
Final exam solutions

1 Escape through a window (10 points)

Breakdown of points

a) 4 points
b) 1 point
c) 2 points
d) 3 points

Solution

a) What are the forces on the person (MP ) ?

- The force ~T from the rope, vertical and upward.
- The weight ~FgP = MP~g of the person, vertical and downward.
1 point for the two forces, in the correct directions, in words or a free body diagram A

What are the forces on the table (MT ) ?

- The force ~T ′ from the rope, parallel to the floor and rightward. This has the same ma-
gnitude as the tension force ~T acting on the person.
- The force of kinetic friction ~fkT , parallel and opposite in direction to the motion.
- The weight ~FgT = MT~g of the table, vertical and downward.

- The contact force ~NT , vertical and upward, balancing ~FgT .
1 point for the four forces, in the correct directions, in words or a free body diagram B

MTg 

NT 

T fkT 

T 

MPg 

î 
ĵ 

Apply Newton’s 2nd law Σ~F = m~a to each mass
For the person :

MP~aP = MP~g + ~T = (MPg − T )ĵ (1)

For the table :

MT~aT = MT~g + ~T ′ + ~NT + ~fT = (MTg −NT )ĵ + (T ′ − µNT )̂i (2)

1 point : T = T ′ (0.5), condition for slipping aP = aT > 0 (or, aP = aT = 0) (0.5) C

What is the maximum mass of the table ?
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From (1) with the condition for slipping, T = MPg. From (2), the table is in equilibrium
in ĵ, so NT = MTg. Thus (2) in î becomes :

MT = T/µsg = MP/µs 1 point D (3)

b) What is the minimum mass of the vase ? The mass of the vase is added to the mass
of the table, and the two can be considered as a single object since they don’t move with
respect to each other. (3) becomes :

MV = MP/µs −MT 1 point E (4)

c) Since the vase and the table move together, the two can be considered as a single object with
the mass of the vase added to the mass of the table. Furthermore, all three masses(flatmate,
vase and table) have the same magnitude of acceleration.
Apply Newton’s 2nd law Σ~F = m~a to each mass
For the flatmate, the equation is the same as in part a) with the mass MF instead of MP :

MF~a = MF~g + ~T = (MFg − T )ĵ (5)

For the vase+table :

(MT +MV )~a = ((MT +MV )g −NTV )ĵ + (T − µNTV )̂i 1 point F (6)

Solving for the acceleration,

a =
(MF − µk(MT +MV ))g

MT +MV

1 point G (7)

d) What is the maximum value of MF such that the vase doesn’t slide with respect
to the table ?
The application of Newton’s 2nd law to the person is given by (5).
Newton’s 2nd for the table+vase is given by (6).
The only difference is that now we have to consider the vase independently from the table.

MV~aV = (MV g − FV T )ĵ + (Fs)̂i (8)

where FV T and Fs < βsFV T = βsMV g are 3rd law action-reaction pairs, with the gra-
vity/contact force and static friction respectively. 1 point for FV T H 1 point for Fs I

The condition for the vase not sliding on the table is that all of the masses in the system
have the same magnitude of the acceleration, a. As before, the tension in the rope is the
same everywhere. Solving the î-component of (8) for ax, the constraint on the magnitude
of the acceleration becomes a < βsg.
Since the acceleration of the vase has to be the same as the system vase+table which is
defined by equation (7), it is possible to determine the maximum value ofMF by imposing :

a =
(MF − µk(MT +MV ))g

MT +MV

< βsg

(MF − µk(MT +MV ))

MT +MV

< βs

βs(MT +MV ) > MF − µkMT − µkMV

−MF > −µk(MT +MV )− βs(MT +MV )

MF < (µk + βs)(MT +MV ) 1 point J

(9)
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Final exam solutions

2 Oscillating sled (11 points)

Breakdown of points

a) 3 points
b) 4 points
c) 2 points
d) 2 points

Solution

a) What are the forces on the system child MC + sled MS ?

- The force ~Fs from the spring, parallel to the plane. Its direction depends on the length
of the spring relative to its rest length (l0). At the equilibrium position, it points up the
plane.
- The weight ~FgCS = (MC +MS)~g, vertical and downward.

- The contact force ~N , perpendicular to the plane and balancing the projection of ~FgCS onto
the same axis. 1 point for the three forces, in the correct directions, in words or a free body diagram A

MCSg

Apply Newton’s 2nd law Σ~F = m~a to the total mass m = MCS = MC +MS

MCS~aCS = MCS~g + ~N + ~FS = (MCSg sin θ − FS )̂i+ (N −MCSg cos θ)ĵ (10)

Since the system is in equilibrium,

MCSg sin θ − FS = 0

N −MCSg cos θ = 0
(11)

1 point for the equilibrium condition B

If we define l0 as the rest length of the spring, then

FS = k(l2 − l0)
k(l2 − l0) = MCSg sin θ

l2 = l0 +
MCSg sin θ

k

(12)
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Since we do not know l0 we have to compute it using l1 which is the length of the spring
when only the sled is attached to the spring,

FS = k(l1 − l0)
k(l1 − l0) = MSg sin θ

l1 = l0 +
MSg sin θ

k

l0 = l1 −
MSg sin θ

k

l2 = l1 −
MSg sin θ

k
+
MCSg sin θ

k

l2 = l1 +
MCg sin θ

k

(13)

1 point for the expression of l2 as a function of the given variables C

b) What is the speed of the sled when it returns for the first time to position l1 ?
The velocity of the sled is equal to zero when it returns for the first time to the position
l1 since the system child + sled is at rest (v = 0) at the position l1 at the time of release.
This is due to conservation of energy. 1 point (0.5) v = 0, (0.5) conservation of energy D

What is the maximum speed v of the sled, and what is the length of the spring
when it occurs ? Since the motion is simple harmonic (oscillation), the maximum speed
occurs at position l2 1 point E.
Strategy : apply the conservation of mechanical energy to the system child MC + sled MS

between positions l1 and l2.
Choose as the origin the position l2.
In the position l1, the system child + sled has a height

h1 = (l2 − l1) sin θ (14)

The spring is elongated by l1− l0 with respect to the rest position l0. The system is at rest,
so the mechanical energy is given by only the sum of the potential gravitational energy
and the elastic energy.

Emec,1 = Ugrav + Uspring = (MC +MS)gh1 +
1

2
k(l1 − l0)2

Emec,1 = (MC +MS)(l2 − l1)g sin θ +
1

2
k(l1 − l0)2

(15)

In the position l2, the total mechanical energy is given by the sum of the elastic energy
and the kinetic energy

Emec,2 =
1

2
k(l2 − l0)2 +

1

2
(MC +MS)v2 (16)

1 point (0.5) for mechanical energy of position 1, (0.5) for position 2 F

Using the equation (13), (15) and (16), we obtain,

Emec,1 = Emec,2

(MC +MS)g

(
MCg sin θ

k

)
+

1

2
k

(
MSg sin θ

k

)2

=
1

2
k

(
MC +MS

k
g sin θ

)2

+
1

2
(MC +MS)v2

v = g sin θ

√
(MC)2

k(MC +MS)
1 point G

(17)
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When the system reaches position l2, some of the gravitational potential energy that the
system had in the position l1 has been converted into kinetic and elastic energy. When the
system passes l2, the potential energy continues to decrease and the kinetic energy starts
to decrease as it is converted into elastic energy. When the system reaches its lowest point
(l3) the kinetic and gravitational potential energy are both zero, having been converted
into elastic energy.

c) Apply Newton’s 2nd law Σ~F = m~a to the total mass m = MC + MS along the
direction of motion î,

(MC +MS)a = (MC +MS)g sin θ − k(l − l0)
(MC +MS)ẍ = (MC +MS)g sin θ − k(x− l0)

ẍ+
k

MC +MS

x = g sin θ +
kl0

MC +MS

ẍ+ ω2x = b 1 point H

(18)

What is the angular frequency ω of the oscillation of the system ?

ω =

√
k

MC +MS

1 point I (19)

d) What is the motion of the system child + sled when it is released from rest ?
A general solution to the equation of motion is

x(t) = A cos(ωt+ φ) + x0

ẋ = −Aω sin(ωt+ φ)
(20)

where x0 represents the position of the center of the oscillation (l2) with respect to the
center of the reference system.
Choose as the origin position l2, so x0 = 0.
Find the particular solution for the situation described in (b). At t = 0, we have

x(t = 0) = l2 − l1 = MCg
sin θ

k
ẋ(t = 0) = 0

(21)

Then,

ẋ(t = 0) = −Aω sin(φ) = 0→ φ = 0

x(t = 0) = A cos(φ) + x0 = A cos(0) + 0 = MCg
sin θ

k
→ A = MCg

sin θ

k

(22)

1 point applying correct boundary conditions J

Use it to find the velocity at l2. When the system is passing through the position l2
the phase of the oscillation has to be equal to π

2
then, → sin (ωt = π

2
) = 1

ẋ(t) = −Aω sin(φ =
π

2
) = −Aω = −MCg

sin θ

k

√
k

MC +MS

|v| = g sin θ

√
(MC)2

k(MC +MS)
1 point K

(23)
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As found in part b !
Alternative solutions :
i) Choose as the origin position l3.

x0 = l2 − l1 = MCg
sin θ

k

x(t = 0) = l3 − l1 = 2MCg
sin θ

k
ẋ(t = 0) = 0

(24)

then,

ẋ(t = 0) = −Aω sin(φ) = 0→ φ = 0, 2π

x(t = 0) = A cos(φ) + x0 = A cos(0) +MCg
sin θ

k
= 2MCg

sin θ

k
→ A = MCg

sin θ

k

(25)

ii) Choose as the origin position l1,

x0 = −(l2 − l1) = MCg
sin θ

k
x(t = 0) = 0

ẋ(t = 0) = 0

(26)

then,

ẋ(t = 0) = −Aω sin(φ) = 0→ φ = 0, 2π

x(t = 0) = A cos(φ) + x0 = A cos(0)−MCg
sin θ

k
= 0→ A = MCg

sin θ

k

(27)
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Final exam solutions

3 Horizontal collision with a barbell (10 points)

Breakdown of points

a) 2 points
b) 1 points
c) 3 points
d) 4 points

Solution

a) What is the total linear momentum of the system projectile + barbell ?
Before the collision, in the reference frame where the barbell is at rest, the only contribution
to the total momentum is given by the projectile

~ptot = Mp~v 1 point A (28)

Is the linear momentum conserved in the collision ?
During the collision the linear momentum is conserved since there are no external forces
that are doing work 1 point B

b) What is the position lCM of the center of mass ?
The center of mass of a pair of particles with masses m1 and m2 and positions x1 and x2
is defined m1x1+m2x2

m1+m2
. Thus,

lCM =
Ml

M +Mp +m
(29)

Show that limM→∞ lCM = l.

lim
M→∞

lCM = lim
M→∞

l

1 +Mp/M +m/M
= l 1 point C (30)

c) What is the angular momentum ~L after the collision ?
What is the direction of the angular momentum?
Since the rotation is in the x, y plane, the direction of the angular velocity will be along
the z axis and coming out of the plane.

~ω = ωk̂ (31)

If I is the total moment of inertia, the angular momentum is defined by :

~L = I~ω (32)

so, the angular momentum is in the same direction as ~ω. 1 point D

What is the moment of inertia I after the collision ? Note that this needs to be
calculated with respect to the center of mass, so it is defined :

I =
2∑
i=1

mir
2
i (33)
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where the ri are the distance of each mass from the center of mass calculated in (b). Thus,

I = M

[
l − l

(
M

Mp +m+M

)]2
+ (Mp +m)l2

(
M

Mp +m+M

)2

1 point E (34)

Then, the modulus of the angular momentum becomes :

L =
M(Mp +m)

(Mp +m+M)
l2ω 1 point F (35)

Alternative solution : Define the positions A, G and O as shown in the picture

G

A

O

M

𝑚+𝑀𝑝

|~L| = |
∑
i=1

~Ri×mi~vi|

L = AGMvM +GO(Mp +m)vMpm

L =

[
Ml

(
Mp +m

Mp +m+M

)
vM + (Mp +m)l

(
M

Mp +m+M

)
vMpm

] (36)

Since,

vM = ωAG

vMpm = ωGO
(37)

The equation (36) becomes,

L =

[
Ml2

(
Mp +m

Mp +m+M

)2

+ (Mp +m)l2
(

M

Mp +m+M

)2]
ω

L =
M(Mp +m)

(Mp +m+M)2
l2(Mp +m+M)ω

L =
M(Mp +m)

(Mp +m+M)
l2ω

(38)
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d) What is the angular frequency ω ?
The variation of the angular momentum is defined as :

d~L

dt
= ~τtot (39)

The angular momentum is conserved because there are no external torques.
Let’s define the angular momentum after the collision Lf , as found in part (c).
Just before the collision the angular momentum is given by :

Li = |~lCM×Mp~v| =
M

(Mp +m+M)
lMpv 1 point G (40)

Thus, by conservation of the angular momentum,

M

(Mp +m+M)
lMpv =

M(Mp +m)

(Mp +m+M)
l2ω

ω =
Mp

Mp +m

v

l
1 point H

(41)

When Mp >> m

lim
m/Mp→0

ω = lim
m/Mp→0

1

1 +m/Mp

v

l
=
v

l
(42)

The velocity of the projectile now completely defines the angular velocity of the system
after the collision, and it is independent of any of the masses.
1 point (0.5) for explanation and (0.5) for limit I

When Mp << m

lim
Mp→0

ω → 0 (43)

The angular velocity will be around zero since the momentum transferred by the projectile
will be very small.
1 point (0.5) for explanation and (0.5) for limit J
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