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Angl. 1 
 
  
 
 
 
 
 
 
 
 
 

Instructions 
 

1. Write clearly in ink (pen), explain your reasoning, and indicate clearly your result.  

2. Only responses written inside of the boxes on the A4 sheets of the exam (front and back) 
will be taken into account.  

3. Justify your calculations and responses with diagrams and by identifying the laws of physics 
you have used. 

4. This exam should be taken in 3 hours. 

Allowed: 

- one page A4 (front and back) handwritten by you  

- language dictionary 

 Not allowed: 

- Any form of electronic device including a calculator  

- Leaving the room without authorization 
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1. Accelerated Atwood machine.  
Two blocks of masses !! and !" (!! < !") are stacked 
on top of each other on the surface of a frictionless table 
(see diagram). The blocks’ centers of mass are 
connected by a string, which is wrapped around a 
pulley. The mass of the pulley and string are negligible. 
The system starts at rest, then a force "⃑# is applied horizontally to the pulley. 
 

a) Assume there is no friction between the blocks or in the pulley. Determine the forces acting 
on the system and each object (Block 1, Block 2, pulley) separately. Draw free body 
diagrams. 

Answer inside the box 

b) What are the accelerations, $⃑!and $⃑", of the blocks? 

 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 

system Block 1 Block 2
pulley i

qN IN '

p Na•→ Fp sort

④Him,gT •→ T ¥•_§b(m,+mz)g law

t.gl

norml force from table Ñ = (m ,+mz)gj
to system

norml force from tablet. block I Ñ
,

= Cmg -1N ,)j = (m,+mz)gj
norml force from block21st Ñz = mzgj

tension in string F=£F⇒j

As the system FBD shows
,
Newtons 2¥ law becomes :

no
i : Block 1 T= Mia , pulley : Fp - 2T=m/pAp
Block 2 T= Mzaz ⇒ Fp=2T

⇒ ii. =¥i ai=¥i2m
,

Note a
,
> az .
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1. Accelerated Atwood machine.  
c) Now, assume there is a coefficient of friction between the blocks, % (same for static and 

kinetic cases). Re-draw the free body diagrams for each block. What are the accelerations 
of each block, for “low” ( $⃑!$, $⃑"$) and “high” ($⃑!%, $⃑"%) values of "#? 

d) Sketch the configuration of the system (blocks and pulley) in the limit of long times, in each 
case described in (c) (“low” and “high”). 

 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 

system Block 1 Block2 pulley
TN 3rd ④ PN' / N2 i
←•→ Fp law ←•→T q⇒T T

1-
⇐•_§

my
+ ↳

lmtmzg
g
,
,,

"

Mag
"

low
"

Fp : tension doesn't exceed static friction . Blocks do not slip .
> >

⇒ system reverts to (b) 9<=9. -
5- i
m,tM~

"

high
"

§ : blocks. slip . All forces balance in j . g

i : Block 1 T-µmy
= Mia, pulley : Fp -2T - m%ap

Block 2 T+µmay
= Mzaz ⇒ f- = 2T

⇒ in:(÷
,

- µm¥)i =

F-LI.mis-iai.is#+ng)i=FP+L?mag-mi
Low : ☐☐→_-

High : ☐#

Justin Ball

Justin Ball
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1. Accelerated Atwood machine.  
e) What is the critical value of the force, "#∗, which separates the two kinds of motion described 

in parts (c) and (d)? 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 

As the force Fp decreases
,
ai
,
and ñz should become

equals at the point when they are no longer slipping .

(÷i .am#f--/a&:- + us)
multiply ⇒ Fp*m, - 2µmEg=Fp*m ,

+ 2µm.mgby 2min

⇒ f-
+

(mom ,
) = 2µm.g(m+m)

⇒ F
'

p
= 2µm,glmitrn)

(m
,

- ma)
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2. Funnel fun.  
A point-like object of mass ! slides on the inside of a frictionless, 
symmetrical cone, whose symmetry axis is vertical (parallel to gravity). 
The vertex half-angle is &, as shown. Take the point of the cone as the 
origin of the coordinate system, '. 
 

a) Determine the forces acting on the object. Draw a free body diagram. 
Answer inside the box 

b) Write the differential equations of motion of the object in spherical coordinates, without 
solving them. Take into account all constraints. 

 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 

OF reoso
-
- -

!

Forys: - i
normal force

Nµq%¥gÑ = - NO perpendicular to surface
,

'Tmj
mj-mgfcosori-s.no gravitational force

¥

Constraints: O = const . ⇒ 0=0
,
8=0

i : - mgcoso = m(ii. rip'siiO)

④ : mgsinO-N-mfrifsinocosofo-mfrqsinO-2-ripa.no)
§ :
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2. Funnel fun.  
c) Suppose the object is placed at height (, and given an initial angular velocity of magnitude 

)', that is in a horizontal plane and tangent to the surface of the cone. Find an expression 
for )' such that the object will move in a horizontal, circular orbit. 

d) What is the relationship between the kinetic energy * and the potential energy + in the 
scenario described in (c)? 

e) Sketch the potential energy function +(-) where - is the horizontal distance from the z-axis, 
and indicating the kinetic and potential energies for the scenario described in (c). Note any 
stable or unstable equilibria and turning points. 

 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 

 
 

 
 
 

In this case
,
constant R = H/cosO

,
i = 0

,
it = O

f : - mgcoso = MY- retsina) ⇒ - mwiltls.io/.sO---mgcosO
W

g. w
⇒ w. = JÉ

Hs:-O
if
Htaio

Alternative : motion will remain in a horizontal plane : P = Hta.NO

a = 0 ⇒ my
= Nsino Max = - mco:p =

- NcosO

y
⇒ - moi Htano = -MFT ⇒ co

.

=☒-

sino Htaño

v2 = wir
'
= §qµ . H'tail = gH

⇒ k=tmv2= { mgH = tall

i i - Ein

(c) U = mgh =

mgrcos O
h

%
F

-
- -
•
- -

ntwnigpitHe
Htano /r{

stable equilibrium

Justin Ball

Justin Ball
ρ

Justin Ball

Justin Ball
r
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3. Tabletop rocket. 
A rocket has mass !', including fuel of mass !'/2. It starts 
at rest on a horizontal surface, whose coefficient of friction 
is % (same for static and kinetic cases). At time 1 = 0, the fuel 
is ignited. Assume combusted fuel is ejected horizontally 
toward the left at a constant rate 4 = | 6! 61⁄ | with a 
constant velocity 8 relative to the rocket.  Thus, the thrust force from the fuel burning is "⃑# = 489⃑  . 
(You will not need to derive the “rocket equation.”) 

a) Draw momentum diagrams representing time 1 and time 1 + ∆1 in the ground reference 
frame.  

Answer inside the box 

b) Draw a free body diagram. What is the condition on 4 for the rocket to start moving? In the 
case that it does not start moving at time 1 = 0, at what time will it start?  

 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 

Time t;=t : Time 1-
+
= t +Dt :

jp→
mrlt) Ñrlt) bmt-dmmrlti-b-D.vrlti.it)

i
→ i A →

f.5

mrlt) -- m
,
- Ot

p
N

FID :
f.Ñ%mrg→ Fp

= Ju

condition for motion : SE > 0 ⇒ Ju-
µmrg

>0

or 8 >
Mart

The rocket's mass is Mr (f) = m. -8T . So
,
if the above

inequality isn't satisfied at t=0
,
it will be at :

8. Mcmurtry
⇒ m

.

-Vt = Fg or t= Mj - Ung
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3. Tabletop rocket.  
 
In the following parts (c-e), assume the condition in (b) is met at < = =. 

c) Determine the velocity as a function of time, >(1) as a function of the given variables. What 
will be the maximum speed >()* reached by the rocket? 

 

 
 
 
 
 
 
 
 
 
 
 
 

Newton's 2nd
,

: ⇐ = Ju-
µmrg

= m.a = Mr¥
⇒ ☒

=

÷ ¥ - ngdt
separation
of variables

⇒ d.v = udimmi - µgdt
integrate: fav =fudm_r - fµgdtMr

vlt) = C + ulnlmr) - agt
w

integrative const .

Boundary condition : vlt .-03=0 ⇒ C = In (mo)

vltl-ulnfmmr.tt) - agt
Maximum speed is reached when all fuel is burned

.

MrA) = m
,
- Jt = mg ⇒ t

= Mt

28

Vmax = uh2- aging

Justin Ball

Justin Ball

Justin Ball

Justin Ball

Justin Ball

Justin Ball

Justin Ball

Justin Ball

Justin Ball

Justin Ball

Justin Ball

Justin Ball

Justin Ball

Justin Ball
u

Justin Ball
as γ = |dm  /dt|
and dm  /dt<0,
so γ = -dm  /dt

Justin Ball
r

Justin Ball
r

Justin Ball
r
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3. Tabletop rocket. 
d) What is the distance 6 traveled by the rocket after all of the fuel is burned? Express your 

answer in terms of the given variables and >()*. 

e) Sketch the position as a function of time of the rocket from time 1 = 0 until it is at rest. Be 
sure to note any important features.  

 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 

 
 

 
 
 

After the fuel is burned
,
motion under constant (negative) acceleration

.

Can be solved using equation of motion

% a = - µF- g ⇒ a = -ng v : Vmax
- ngt

D= vmaxt - £µgt
'

condition : time at which velocity → 0 = Vmaxlyg
Substitute into d equation .

Alternatively , use energy (work - kinetic energy theorem) .

DK = Img vmai - O = W -
-

µ % gd

⇒ d = Vmix
2µg

slope Vmax

increases faster then } d.

ieÉ%-
- - - f -

l l

decreases
I

1

!
runs out of stops moving
fine
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4. Swinging saucer. 
A solid, uniform thin disk of mass ! and radius ? hangs vertically. The disk is 
attached to pivot about the point @, which is a distance A from the disk’s 
center, '. All motion takes place in the plane of the disk. Neglect friction. 
 

a) Determine the forces acting on the disk (draw a free body diagram).  

b) The disk is rotated so that a line through @ and ' makes an angle &' relative to gravity, and 
then released. Write an expression for the initial torque, B, relative to point @. 

c) Calculate from general principles the moment of inertia, C#, of the disk about the pivot point. 

 
 
 
 
 
 
 

 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 

N ^ Forces :

p / I
gravitational force , from center of mess• i

°

/ normal force
,
from pivot point .

vmg

E- = I ✗ É = b(sinOi - cosoj ) ✗ mgtj)p

= - mgbsinck

Using Steiner's theorem (parallel axis) , we know

Ip = Icm → mb
'

For a disk , divide into infinitesimal rings centered about 0
.

dm = FRI 2rtrdr = 2£ rdrw
-

density , 0 wee
of
rig

-am
-
- f r- d.m = for 28 Mdr = 2£ ¥1?T
dish

= 1- r
'

⇒ Ip = 1-2 mÑ + mb'
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4. Swinging saucer. 
d) Write the differential equation of motion of the disk in terms of the given variables. 

e) Assuming the initial angle &' is small, what is the period )' of the disk’s oscillation? Show 
that your answer makes sense in the appropriate limit, when compared with a pendulum 
composed of a point mass suspended from a string. 

 

 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 

Sum of torques about pivot point :

Stp = Ip ✗

- mgbsino = Hamri -1mb)
0

Rewrite: 0 +
bJ__ sin0 = 0

far:b)

Under the smell angle approximation , s.in0=0

⇒ eggs of motion ⑥ +
bJ__ 0 = 0
far:b)

This is simple harmonic motion with frequency
raysW

.
= ¥¥

and period T = =
21TNÑ+ s

Wo bg
This is like a point mess in the limit R→ 0 and b→ L

⇒ w
,
= F§ just as for a point pendulum


