
Classical Electrodynamics

Week 2

1. Show that

a) δii = 3

b) δijϵijk = 0

c) ϵimnϵjmn = 2δij

d) ϵijkϵimn = δjmδkn − δjnδkm

2. By looking at a component and without writing the vectors explicitly, prove the
following identities:

a) A⃗ ∧ (B⃗ ∧ C⃗) = B⃗(A⃗ · C⃗)− C⃗(A⃗ · B⃗)

b) ∇⃗ ·
(
A⃗ ∧ B⃗

)
=

(
∇⃗ ∧ A⃗

)
· B⃗ − A⃗ ·

(
∇⃗ ∧ B⃗

)
c) ∇⃗ ∧

(
A⃗ ∧ B⃗

)
= A⃗

(
∇⃗ · B⃗

)
− B⃗

(
∇⃗ · A⃗

)
+
(
B · ∇⃗

)
A⃗−

(
A · ∇⃗

)
B⃗

d)
(
A⃗ ∧ ∇⃗

)
· B⃗ = A⃗ ·

(
∇⃗ ∧ B⃗

)

3. Gauge transformations

a) Show that the potentials

ϕ = 0 A =
B

2
(−y, x, 0) (1)

ϕ′ = 0 A′ = B(0, x, 0) (2)

are equivalent and represent the same magnetic and electric fields. Find the
gauge transformation that relates them. Here B is a constant and (x1, x2, x3)
represents the explicit components of a vector.

b) Show that the potentials

ϕ = −E0 · r sin(ωt) A = 0 (3)

ϕ′ = 0 A′ = E0
1

ω
cos(ωt) (4)

are equivalent and represent the same magnetic and electric fields. Find the
gauge transformation that relates them.
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4. Gradient in spherical coordinates Starting from the expression of the gra-
dient in cartesian coordinates(

∇⃗f
)
cartesian

=

(
∂f

∂x
,
∂f

∂y
,
∂f

∂z

)
,

derive the expression for the gradient in spherical coordinates(
∇⃗f

)
spherical

=

(
∂f

∂r
,
1

r

∂f

∂θ
,

1

r sin θ

∂f

∂ϕ

)
.

5. Dirac δ-function

a) Show that

lim
α→0

α

π(α2 + x2)
(5)

with α > 0 is a representation of the δ-function by verifying that
∫∞
−∞ dxδ(x)f(x) =

f(0), where f is a smooth test function that does not grow at infinity.

b) Prove the following identity

δ(f(x)) =
∑
i

1

|f ′(xi)|
δ(x− xi) , (6)

where the sum is over all the zeros f(xi) = 0 and we assume that f ′(xi) ̸= 0.

c) Prove the following identity in Rn∫
dnxf(x)∇xδ

n (x− x0) = − ∇xf |x=x0
. (7)

d) Let g(x) be a bounded smooth function. Compute
∫
dxg(x)θ′(x − x0) and

derive a relation between the Heaviside θ-function and the Dirac δ-function.

e) Evaluate the following integrals∫
dxg(x)δ′(x− x0) ,

∫
dxg(x)δ′′(x− x0) . (8)

f) Calculate exp
(
x0

d
dx

)
δ(x).

g) Show that δ(t) = 1
2π

∫∞
−∞ dω eiωt .
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