71 =(Beph +41) =75
Now the wire of side 1 is positively charged and its total charge is aSp;, with
a and S; the length and section of the wire measured in R taking into account
Lorentz contraction, which is: a = a'/7, S; = S’. So the total charge is:

P R A R

a/
v ooc
The current in side 1 is given by:

I = 1S =~TI". (22)

Notice that while the wire is better described by a linear charge density A and
current I, the quantities that transform well under Lorentz boosts are the volumic
charge density p and current density j. In order to pass from one description to
the other, we have to introduce the section of the wire.

In side 2 of the loop (following the flow of the current), p), = 0 and j, = I'/S’e,.

Applying Lorentz transformation:

C.pQ »7/0'02[, (23)
J2 = J2 = o>

but now the section of the wire gets Lorentz contracted. So Sy = S’/~ and:

{Q2:0 (24)

I = j3S, = L.
We can replace I’ by —I' to get the charge and current in sides 3 and 4:

Q3 = —C%CL'['
{13 =l (25)

and

{Q4 = OI’ (26)
[4 = —7
So in the laboratory frame a positive charge appears in the side where the current
flows in the direction of the movement of the loop and a negative charge appears
when the current flows in the opposite direction, the total charge of the system
staying zero. The current is not the same in the four sides : it is bigger in the
sides parallel to the movement and smaller in the sides perpendicular to the
movement.

We can interpret the result as a “real” current [’/ flowing in the rectangle
which corresponds to the original current where charges are slowed down by time
dilatation. The current in sides 1 and 3 is bigger (in absolute value) because of
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the charge density moving at velocity v which creates additionnal current. One
can check that:

r 1 r I
I == 44l <1—_2) = —+96°0'= — + pSiv, (27)
¥ Y gl g

which shows the current I; as a sum of the current flowing though all the rect-
angle (first term) and the current created by the charges (second term).

An analytical solution This method has the advantage of not introducing
the section S’ of the wire. The numbering of the sides of the loop is the same
as in the previous solution. In the reference frame of the loop R’ we write the
charge and current density:

Py, 2") =0 (28)

and

J@y, ) =I'0(y)d(2 e, [O(2") — O(a" — a')] side 1

+I'6(2" — a')o(2)e, [O(Y) — Oy — V)] side 2
—I'5(y —b)o(2 e, [O(2") — O(x' — a')] side 3
—1'6(2")o()ey [O(y) — Oy = V)] sided (29)
where the delta functions express that the wire is one-dimensional and the theta

function are here to ensure that the current is only non zero in the loop. We
then transform the four vector j/* to the laboratory frame R:

cp BV Py [0(y")o(2") = o(y' = V)a()] [O(2") — O(" — a')]
Je | Z | e | 2 [ 2000 = oy’ — 6)o(2)] [O() — O’ — ’)]
Jy Iy I'[o(e" = d')o(') = ( )0( 2)][O() -y - )]
J Jt

The coordinates in R’ are related to coordinates in R by:

ct' = ~et — Byx
' = —Byct +yx (30)
Y=y and 2 =z

SO:

P [6(y)d(2) = 0(y — V)d(2)] [B(=Prct + yx) — O(=pryct + yx — a')]
| 0 [0(y)d(2) — o(y — V")0(2)] [O(=Brct + yx) — O(=Byet + vz — d')]
I'[6(=pByct +ya — a')d(z) — 6(=Pryct +72)6(2)] [O(y) — Oy — V)]
0

We can simplify the © and ¢ functions as follows:

O(—pPvyct +yx) — O(=Pvyct + vy —d') = O(x — vt) — O(z — vt — d' /)
S(~ et + ) = Lo(a - vt
I(=pPryct+yx —d') = 15($ — vt —ad'/y)



Then we have:

ple.9.2) =1L 5(4)0() (O 1) — O — vt — ')

_ 511,5(9 —0)0(2) [O(z —vt) — Oz —vt —d'/y)]  (32)

corresponding to the positive charge in side 1 and negative charge in side 3. The
current density is:

j(z,y,2) =4I'6(y)d(2) [O(x — vt) — O(x — vt —d'/v)] e,  sidel
—I'6(y — b")0(2) [O(x — vt) — O(x — vt — d'/7)] e, side 3

!

n %5@ —01)8() [Oy) — Oy —V)le,  side?

= Zola - vt =) [O0) - Oy - Ve, sided  (33)

The =z — vt dependence of the © functions indicate that the loop is moving in
the z direction with speed v. Also the Lorentz contraction of the section of the

wire appear as a 1/v factor in the delta function. Everything combines to give
the same result as in the first solution.

. The Breakthrough Starshot program
The stress tensor associated to electromagnetic fields is

1 1
T = — | FFF", — - FogF*7 | |
[1'062 ( «a 477 B )
where F'* is the field-strength tensor.
Remark: The questions are formulated using the (—, + + +) convention for the
Minkowski metric.

(a) Show that, in terms of the electromagnetic fields, the components of T+
reduce to: ~
T _ _‘5 S/c
S/C —Tij ’

where £ is the electromagnetic energy density, S is the Poynting vector and
7;; are the components of the Maxwell stress tensor, defined as:

1 1 1
Tij =€ (EZE] — 551]E2) + % (BZB] — §5z]B2) .

(b) Compute the divergence 9, 7" = —f* and show that f* is a 4—vector.
What physical quantities do its components represent? Hint: use Maxwell
equations in presence of charges.

The Breakthrough Starshot program aims at developing an ultra-fast spaceship
for interstellar missions. The prototype is made of a very light nanocraft attached
to a lightsail, propelled by a ground-based light beamer. You can find a sketch
of it in picture [



Figure 2: Sketch of a prototype of the Breakthrough Starshot program. In blue is
depicted the lightsail, the electromagnetic wave arrives perpendicularly, to which is
attached the purple nanocraft.

(c) Assuming the incident electromagnetic wave is perfectly reflected by the
light sail (and the light sail is flat), compute the power per unit area w
transferred to the light sail by an incident electromagnetic wave of ampli-
tude |E| = ¢|B]| (in the reference frame where the light sail is at rest).

(d) The project aims at pushing the nanocraft to travel at speed ¢/5. What is
the ratio between the power w’ which needs to be injected in the light beam
from Earth, and the power w transferred to the light sail in its reference
frame?

Solution
(a) First of all, let’s compute the contraction F,zF*.

FopF®? = FFo; + FFy + FFy =
= 2F%Fy, + FijFij (34)
=2(c*B* - E?)
where we used Fy; = —FE; and Fj; = ce;;, By.. Then we have (remember here
n® = -1) .
T = P FS, + (B ~ )

= QF"FY + o F"F + 2B - E)

— B2 + 6—0(62§2 iy (35)
2
— %0(0252 +EY) =€
Similarly,
4 1 , 1 . 1 ‘
T = —F°F, = —FYF; = —€ BBy = &h (36)
o€ HoC HoC ¢



Finally,
1ot j 1 2 2 2
1 - .
<F10FJO _|_szij + 2(E2 o 0232)5ij)
1. 2\ 1 1. o
= €y —EIEJ —|— §5UE —|— % eilelejkmBm — §5Z]B
—EIEJ + §5ng + — (5ij5lm — 5im5jl)Ble — 5(5sz
Ho

1. = 1 1. =
= €p <—EZE] + §5ZJE2) _|_ J— <_B1B] + §5ZJB2) = _Tij .
(37)
(b) We compute here the divergence of the stress tensor 9,7+,
Method 1:
For the time-component we have 9,T% = 9,7 + 0;T% = %%—f +0,T%. We
compute then

. 1 .
5’Z-TOZ —_ _alsz
- (EUkE Bk)
= (V/\E) g (V/\E)
CUO Co ,
—3tB poJ+poe0d E (38)
11 1- o
- =z th ——-F-J—- e—oatEQ
2 poc c 2c
lz » &0 2 2 52
= —— J———|F B
c 2¢Ot [ + }
1- - 1
lpg LoE
c c ot

and conclude that

f(] — _aVTOV — —c%TOO o 81T0l —

1~ -
BT (39)

which is the Joule power per unit volume.



Now, for the spatial components we first compute
ij 1 2 1 1 2
8j7' =0j [€o EZEJ - §5Z]E + % B,LBJ — 5(5@]3
= € [(@EZ) Ej + EZV . E — EJ@EJ}

+ Mo (8]Bz) Bj + BZV . E — BJaZB]]

= € EZV . E — Ej (&Ej — 8JEZ)
—_———

L Eijk(VAE)k ]

0 M
Gijk(V/\B>k i
= € |:E o + E'ijE ot :| %eijkBj,UO [Jk + EOW
= 0B, OF},
Jo ( B) a (BZE B
—f I +€J’“< "ot Jat)
_ B + (J ) +eo— (EAB)
— E, <J/\B> 19,
=P 2 ot
Then we can set @ =7 in the stress tensor divergence and get
fi == —8,,Ti” = —a(]TiO + (‘%T“
10 . 10
s s (108) + b
28155 +pE+(JA 1—1-02(%5 (41)

which is the Lorentz force per unit volume. Therefore the components vector
f# are the power transmitted to the sources and the force exerted on them
by the electromagnetic fields.

Method 2:

We have :

L
0,1 = g (a# (P Fve) —

o, (o)

1
=& ((@LF‘;)F”Q + F* 0, F" — 58” Faﬁ>

= &g (——J F"® + F" 0, FY — Lor aﬂFaﬁ) (42)
CEp 2

Where in the last line, we used one of Maxwell equation. We can show that

the last 2 terms are zero. To do so, we need to express terms of the form

0, F"*. We can now use the second Maxwell equation 9,e*"*° F,, = 0. This

equation implies the Bianchi identity :

Q"FP + 9°F% 4+ 9P = (43)



which allows us to express 0V F* = —9“F# — 98 F®_ Using this:
FA0,F" — %a”FaﬂFaﬁ = F" 0, F" + %8QF5”FQB + %aﬁF”aFaﬂ
= (0"F"*)Fpa + %(aaFﬁV)Faﬁ + %(aﬂFW)Fﬁa
= 0. (44)

Remember that contracted indices are dummy variables : one can rename
them without changing the value of the expression. You can see that the
second line is the sum of three identical terms with different dummy indices.
So we have

1 1
0T = —=J " = —J, F* . (45)
c c
and we can conclude that
1
= —J Fre. (46)
c

Let us now see what the spacial and time component of this equation rep-
resent:

1 1 1 1
fO==J,F*==JyF® + ~J;F" = ~J -E (47)
C Cc C C
o1 .
fr==J,F'* = —JoF° + ~J;F7 = pE; + (J A B);. (48)
C C C

and are respectively the Joule power and Lorentz force per unit volume.
Therefore the components vector f* are the power transmitted to the
sources and the force exerted on them by the electromagnetic fields.

f# is a 4—vector:
Clearly f* is also a 4—vector since it is the result of a contraction between
a 2—tensor and the 4—derivative (or equivalently using ) Explicitly, we
can show that it transforms as a 4—vector: under a Lorentz transformation
A, we have
f/u — —8/ T/;U/

= =N, 0 N A TT

— _AH AV B

= =N GAY NS0T

49
= A" (ATY)PA 0. T (49)
N————’

o1
~

= — A0, TP = A f7

The electromagnetic wave with amplitude £ = ¢B can be written as E =
Ee* 4 ce. with |€] = E. The power absorbed by the light sail coincides
with the flux of the Poynting vector S through its surface, and since S
is constant all along it, the power per unit area per unit time really just
coincides with its modulus:

Wine = (S) = ceg(E?) = 2ceg B2 (50)
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For the reflected wave, the computation is exactly the same, since the wave
is perfectly reflected, and so the total power is

Wiot = Wine + Wyef = 4CEOE2' (51)

In particular, it is important to notice that the total energy transmitted to
the light sail it is not the flux of the sum of the Poynting vectors (which
would be zero). Indeed, electromagnetic fields sum linearly, but S does not,
since it is a quadratic for of £ and B, so the two contributions need to be
separately accounted for.

Method 1:

We choose a cartesian system so that the spaceship and the electromagnetic
waves are travelling along the 2 axis. This way it is enough to compute the
ratio between S/ and S,, or equivalently ::FF/—(()):, as we have seen in point (a).
Note that as we are considering plane-wave, we do not have to consider the
ratio of the time averaged quantity (...) as the overall prefactor cancels
out.

The two reference frames R and R’ are related by a boost along the # axis
of speed —f3, whose Lorentz matrix is

v o8 00
3 0 0

L (52)
0 0 01

The T"° component of stress tensor in R’ is related to those of R as:
01 _ A0 ALl uv
™ =N, N, TF
= (A", T + gAY, TY) (53)
_ ,VQ (5TOO + TOl + B2T10 + BTll) )
For a plane wave the components of the stress tensor simplify quite a bit,

since F*%F,5 = 2(¢?B? — E?) = 0 and E; = B; = 0 (the fields are orthog-
onal to the direction of propagation), so

™ %0 (0252 + Ez) = e F?, (54)
Si
jﬁo1 ? = €0E2, (55)
1. - 1 1 =
T €0 <—E1E1 + 5511E2> + M_ (—B1B1 + 551132) = eE?.  (56)
0
Finally,
T/Ol 2 1 2 E2 T/01 2 1 2 __ § 57

Method 2:
From the answer of (c), we know that w oc E? and so it is enough to
compute |E'| = |E || (we also have E = E ). The boosted electric field is

E'\ =~(E, +BAB) (58)
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For a plane wave, we have B= %ﬁ A E where i is a unit vector along the
direction of the propagation of the wave. Thus

E =~(E, +BAMNE))) (59)

=(EL + (B Ev)it — (8- i) Ey) (60)

=71+ B)E, (61)

where we used that 8 = —p7. It is now straightforward to compute the

power ratio

o |E'? B, s 3
— S e ) Ly 62
w B (AL v( ) 5 (62)
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