1. Reflection, Refraction and Fresnel Equations
Consider an electromagnetic wave incident on a plane interface separating two
materials (linear dielectric and magnetic) at z = 0. Without loss of generality,
choose your axes so that the incident ray is in the  — z plane. The electric fields
of the incident, reflected and the transmitted rays can be written in general as:

Er(Ft) = Epeilhrrwr) (1)
V x E = 0 implies that £ = E°* and Ei* = E¢" on all points on the interface.
a) Begin by imposing the continuity condition at the point x =y = 2z = 0 to

show that the frequencies are all the same. Now use the dispersion relation
to deduce the relation between |k;|, |kg| and |kr|.

b) Now consider the continuity condition at a general point (x,y) on the inter-
face to deduce the familiar laws of reflection and refraction:

i. EI, ER and ET all lie in the same plane.
ii. The angle of incidence ; is equal to the angle of reflection 0.

ili. Snell’s law nsin8; = nysinOr
(Hint: Ae + Be® = Ce'* ¥V ¢ = a=b=c).
We now consider the polarization of the wave and we have two possibilities (see
figure 77):

e Parallel polarization where E; is in the plane of incidence (z — z plane in
our case).

e Perpendicular polarization where E;is perpendicular to the plane of inci-
dence (along y axis in our case).

Any incident wave can be written as a linear combination of the two.

c) For the case of the parallel polarization, use the continuity of £, and H, to
deduce the following relations between the incident, reflected and transmit-

ted rays:
|5R| _ ZycosOp — ZycosOp ]gT\ B 275 cos B @)
& ~ ZycosOr + ZycosOp A ~ ZycosOr + Zy cosb;

where Z = \/g is called the wave impedance.

d) Specialize to the case of non-magnetic materials (u = po) and show that
at the Brewster’s angle, fp = tan™! (Z—f), there is no reflection for parallel

polarized light.
e) Now consider the case of perpendicular polarization to get:

|5R| _ Zacosby — ZycosOp ’gﬂ _ 275 cos O
€| ~ Zycoslp + ZycosOr €| ~ ZycosO + Zy cos Op

(3)



f)

Is it possible to have no reflection at some special angle in the case of per-
pendicular polarization for non-magnetic materials?
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Figure 1: Courtesy D. K. Cheng, “Field and Wave Electromagnetics”, 2nd. Ed., Addison Wesley

Solution

a)

b)

Consider the x direction, the electric field at the point + = y = 2z = 0 is
given by

. o o
B = Epe” ™+ Epge R
B = Epgert (4)

The electric field along = direction must be continuous at all times and
therefore we have

g[mefiwlt + ngeiint = STxe*"“Tt V ¢ (5)

This is only possible if w; = wr = wr, hence the frequencies of the reflected
and the transmitted wave is the same as that of the incident wave. The
dispersion relation between the wave number and the frequency is given by

= n
i == 6
[k = —w (6)

where n is the refractive index and c is the speed of light in vacuum. Using
which, we arrive at the following relation:

ki = |kr| = —[kr| (7)
U
Once again, considering the electric field along the x direction, but this time
at a general point on the z = 0 plane (x,y) we have
Erz expli(kre + kryy)] + Ere expli(kre® + kryy)| = Ere expli(krer + kryy)]

But this condition must be satisfied for all points (z,y) on the z = 0 plane.



i. This is only possible if k;, = kry = k7, and kry, = kg, = kry. Thus /;1,
kr and kr all in the same plane.

In our case, the incident wave is in the z — z plane and therefore
k’[x = |/€[‘ sinGI and ]i][y =0.

ii. For the reflected wave, we have kg, = |ER] sinfp and kgr, = 0. Using
|kr| = |kgr|, we immediately get 6; = Or .

iii. For the refracted wave, kp, = \ET]sin fr and kgr, = 0. Using \EI\ =
;"—;|k:T|, we arrive at Snell’s Law: n; sin 0; = ny sin Oy

c) For the case of parallel polarization, we have

g = |&|(cosbi — sinb;2)
ER = |5R| (COS@[JAZ—i‘SiIlg]é)
Er = |&r|(cosbpd — sinbr2) (8)

We write the magnetic intensity H as H (7 t) = HeilFr=t) and compute its
magnitude |H| = %L|B| = ~|&| where Z = /&

. 1 -
— 28
Hr Zl|1|y

. 1 -
= —— &g
Hr Zl| R|Y
. 1 -
= —|&rly 9
Hr Z2| le ( )
Therefore from the continuity of E, and H, we get the following two equa-
tions:
&;| cos 0 + |Ep| cosb; = |Ep|cosbr
1 5 1 5 1 =
—|&l — =|Er| = =& 10
G = 1l = I (10

We can solve these two equations to get

x| _ ZycosOp — Zycoslp ng\ _ 275 cos 0;
\fl| ~ Zycosbp+ Zycosb; \§I|  ZycosOr + 7y cosb;

(11)

d) We now specialise to non-magnetic materials, u = o E| Then Z = £ and

notice that |5R| =0 if ZycosbOr = Z, cosf;, which becomes the condition
ny cos O = n9 cos 07 (12)
Recall that we also have Snell’s Law

N9 sin QT =Ny sin 0[ (13)

IThis is the unique solution since both 6; and 85 lie between 0 and 5

2This is a good approximation for most transparent materials, for example, water has lf‘—o =
0.999992.



We solve for §; by squaring both equations and then using cos?fr = 1 —
sin? @7 and then eliminating sin 7.
However, here is a quick way to get the answer, first multiply the two equa-
tions to get

sin 07 cos 07 = sin 0y cos 61 (14)
which implies that sin(20r) = sin(20r). For 07,07 between 0 and 7, there
are two possibilities:

‘9T = ‘9T or QT = g - 9[ (15)

The first possibility is ruled out since ny # ny E| means that 0r # 6; and
therefore 67 = 7 — 0. Using this in Snell’s Law we arrive at Brewster’s angle

tanf; = —2 (16)
n

e) For perpendicular polarization, we write the electric field and magnetic in-

tensity:
& = |E
Er = |Erly
& = |&lg (17)
and
H = Zi1|51|(—0059132’+sin912)

1,2
Hr = 7|53|(60891§3+81n612)
1

— ]_ —
Hr = Z|8T] (—cosOrz +sinfr2) (18)
and once again impose continuity of £, and H, to get
&1+ 1€rl = |Ex|
L g cost + L 1Encosty = ——|Ep|cosh (19)
Z1 7| COSUT Zl R|COSUr = ZQ T| COSUT
These two equations can be solved to give
|5R| _ Zycoslt — ZycosOp ’gﬂ B 275 cos B (20)
‘§I|  ZycosOr + Zycosbrp |51| ~ Zycosb; + Zy cosOr

f) We see that the condition for no reflection is Z5 cos; = Z; cos 6 which for
non-magnetic materials becomes

nq cos 07 = ns cos Op (21)
Snell’s Law tells us that ny sinf; = ng sin 0 which implies that
tan f; = tan Oy (22)

The only solution to this equation is §; = 67 which is only possible if n; = ns.
Thus there is no special angle at which there is no reflection in the case of
perpendicular polarization for the non-trivial case of ny # ns.

3n1 = no is the trivial case where there is no reflection and the wave just passes through without

any deflection.



