G.R. Ramirez-San Juan General Physics I1I: Electromagnetism, Fall 2024

Exercise sheet #1

Problem 1. Starting from a point A, a person bicycles 10 miles due east to point B, stops for lunch,
sells his bicycle, and then walks 10 miles due north to point C. Another person starts from B, walks 4
miles due north and 12 miles due east and then, feeling tired, and having brought along a surplus of
travellers’ checks, buys a car and drives 6 miles due north and 2 miles due west, ending at point G in
the pouring rain. What is the magnitude of the displacement that each person undergoes?

Solution. Drawing the displacements:
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The displacements of the first person are:
AB = 10€, and BC = 10¢€,

= d; = AB + BC = 10¢, + 10¢,

where:
|di| = di - di = (10€; + 10¢,) - (10€, + 10¢,) = 10v2
For the second person:
BD = 4é,, DE =12¢,, EF =6¢,, FG = —2¢,

= dy = BD + DE + EF + FG = 106, + 10¢,

where:
|da| = dy - dy = (10€;, + 10€,) - (10€; + 10€,,) = 10v/2
O

Problem 2. A pinball moving in a plane with velocity s bounces, in a purely elastic impact, from a
baffle whose endpoints are p and q. What is the velocity vector after the bounce?

Solution. Drawing the diagram of the collision:
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Rather than imposing a new coordinate frame, it is best to refer to a natural frame that involves the
direction of the new velocity @ as a principal direction:

. q-—p
u =
lg —p
The vector component of s along 4 is s = (s - ), so the vector component perpendicular is just s

minus the 8-

s1 =s—(s-u)u

Physics tells us that after the impact, the component of velocity in the direction of the baffle is un-
changed and the component normal to the baffle is reversed:

Safter = (5 = 51) = (- )it — (s — (s - @)@) = 2(s - @)it — s

O]

Problem 3. Prove that [A x (B x C)]+ [B x (C x A)] +[C x (A x B)] = 0. Under what conditions
does A x (Bx C) = (A xB) x C ?

Solution: Notice that:
(AxB)xC=-Cx(AxB)=—-A(B-C)+B(A-C)
Using this expression we can substitute the cross products for dot products and obtain:
Ax(BxC)+Bx(CxA)+Cx(AxB)=B(A-C)-C(A-B)+C(A'-B)-A(C-B)+A(B-C)-B(C-A) =0
If Ax (BxC)= (A xB) x C then:
AxBxC)—(AxB)xC=-Bx(CxA)=AB-C)-C(A-B)=0

If this is zero, then either A is parallel to C (including the case in which they point in opposite direc-
tions, or one is zero), or else B-C = B- A = 0, in which case B is perpendicular to A and C (including
the case B = 0).

Thus: A x (B xC) = (A xB) x C < either A is parallel to C, or B is perpendicular to A and C. [

Problem 4. Prove that the two-dimensional rotation matrix preserves dot products. (That is, show
that AyBy,+A.B, = AyB, + A, B,). What constraints must the elements (Rij) of the three-dimensional
rotation matrix satisfy, in order to preserve the length of A (for all vectors A) ?

Rotation matrix applied to A: RA = ( cos¢  sing > < fly )

—sing cosp .
Solution:

A,B, + A,B, = (cos pA, + sin A, )(cos ¢ By + sin ¢ B, )+
(—sin¢A, + cos pA,)(—sin ¢ By + cos ¢ B.)
= cos® pA, By + sin ¢ cos ¢(A, B, + A, B,)+
sin? A, B, + sin? $AyB, —sin ¢ cos p(Ay B, + A.B,) + cos® pA, B,
= (cos® ¢ +sin® ¢) A, By, + (sin? ¢ + cos® $) A, B,
= A,B, + A.B,

In order to preserve lengths:
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3 3
(A2)? + (Ay)° + (A)? =) AiA; = Z ZRUA ZRzkAk => O RiRi) A A
) 1=1 Bkt

This equals:

“ 0 if jHk
Moreover, if R is to preserve lengths for all vectors A, then this condition is not only sufficient but
also necessary. For example suppose A = (1,0,0). Then Z]k(zl RijRi;)AjAL = ), Ri1Ri1 and this
must equal 1 (since we want fL;Q + /Iy2 + fLQ = 1). Likewise, Z?:1 RioRio = Z?:1 RisR;3 = 1. To
check the case j # k, choose A = (1,1,0).
Then we want: 2 = Zj,k(zi Rinik)AjAk = Zz Ri1 Ry + ZZ RioRio + ZZ Ri1Rio + Zz RioR;1.
But we already know that the first two sums are both 1; the third and fourth are equal, so ), R Rio =
>.; Ri2Ri1 = 0, and so on the other unequal combinations of j, k.

3 . .
1 —k
A2 4 A2+ A2 provided Y RyRiy = { i

In matrix notation: RR = 1, where R is the transpose of R. O

Problem 5. (a) If A and B are two vector functions, what does the expression (A -V)B mean? That
is, what are its z,y and z components, in terms of the Cartesian components of A,B and V?
(b)Compute (£ V)f for r = £ = ZXUY+22

/1.2+y2+22

(c)Evaluate (v, - V)vp for the functions v, = 2%% + 32229 — 2222 and v, = xyX + 2y2y + 3722

Solution: Part (a)

(8B, 0B, . 0B,). 0B, 0B, 9B, .
(A-V)B = <A""f o v, TG, >X+ (Ax o T, T, >y
OB. . OB. . OB.\.
+<A8 + A, 8y+ Z@z>z

Part (b) & = £ = S22 10t just do the 2 component.

T /$2+y2+22

. . 0 0 0 x
[(r- V)], = — <x8:€ + y@ + Z@z)

1 1 1 1 1 1 1
\7+$ (—2) WQx —§W2y —2(\/)3221}
{x—rls(:r3+xy2~|—xz2)}:i{x—;(fc2+y2+z2)}=1<$—x) =0

r r r

+yz + zz

S 3=

Same goes for the other components. Hence: (f-V)r = 0.

Part (c)
0 0 0
(Vo - V) vy = (ﬂax + 33:2287/ — 2:r282> (xyX + 2yzy + 3z22)
= 2 (yX + 0y + 322) + 322% (2% + 223 + 02) — 202(0% + 2yy + 312)
= (x2y + 3:5222) X+ (61:23 — 4xyz) v+ (szz — 6x22) Z
= g2 (y + 322) X+ 2xz (322 — 2y) y — 3222z
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Problem 6. Prove that the divergence of a curl is always zero.
Solution.

0 [(Ov, Oy 0 (Ov, Ov, 0 (Ovy Ov,
V‘(VXV)_(‘?x(@y 8z>+8y<82 8x>+(‘)z<8x 8y>

= o - O, 00, — O, + 82% — 82% =0, by equality of cross-derivatives
- \Oxdy  Oyox dy0z 020y 9200 oxdz) DY cAnany vatives.

O]

Problem 7. Prove that the curl of a gradient is always zero.

Solution:
X y z 2 2 2 2 2 2
e b o | [ 0t 04t [ 04t 04t _{ 0% 04t
v x (V) = %gf %{ ‘Zé X <8y82 8zay> Ty (8283: 0x0z Tz 0xdy  Oyox
or Oy Oz

= 0, by equality of cross-derivatives.



