Solution to the Final Exam
19 January 2024

PHYS-101(en)

1. Asteroid impact

a. Since the collision is inelastic, the total kinetic energy is not conserved. Since there are no external
forces on the system and matter does not enter or leave the system, the total momentum is conserved.
Since there are no external torques on the system and matter does not enter or leave the system, the
total angular momentum is conserved.

b. As specified in the problem statement, we are using the inertial Cartesian coordinate system given,
which is defined such that the planet is has no translational velocity before the collision. Additionally,
we are told that the planet is not rotating initially and that the asteroid can be treated as a point mass.
Thus, before the collision the only kinetic energy in the system is the translational kinetic energy of
the asteroid, which is given by m

2

Ki = ?UO. (1)

c. From part b, we know that the only object that is moving is the asteroid. It carries a momentum of
;ﬁi = mUO'%a (2)
where we must remember that momentum is a vector.

d. To calculate the center of mass of the planet+asteroid system we must consider the displacement
vectors between three different points (indicated in the figure below): the geometric center of the
planet C, the location of the asteroid impact a, and the center of mass of the system G. To keep track
of them, we will be careful and use the notation given by the problem. Each position vector will have
two subscripts — the first indicating the start point of the vector and the second indicating the end
point. We will let the origin of the coordinate system (which is not specified in the problem statement)
be the geometric center of the planet C'. Thus, we see that the location of the center of mass of the
planet on its own is

7p =Tcc = 0. (3)

Just after the collision, the location of the asteroid is

To = Toa = —V R?2 — D23 + Dy, (4)

where we have used the Pythagorean theorem to determine the & component.
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To find the center of mass we take its definition and substitute equations and to find

- . Yo miT;  mi, + M7, m R .
Renv = = &4 = = (—\/RQ—D2 D ) 5
oM =ToG = S mt M m+ M Ty (5)

The distance between C' and G is simply the magnitude of this vector, which is

VR -D?+Dp2=—"_p (6)

m+ M m+M

doc = |roc| =

Note that, since the planet+asteroid forms a rigid body, dcg will stay constant with time after the
collision as the object rotates and translates (despite the fact that Fog will change direction).

e. The total angular momentum of the system is the sum of the angular momenta of the asteroid and the
planet
LG = LGa + LGp- (7)

The asteroid is modeled as a point mass, so it has an angular momentum about G of
LGa = FGa X mﬁGaa (8)

where T¢g, is the position vector from G to the asteroid and v, is the velocity of the asteroid in
the frame of reference of G. The planet is a rigid body, so it has an angular momentum due to the
translational motion of its center of mass about GG and its rotation about its center of mass. This is
given by .

LGp = FGC X M’UGC + IG"U;h (9)

where 7g¢ is the position vector from G to the center of mass of the planet C, vg¢ is the velocity of
the center of mass of the planet C' in the frame of reference of G, I is the moment of inertia of the
planet+asteroid system about G, and &, is the angular velocity of the planet about its center of mass.
Combining equations through @, we see that the total angular momentum is

EG = Taa X Mige + Tac X Migo + IG(Bp (10)

From part a, we know that the total angular momentum will stay constant in time, so we will choose to
calculate all quantities at the moment just before the collision. At this time, the planet is not rotating,
so &, = 0 and we do not need to calculate I (yet). The position vector 7gc¢ is closely related to what
we have already calculated in equation since

oo = —Tocg = — mn (—\/ R2 - D23 + DQ) . (11)

m+ M

The position vector g, can be found using the vector addition relationship
TCa =TcG + TGas (12)

meaning the displacement from C' to the asteroid is equal to the displacement from C to G plus the
displacement from G to the asteroid. Rearranging this and substituting equations and gives

Faa = Fioa — Fog = (—\/Pﬂ “ D%+ Dg) - m (_m@ + Dg)
m

+ M

_ M (-VR2 =D+ Dp). (13)

m+ M

The velocity vectors are more challenging. Strictly speaking we need to calculate them in the frame
of reference moving with G, which is the center of mass reference frame. However, since there are no
external forces on the asteroid-+planet system, the center of mass velocity Yoy (i.e. the velocity of G
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as seen in the reference frame given in the problem) will be constant in time. Since the only initial
motion is in the & direction, this means that vcys = voa is also only in the & direction. Therefore,
the velocities in the frame of reference moving with G can be expressed as UG, = (vo — voar) & and
vac = —vopm . While we still do not know vy, we will see that it cancels and does not appear in the
final answer. Substituting all of these results into equation and simplifying shows that the total
initial angular momentum about G is

fg= M (—\/R24<D2i+aDy>X7n(wyvaM)i—— m (AW/R24<D2£4—DQ>><A1(vaMi)

m+ M m+ M
M
:m_’_MDm('UO*’UCM)Z:/Xi’JFm:_nMDMUCMgX‘%
mM mM mM
= D — D —2)=- Dugz. 14
<m+M (vo = vor) + 2T ”CM)( A= ar D 14

Note that this result is identical to the answer if you had calculated the total angular momentum in
the reference frame of the problem statement (as opposed to changing to the reference frame moving
with G). This is not a coincidence. When we calculate the angular momentum of a system about its
center of mass, we can adopt any inertial reference frame and will always find the same answer. This
is a shortcut that can be used to solve this problem more quickly.

f. The moment of inertia is defined as

IG:/ p2dm, (15)
sys

where p is the distance from an axis passing through G in the Z direction and the integral is per-
formed over the entire asteroid+planet system. Since an integral is just a sum, we can separate the
contributions from the asteroid I, and the planet I, according to

Ig = / p2dm + / pPdm = I, + I,. (16)
asteroid planet

Since the asteroid is a point mass, its contribution to the moment of inertia is simply

mM 9

I (17)

I, = mdéa = m|Fga]* =

Here dg, is the distance from G to the asteroid, which was found by taking the magnitude of equation
).

The planet is a rigid uniform sphere, which has a momentum of inertia of I, around any axis passing
through its center of mass. However, we need to calculate its momentum of inertia around G, which is
a distance dgog away from its center of mass. Thus, we must use the parallel axis theorem to find

m
+ M

M
_mr 2mRQ, (18)
(m+ M)

2
IPZICA1+Md20G=ICM+M(m R) =lIcm +
where we have used equation @ Substituting equations and into equation gives the
final answer of

mM

Ig= ————MR>+ Icn +
(m—i—M)2

smR* = Ion + R?. (19)

mM
(m+ M)

g. In part a, we showed that total angular momentum is a conserved quantity, which is expressed as

m -+ M

Lg; = Lgy- (20)
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In part e, we calculated the total angular momentum before the collision EGZ-, which is given by equation
(14). However, we don’t actually need this information as we are permitted to use L¢; in our solution.
All we need to do is can express the final total angular momentum as

Loy = Ia@y (21)
and combine equations and to find

- Lo
Lg; = IGch = (Iif = Izz

(22)

h. In part a, we found that kinetic energy is not conserved in the collision. The work-kinetic energy
theorem

tells us that this change in kinetic energy is equal to the total work done by internal forces in the
inelastic collision. Importantly, we are only permitted to express our answer in terms of the total mass
as well as our solutions to parts b through g. In part b we calculated the total initial kinetic energy K,
so the challenge is to determine the final kinetic energy of the system. After the collision the asteroid
and planet are moving together as one combined object, which translates and rotates about its center
of mass G. Thus, equation can be written as

W= Kirans 4 K7t - K, (24)

The translational kinetic energy of the center of mass is

Mot

trans __
Ky =

where Vo is the magnitude of the center of mass velocity

- DMl miy + M,

= prm— 2
Vou Ez mg Mtot ( 6)

The quantity in the numerator is the total momentum of the system, which is a conserved quantity.
Thus, the center of mass velocity can be written as Voar = pi/myor, which can be substituted into
equation to see that the final translational kinetic energy is

t P
K rans — 3 . 27
f 2Miot ( )
The final rotational kinetic energy about the center of mass is
Ig
Kj = i, (28)

where both I¢ and w; have been calculated in previous parts. Thus, substituting equations and
(28) into equation gives the final answer of

wo P e s g (29)
2Miot 2 ’
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2. Bouncing

a. In the solutions, we will choose to exclusively use the coordinate system given in the problem statement.
It is perfectly fine to define your own coordinate with ¢ pointing upwards, but then Z must then point
out of the page (for the coordinate system to be right-handed). This will make the earlier parts of this
problem easier, but the last part will be harder (as the angular velocity will be in the —Z direction).

This part of the problem is simple ballistic motion. We can immediately write down the expressions
for the positions and velocities in the horizontal and vertical directions, which are

z(t) = vgot + 20 (1)
Uy (t) = Uzo0 (2)
y(t) = 58+ v,0t + o (3)
vz(t) = gt + vyo. (4)

We see that the terms with g are positive (instead of negative as is the case when § points upwards).
From the problem statement, we know that the initial conditions are vyo = vg, v40 = 0, 9 = 0, and
Yo = —hg. Thus, our equations of motion become

x(t) = vot (5)
v (t) = vo (6)
(

y(t) = 58— ho )

v, (t) = gt. (8)

To find the location at which the ball hits the ground d., we must first calculate the time at which the
ball hits the ground t.. This is defined by y(t.) = 0. Using equation @, we see

_ 902 _ %
O—th ho = t. = g. (9)

The horizontal distance traveled in this time is d. = x(¢.). Using equations and (9), we find the
final answer of

2hg
d. = vg 7 (10)
b. This part is also simple ballistic motion. The velocity with which the ball hits the ground is
Toi = Uz (te)T + vy (te) 7 (11)
Substituting equations (6]), (§), and (9) gives the final answer of
Ui = Vo + gt = vo& + /2ghog. (12)
¢. The free body diagram is shown below.

X
i

Z
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d. To calculate the maximum vertical distance by which the ball flattens, we must analyze the forces on
the ball. We start from Newton’s second law F,,.; = md. We only need to consider the § component,
d*y

—N(t) =m—s5, 13

() =m"2 (13)

where we have explicitly indicated the fact that the normal force will vary with time. The problem

statement tells us that we should model the normal force as a spring with a spring constant k& and
equilibrium length Ay. = 0, meaning that

N(t) = KAy, (t). (14)
Substituting this gives
d%y

Thinking carefully about the geometry of the problem and the coordinate system given to us, we see
that Ay.(t) = y(t). For example, when the center of mass of the ball is at y = 0, it just barely touches
the ground meaning that Ay, = 0. Additionally, the more positive y gets, the larger Ay,.. Substituting
Ay.(t) = y(t) and rearranging gives

d’y  k

YL M) =0, 16

Y Ly (16)

which is the standard equation of motion for a harmonic oscillator. It has a general solution of

y(t) = Acos (wot +¢), (17)

oo "

To find A and ¢, we must use the initial conditions. To make the math simpler we will define a new
time coordinate such that ¢ = 0 corresponds to the moment that the ball first touches the ground.
This means that y(0) = 0, so we have

where

and A and ¢ are integration constants.

y(0) =0=Acos(p) = O0=cos(p) = ¢= g + nm, (19)

where n € Z can be any integer. Note that we could take n = 0, which would make the math simpler
and still work. However, we will keep arbitrary n to show that all values of n give the same physical
solution. We can substitute equation into equation and use the identity cos (§ + 7/2) = —sin 6
given in the problem statement to find

y(t) = Acos (wot +nm+ g) = —Asin (wot + nm) . (20)

Then we can apply sin (6 + 7/2) = cos 6 followed by cos (6 + 7/2) = —sin 8, both a total of n times,
to get

y(t) = —(—1)"Asin (wpt) . (21)

To determine the amplitude A, we must use an initial condition on the velocity. Fortunately, in part b
we already found the vertical component of the velocity when the ball first touches the ground. Thus,
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we see from equation that vy (0) = v/2gho. Taking the derivative of equation , we see that this
initial condition implies that

vy(0) = +/2ghg = —(—1)"Awgcos (0) = A=-— (=" v 2ghg. (22)

wo

Substituting this back into equation allows us to fully determine the vertical position of the center
of mass of the ball throughout the collision to be

-1 2n 1

y(t) = %\/Qgho sin (wot) = w—\/Qgho sin (wot) , (23)
0 0

where we have used properties of exponentials to show (—1)"*(—1)" = (=1)?" = ((-1)?)" = (1)" = 1.

Analyzing equation 7 we see that the ball will first impact the ground at ¢ = 0. Then y will increase
with time until sin (wpt) = 1 when wot = 7/2. At this moment, we can use equation and remember
that Ay.(t) = y(t) to see that the maximum value of Ay, is

1 2mgh
Ay. = w—ox/ 2gho = ]f 2, (24)

After this, y will decrease as the ball rebounds until eventually y = 0 again and the ball loses contact
with the ground. This occurs when wgt = 7, which means that the duration of the collision At, is

wAt, =1 = Atc:wiozﬂ % (25)

e. Since we have neglected the effect of friction and are modeling the normal force as an ideal spring,
there are no nonconservative forces acting on the ball. This means that we can apply conservation of
mechanical energy between when the ball is released and when it reaches its peak after rebounding off
the ground,

Ki+Uy=Kiy+Uyy = %v%—l—mgho:%vg—i-mghf = hy=ho. (26)

Note that we have used the fact that there are no forces acting in the & direction, so its horizontal
velocity never changes throughout the entirety of its motion. Given that it is returning to its original
height, its trajectory after bouncing is mirror symmetric to its trajectory before bouncing. Thus, we
can say that df = 2d. and use equation to show that

[2h
dp = 2094 | 2. (27)
g

Note that we have neglected the horizontal distance traveled by the ball while it was in contact with
the ground because the problem statement tells us that it is small.

f. This part is identical to parts d and e, except we now include a weak kinetic friction force. Importantly,
since the friction force is entirely in the horizontal direction, the vertical dynamics remain unchanged.
Hence, the results from our calculation in part d can still be used and we can already say that, as in
part e,

hy = ho. (28)

Unfortunately, calculating the horizontal distance traveled is more challenging. We start from Newton’s
second law in the & direction during the collision with the ground, which can be written as

—Ff = m—. (29)
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The magnitude of the kinetic friction force is Fy = pN. Remembering that Ay.(t) = y(t) and
substituting equations , , and allows us to express the friction force as

k
Fr = pkAy.(t) = Z—O\/Qgho sin (wot) = py/2mgkhg sin (wot) . (30)

Combining this with equation gives the equation

dvy 2gkhg .
- = —uy/ gm % sin (wot) - (31)

We can directly integrate this once in time and use equation to find

v (t) = pr/2ghg cos (wot) + C, (32)

where C'is an integration constant. To determine the integration constant, we need an initial condition.
We will use the horizontal component of the velocity when the ball first touches the ground. We
calculated this in part b, so we can use the horizontal component of equation to find that

v:(0) = vg = py/2ghgcos (0) +C = C =wvy — p+/2ghg. (33)
Substituting this back into equation gives

v (t) = vg — v/ 2gho (1 — cos (wot)) , (34)

the horizontal component of the velocity while the ball is in contact with the ground. Once the ball
loses contact with the ground at t = At,, the friction force no longer acts on the ball, so the horizontal
component of the velocity becomes constant again. We are interested in finding this final velocity that
the ball departs the ground with. Using equation , we see that this is given by

Vg = Ug(Ate) = vo — i/ 2gho (1 — coS (MOLZ;)) = vg — 2/ 2ghg. (35)

Since the horizontal component of the velocity becomes constant after the bounce, the total horizontal
distance traveled between when the ball is released and when it reaches its peak height after the bounce
is

df =d; + vgfte. (36)

The first term is the horizontal distance traveled before the bounce and the second is the horizontal
distance traveled after the bounce. The time between the bounce and the peak after the bounce is
still £. because it is determined by the vertical dynamics, which are the same as in the previous parts.
Thus, we can substitute equations @D, , and into equation to find the final answer is

[2h, [2h [2h
dy =wg 70 + (vo — ZM\/Qgho) 70 = 20 70 — 4phyg. (37)

Note that we have again neglected the distance traveled while in contact with the ground as it is
negligibly short since At, < t.. Additionally, notice that, if we set y = 0, we recover the same final
answer as in part e.

g. This problem is hard. From our free body diagram in part c, we see that the friction force will create
a torque that will cause the ball to start to rotate. The key insight is that the ball will stop sliding if
it rotates fast enough to roll without slipping, which is governed by the condition that the horizontal
component of the center of mass velocity satisfies v, = wR. However, we must also remember that,
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from our analysis in part f, the ball’s horizontal speed is decreasing while in contact with the ground.
Since the translational velocity is decreasing with time and the angular velocity is increasing, the ball
is more prone to roll without slipping at later times. Thus, kinetic friction will apply the entire time
the ball is in contact with the ground only if the final velocity satisfies

Upp > Wik, (38)

where wy is the final angular velocity when the ball loses contact with the ground. We can already use
equation to replace v,y and find that

v — 2/ 2gho > wyR. (39)
The challenge is to find wy.

We start with Newton’s second law for rotation about the center of mass of the ball
7?net = IC’MO?a (40)

which relates the net torque 7,¢; to the angular acceleration @ using the moment of inertia of the ball
about its center of mass Icp,. While in contact with the ground, the ball experiences two forces, the
normal force and kinetic friction force. The torques from each of these has the form 7 = 7" x F, where
7 is the vector from the center of mass of the ball to the point of application of the force. Thus, we
can write equation as

FNXN+FfXﬁf:ICM&. (41)

From our free body diagram we see that 7y = Ry, N = —Ny, ¥y = Ry, and ﬁf = —Fy2. Substituting
these, Newton’s second law for rotation becomes

Rj x (=N§) + Rj x (—Fs#) = Ioy@ = RFp2 = Ioyd, (42)

where we have used the fact that g x § = 0 and y x £ = —Z2. This implies that the ball will start
to rotate only about the Z axis, so we can write & = di&/dt = (dw/dt)% and substitute it into the 2
component of equation to find

dw R

= - 43
dt Ionm ( )

Since the problem statement tells us that ball can be approximated as a sphere at all time, we know
that neither R nor Icps will change with time. However, the friction force does. Fortunately, the
vertical and horizontal translational dynamics are still the same as in previous parts, so we can use
our solution for the friction force from part f (i.e. equation ) Substituting this into equation
gives

dw

R
—_— = 2mgkh si t). 44
& = Top, !V 2makhosin (wot) (44)

Integrating once in time and using equation gives

R R
w(t) = ——ﬁ\/ngkzho cos (wpt) + C = —m—,u 2ghg cos (wot) + C, (45)
Tem wo Iem
where C' is an integration constant. Since the ball is released without any rotation, we can use the
initial condition w(0) = 0 to calculate that the integration constant is

w(0)=0= —m—Ru 2ghocos (0)+C = C= LRM\/ 2ghy. (46)
Iowm Iom
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Substituting this back into equation (45)) gives the angular velocity as a function of time while the ball
is in contact with the ground,
R
w(t) = m—,u 2ghg (1 — cos (wot)) . (47)
Iem

To determine if the ball slips at any time while it is in contact with the ground, we are interested in
the final angular velocity wy = w(At,) as it will be the largest. Using equation (28], we find that

wr =w(At) = %u 2gho (1 — cos (wo(jo)) = 2%u\/29h0. (48)

Substituting this into equation allows us to derive

R? R
vo — 2un/2gh0 > Q%M\/Qgho = vy > 2uy/2gho (1 L )

Iowm
1
Vo mR2)
= < 1+ . 49
"= 2 2ghe ( Ton (49)

This is almost the final answer. However, we must remember that the problem statement does not give

Icy. Tt is perfectly acceptable (and much quicker) to simply copy Icy = (2/5)mR? from the table

presented in class. However, for completeness, we will show how to calculate it below. Before that, we

will substitute Icas = (2/5)mR? into equation in order to find
Vo

< —.
N NI

Thus, the largest value of u for which the ball will slide the entire time it is in contact with ground is

(50)

Vo

b= 7 2ghe

(51)

This is the final answer.

To calculate the moment of inertia of a sphere about its center of mass, we start from the definition of
the moment of inertia

Icm :/ pdm, (52)

where we must integrate over the entire mass of the ball. Since the ball is three dimensional and a
uniform sphere, we will convert from an integral over mass to an integral over space using the volumetric
density

_m _dm
V=Y T ar

where py is the volumetric density (not the cylindrical radius p), V' is the total volume, dm is the mass
of a differential element, and dV is the volume of a differential element. Since the object is a sphere,
it makes sense to use spherical coordinates (7,6, ¢). The differential volume in spherical coordinates is
dV = (rsinfdg¢)(rdf)(dr) and the volume of sphere is V = (4/3)7R3, so equation becomes

(53)

3m dm m
- = dm= % sin Odgdodr. 54
ATR® ~ (rsin0do)(rdf)(dr) M= g sm0dododr (54)
Substituting this into equation gives
3Im R ™ 2w 5 5 .
Icv = W/o /0 /0 p*r? sin Od¢dldr, (55)

10
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where we have chosen the bounds of integration in order to integrate over the entire sphere. Before
we can take the integral, we must convert the cylindrical radius p into spherical coordinates. Using
trigonometry or looking it up in a table, we can find that p = rsinf. Thus, the moment of inertia
becomes

3m R ,m 2m 4 3 3m R A g 3 2m
Ioy = 47TR3/0 /0 /0 r*sin® 0dodOdr = 47TR3/0 T (/0 sin 9(/0 d¢> dﬁ) dr, (56)

where we have taken quantities outside of integrals when possible. The innermost integral over ¢ is
easy to take, as the argument of the integral is independent of ¢. Thus, we find

R T R s
Ioy = 4?(%/0 7"4 (/0 Sil’lB 0 (27‘(‘) d9> dr = 237;3/0 7“4 (/0 sin3 9d9) dr. (57)

Taking the integral in @ is more challenging. First we rearrange the trigonometric identity sin® 6 +
cos?f =1 and use it to derive

/ sin® 0df = / sin 0 sin” 0d = / sin6 (1 — cos® ) df = / sin 0d6 — / sin6 cos® 0df.  (58)
0 0 0 0 0

The integral in the first term is easy take. For the second term, we will make the substitution u = cos 6
(and find the bounds for the integral in u by substituting the bounds in € into this expression). Since
du/df = —sinf, we know that df/du = —1/sinf and can write

g -1 -1
/ sin® 0d0 = (— cos 0] — / sin Huzj—gdu = (—cos(m) + cos(0)) + / u?du
0 1 u 1

4

w17t 2
=92 —_ =92 =2 5

Substituting this into equation gives the expected answer of

3m (B, /4 om B 2m [ R® 2
Ien = ——x o) dr =52 tdr = = | — ) = =mR% 60
OM = 5Rs 0’"<3)’" ), " R3(5> 5 (60)

11
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3. Axe throwing

a. The axe exhibits two types of motion as it moves through the air: translation of its center of mass and
rotation about its center of mass. Since the only force acting on the axe is gravity, the center of mass
follows ballistic motion. Thus, as in problem 2.a, we can immediately write down the expressions for
the horizontal and vertical positions of the center of mass, which are

zom(t) = vyt + (1)
yorr(t) = =512 + vt + (2)

respectively. Note that, because § points upwards in this problem, the gravitational term needs to
have a negative sign. The coordinate system is defined such that z; = 0 and y; = 0, so we find

Tom (t) = Uac,;t (3)
you(t) = —gﬂ + oyt (4)

Next we must calculate the effect of the rotational motion. First, we must determine the location of
center of mass along the handle, to see how far it is from the blade. We will define new coordinate s,
which has its origin at the location of the blade and increases as you move along the handle. In this
coordinate system, we know that the center of mass of the handle on its own is at s, = 2¢. This is
because the handle is uniform and symmetric, so we know that it is midway along its length and the
handle is 44 long. Since we can model the blade as a point mass, its center of mass is at its location of
sp = 0. Thus, the center of mass of the entire axe (i.e. handle and blade together) is a distance of

Yo, MiS;  msp + msp

= = = 5
SoM S m; m o m (5)

away from the blade.

Since there is no air resistance, while the axe is flying through the air, it experiences no torque. This
means the blade of the axe undergoes uniform circular motion with its initial angular velocity of w;2
at a radius of p = sgpy = ¢ away from the center of mass. Given such uniform circular motion, we
know that the velocity of the blade of the axe around the center of mass is

oy = v¢$ = lwip = lw; (—sin & + cos @) , (6)

where we have used the cylindrical coordinate unit vector to Cartesian coordinates using the relation
(ﬁ = —sin ¢Z + cos ¢yj. We need to perform this conversion because the problem asks us for the position
in Cartesian coordinates. We want to find the position, so, since velocity is the derivative of position,
we can write

dr, . R N

T = tn (—sin (9(0)) & + c0s (9(1)) ) (7)
We would like to integrate this, but one subtlety, which we have made explicit in this formula, is that
the angular position ¢(t) is changing with time. To determine how it varies, we remember that the
angular velocity is constant w(t) = w; and that w(t) = d¢/dt. Combining these two relationships and
integrating once in time gives ¢(t) = w;t + C. Since the initial condition for the angular position is
#(0) = 7/2, we see that C' = w/2 and the angular position varies with time according to

(8)
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Substituting this into equation @ gives

a7
% = lw; (— sin (wit + g) & + cos <wit + g) y) = —Lw; (cos (w;t) & + sin (w;t) §) , (9)
where we have made use of the identities given in the question. Now we can directly integrate this

expression to find
7(t) = —sin (w;t) & + L cos (wit) § + C, (10)

where C is a constant that is a vector (since the equation is a vector equation). To determine it we use
the initial condition that the blade is above the center of mass and a distance of ¢ away, so 7%(0) = £g.
Applying this initial condition we see that C' = 0, so equation becomes

7p(t) = —Csin (w;t) & + £ cos (w;t) g, (11)

which is the position of the blade relative to the center of mass.

Lastly, we must combine the translational motion (given by equations and ) and rotational
motion (given by equation ) to find the motion of the blade in the laboratory coordinate system
defined in the problem statement. This can be accomplished by vector addition as equations and
give the position of the center of mass in the laboratory frame and equation gives the position of
the blade relative to the center of mass. Thus, we sum the components of equation with equations
and to find the final answer

xp(t) = vyt — £sin (w;t) (12)
yp(t) = —th + vyt + £ cos (w;t) . (13)

b. A good starting point to find forces is a free body diagram, which we draw below for the blade of the
axe in the laboratory frame. Note that F} is drawn at an arbitrary angle as its direction will vary in
a complicated way.

F,

mg

From this we see that Newton’s second law is
Fy—mgj=md, = Fy=mgj+ma, (14)

for the blade, where d, is the acceleration of the blade. Acceleration is just the second derivative of
the position, so we can use equations and to write

i ﬁ%A+¥%A 0w? sin (wit) & — gij — lw? cos (wit) § (15)
ap = X —— Y = LWw; SN (W; xr — — wi COS (Wj; .
b= gz Y ; 99 ]

Substituting this into equation gives

Ey = mlw? sin (wit) & — mlw? cos (wit) § = mlw? (sin (wit) & — cos (wit) ) . (16)

13
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Taking the magnitude of this gives the final answer of

Fj, = mlw?\/sin? (wit) + cos? (w;t) = mlbw?, (17)

where we have used the trigonometric identity sin® 6 + cos? 6 = 1.

The above derivation is performed in the laboratory frame given in the problem statement (which is
inertial), but we can perform the calculation more quickly in the center of mass reference frame (which is
non-inertial). In the center of mass frame, a fictitious force appears due to the translational acceleration
Apn of the center of mass in the laboratory frame. This force has a strength of —mApy = mgy, as
the acceleration of the center of mass is simply —gy. Thus, Newton’s second law in the center of mass
frame is

ﬁh—mgg+mggzm6Nb = Fh :md'Nb, (].8)

where anp is the acceleration of the blade in the non-inertial center of mass reference frame. This
acceleration is easy to calculate as, in the center of mass reference frame, the blade is only undergoing
uniform circular motion at a radius of p = ¢ with an angular velocity of w;. Thus, the acceleration of
the blade is the centripetal acceleration @y, = —¢w?p. Substituting this into equation and taking
the magnitude gives the final answer of

Fp=—mlw?p = F,=mlw?, (19)
which is identical to equation .

c. In order for the axe blade to exactly hit the target, we require that x;(ty) = d and yu(ty) = 1
simultaneously at some time ¢¢. Using equations and , these conditions become

d = vgty — Csin (wity) (20)
(= —gtfc—kvyitf—kécos (wity) . (21)

Additionally, we have a constraint on the angular position ¢: we require the axe to hit the target
with the handle vertical such that ¢(tf) = /2 — 27n, where n € Z* can be any positive integer and
represents the number of full revolutions the axe makes before hitting the target. Note that we must
subtract 27n (rather than add it) because the problem statement tells us that w; < 0 (so ¢ must be
decreasing with time). Using equation , this conditions becomes

g = g —2mn = wit; = —2mn. (22)

This is a constraint on w;, but we still need to determine ¢y. Since we know v,;, we can find ¢y by
substituting equation into equation to find

witf +

d=vyity —sin(—2mn) = t5= —. (23)

Then we can substitute both this and equation into equation to find that there is one allowed
value of v;, which is

d\° d d
l= —g <vz1,) + vy (%) +/lcos(—2mn) = vy, = gv—m (24)
This is half of the final answer. The allowed values of w; are found by substituting equation into
equation to find

Vi

= —2mn 22t 25
w m— (25)

where n € Z™* can be any positive integer. In practice, when you throw an axe it typically rotates once
before hitting the target, which would correspond to n = 1.

14
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d. This details of this problem are hard. The fact that we need to take the small angle approximation
in @ < 7 forces us to express dynamics in terms of 6, but 6 is not the traditional cylindrical angle as
it is defined to start from the +¢ axis and increase clockwise. Thus, it will be useful to also define
the traditional cylindrical angle ¢ (which starts from the +# axis and increases counter-clockwise) as
shown in the figure below.

To understand the rotation of the board about point p, we will start by writing Newton’s second law
for rotation

Fnet - IpO_[' (26)

We will first focus on the right side of the equation. The target is only free to have angular acceleration
in the +2 direction, so we can write @ = «2. Additionally, we know that o = d?¢/dt? using the
traditional cylindrical angle ¢, which gives

- d*¢

Tnet :Ipﬁz (27)

Eventually we must take the small angle approximation in § < 7, so we need to convert from ¢ to 6.
We can do this by studying the above figure and noting that 6 + ¢ = 7/2. Rearranging and taking two
derivatives in times demonstrates that

_de  df e &

_ - o = =——_ 28
YTw T T T T ae (28)
which allow us to write equation as
" a0 ,
Tnet — —Ipﬁz (29)

Now we turn to the left side of Newton’s second law for rotation. There are several forces acting on
the board: gravity, the normal force from the ground, and some sort of friction force from the ground
(which is required to keep the board from translating). However, both the normal force and the friction
force are applied at the p as the board rotates. Thus, the only torque comes from gravity, so equation

becomes

d?0 d?0 d?0

F, = “lyomt = Ty X (CMgh) =Dy ot = Mgy x§=1l—og 2. (30)

When calculating torques, the force from gravity acts at the center of mass of the object, which we
are told is at the geometric center of the board. However, one must be careful in expressing 7, as

15
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it must be valid as the board rotates and changes angle . To make it as simple as possible, we will
adopt a cylindrical coordinate system with the origin at p. Given these coordinates, we can write the
displacement from p to the center of the board as

Py =hp—r1b. (31)

Then we can write these unit vectors in Cartesian coordinates using the identities p = sin 8% + cos 64
and 0 = cos0i — sinfj. Note that these are not the standard conversions between cylindrical and
Cartesian unit vectors because the angle 6 is defined from the +¢ axis towards the +2 axis (as opposed
to the opposite as is conventional). Instead you have to think about how the unit vectors change as
0 is changed and write down the expressions on your own. Substituting these unit vector conversions,

equation becomes
7y = (hsing — rcos@) & + (hcos® + rsinf) g, (32)

which can be used to write equation (30) as

d?0
Mg ((hsinf —rcosf) &+ (hcost +rsinf) §) x g = Ipﬁé
. . a0,
= Mg(hsmﬁfrcos@)z:lpw . (33)
We can take the Z component of this equation to find
a0 M
ﬁ—j_—pg(hsinﬂ—rcosﬁ):O. (34)

This is an equation of motion for the angular position of the target, but it is very complicated and
difficult to solve. To simplify it, we will take the small angle approximation 6 < 7. This will be a good
approximation if the board is tall and skinny (i.e. A > r) because a small tilt angle will be sufficient
to move the center of mass of the board to the right of p (which ensures that the board will tip all
the way over). Thus, whether or not the board tips is entire determined by the behavior when 0 < .
Assuming 0 < 7 allows us to approximate cosf ~ 1 and sin 6 ~ §. Equation becomes

d’9  Mgh _ Mgr

g 0 —
a2 I, I, (35)

which is the final answer for the equation of motion governing the rotation of the target.

e. There are two ways to solve this equation. The quicker way is to notice that it has the form of the
forced damped harmonic equation from the Math Review document. This form is given by

d? d F,
ng + 2/\d—f +wir = Ed cos (wqt) + C (36)

and the document tells us that it is solved by

2 2 C
z(t) = e M (Alet\/ MW 4 AgeTtV A2_“0) + Aa(wa, Fa) cos(wat + p(wa)) + 2 (37)
0
where A; and A; are integration constants and
Fd/m
Ag(wg, Fy) = 38
At B = e + = AP )
_ 2)\wd
=tan ! | ——% | . 39
o) =t 7245 ) (39)
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Thus, if we let x = 0, A =0, w} = —Mgh/I,, Fy/m =0, and C = —Mgr/I,, we find that

Ad(wd, Fd) =0 (40)
@(wq) = tan"' (0) =0 (41)

and a solution of

O(t) = A VMIM/ o | Aje=tV/Mah/Ty % (42)

This is the final answer.

If you didn’t write down the solution, there is a second way to solve equation . First, we notice
that this differential equation has a constant inhomogeneous term (i.e. the term on the right side of
the equation). This can be removed by making the substitution

o(t) = O(t) + (— ‘]‘fg’”> / <— ]‘igh> — o) + % (43)

p p

so that equation becomes

20 Mgh

a2,

o(t) = 0. (44)

This is a standard technique to eliminate constant inhomogeneous terms, which we used to help solve
other differential equations encountered in this course. Studying equation 7 we see that it is quite
similar to the harmonic equation, except that the second term has a negative sign instead of a positive
sign. We can fix this fact if we use the imaginary unit ¢ = /—1 to write it as

2
% + (z‘, / Mg’) o(t) = 0. (45)

Thus, the equation can be cast as a harmonic equation and solved that way. However, we see that
wo = iy/Mgh/I,, so we would have ¢ inside the cosine function. To get rid of it we would have to
use Euler’s formula, thereby converting the cosine into exponential functions. Instead we will use this
intuition that the solution is exponentials and guess a form to solve equation . We will guess

O(t) = A, (46)

where we don’t know either A; or Cy. Substituting this into equation gives

Mgh Mgh
4,020t 4, e g o o) =4, [T (47)
! IP IP

We see that if C; has either of these two possible values, then the form we guessed will solve the
differential equation. Consequently, the most general possible solution is a linear combination of the
two possible solutions,

O(t) = Ay VMIMTo 4 foemtV Mh/ Ty, (48)

where A; and As are integration constants. Substituting this back into equation to get the solution
for 6(t) confirms the result we obtained from the Math Review document (e.g. equation ([42)).

f. We have just obtained the general solution given by equation (42f). To determine the integration
constants, we must use the initial conditions. We will define a new time coordinate such that the axe
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hits the target at ¢ = 0. At this time, we know that the board has an angular position of 6(0) = 0.
Substituting equation into this yields

0(0)=0=4A +A2+%- (49)
Unfortunately, this is just one equation and we have two unknown integration constants. We must also
consider the initial angular velocity, which the question tells us is w(0) = —wpo. However, we must
remember that the angular velocity is w = d¢/dt, rather than df/dt. This means we must use equation
(28)) to determine that the initial value of df/dt is actually +wpo. Taking the derivative of equation
(42), evaluating it at ¢ = 0, and setting the result equal to +w,g gives

Mgh Mgh I
Wpo = Al\/ Ip — AQ\/ Ip = 0= Al — A2 — Wpo Migh (50)

If we sum equations (49)) and (50)), we can determine one of the integration constants,

r I 1 I r
0=2A4;+— — B A== P __. 51
LR TN apgn T TS (“PO Mgh h) (51)

Substituting this back into equation gives the other,

1 I, r
A2 = 75 (wpo W + h) . (52)

Thus, we can substitute equations and into equation to find that the full solution to the
differential equation is

1 I "\ t\/Mgh/I, 1 I, "\ —t/MghjI, | T
e(t) = B (wp() Mgh h> e B wpo Mgh -+ h, e -+ h (53)

Studying the solution, we see that the first term is the important one in determining if the board tips
over. In the limit of long time ¢t — oo, this term will dominate as it is growing exponentially, while the
other terms are exponentially decaying or constant. If the prefactor of the first term is positive, then
0 will increase as t — oo and the board will tip over forwards about p. If the prefactor is negative, the
board may initially rotate forwards, but in the long time limit 6 will eventually start to decrease with
time and the board will return to # = 0. At this point it would be back to its initial angular position
and it would start rotating about a point that is not p (at which time our analysis would break down).
From this logic, we have deduced that the critical quantity is the prefactor of the first term. As long
as it is positive, i.e.

1 I r Mr?
0< 5 (wpo Milg)h - h,) = gi < Wpo, (54)

the board will tip over forwards in the limit of ¢ — co. Thus, the minimum value of wyo for which
tipping still occurs is

Mr2
7

p

(55)

>

wpo =
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