
MSE 423 Fundamentals of Solid-state Materials - Nicola Marzari (EPFL, Fall 2024)

MSE 423 Fall 2024 – Week 4

CLOSE TO COLLAPSE 
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Last week: Postulates

• Operators, eigenvalues, eigenfunctions, expectation 
values 

• Linear operators, Hermitian operators
• Products of operators, and commutators
• Commuting operators and common eigenfunctions
• The five postulates of quantum mechanics

I. Wavefunctions
II. Operators
III. Measurements
IV. Expectation values, probabilities
V. …



Fifth postulate: collapse

• If the measurement of the physical quantity A 
gives the result an , the wavefunction of the 
system immediately after the measurement is 
the eigenvector 
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When scientists turn bad…
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Cat wavefunction

• There is not a value of the observable until it’s 
measured (a conceptually different “statistics” 
from thermodynamics)
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Top Three List

• Albert Einstein: “Gott wurfelt nicht!” [God does 
not play dice!]

• Werner Heisenberg “I myself . . . only came to 
believe in the uncertainty relations after many 
pangs of conscience. . .”

• Erwin Schrödinger: “Had I known that we were 
not going to get rid of this damned quantum 
jumping, I never would have involved myself in 
this business!”
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https://www.nobelprize.org/uploads/2022/10/advanced-
physicsprize2022.pdf 
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Uncertainties, and Heisenberg’s 
Indetermination Principle

ΔA( )2 = A − A( )2 = A2 − A 2

ΔAΔB ≥ 1
2

A,B[ ]

x,−i! d
dx

⎡
⎣⎢

⎤
⎦⎥
= i!

https://www.nobelprize.org/uploads/2022/10/advanced-physicsprize2022.pdf
https://www.nobelprize.org/uploads/2022/10/advanced-physicsprize2022.pdf
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Linewidth Broadening

ΔEΔt ≥ !
2
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Good Quantum Numbers

 If A commutes with the Hamiltonian, and it 
does not depend on time, its expectation 
value does not change with time (it’s a 
constant of motion – if we are in an 
eigenstate, that quantum number will remain 
constant)

d A
dt

=
d Ψ Â Ψ

dt
= 1
i!

Â, Ĥ⎡⎣ ⎤⎦
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Variational Principle

E Ψ⎡⎣ ⎤⎦ =
Ψ Ĥ Ψ

Ψ Ψ

Variational Principle

E Ψ⎡⎣ ⎤⎦ =
Ψ Ĥ Ψ

Ψ Ψ

 If                     , then Φ is the ground 
state wavefunction, and viceversa…

E Ψ⎡⎣ ⎤⎦ ≥ E0

  E Ψ⎡⎣ ⎤⎦ = E0
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Matrix Formulation (I)

  Ĥ ψ = E ψ

  
ψ = cn ϕn

n=1,k
∑ ϕn{ }  orthogonal

ϕm Ĥ ψ = E ϕm ψ

cn ϕm
n=1,k
∑ Ĥ ϕn = Ecm
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Matrix Formulation (II)

Hmncn
n=1,k
∑ = Ecm
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. .

. .

. .
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Matrix Formulation (III)

  

det

H11 − E ...... H1k

. H22 − E .

. .

. .
Hk1 ...... Hkk − E

⎛

⎝

⎜
⎜
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Spherical Coordinates

  

x = r sinθ cosϕ
y = r sinθ sinϕ
z = r cosθ
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Angular Momentum

  
!
L = !r × !p

Classical                    Quantum
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Commutation Relation

   

L̂2 = L̂x
2 + L̂y

2 + L̂z
2

L̂2 , L̂x
⎡⎣ ⎤⎦ = L̂2 , L̂y

⎡⎣ ⎤⎦ = L̂2 , L̂z
⎡⎣ ⎤⎦ = 0

L̂x , L̂y
⎡⎣ ⎤⎦ = i!L̂z ≠ 0
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Angular Momentum in 
Spherical Coordinates

   

L̂z = −i! ∂
∂ϕ

L̂2 = −!2 1
sinθ

∂
∂θ

sinθ ∂
∂θ

⎛
⎝⎜

⎞
⎠⎟
+ 1

sin2θ
∂2

∂ϕ 2

⎛
⎝⎜

⎞
⎠⎟

MSE 423 Fundamentals of Solid-state Materials - Nicola Marzari (EPFL, Fall 2024)

Simultaneous eigenfunctions of L2, Lz
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Simultaneous eigenfunctions of L2, Lz
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Spherical Harmonics in Real Form
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Same as a beating drum…

01                                11                              21
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…for the career helioseismologist

Normal modes (i.e. sound, or seismic waves) for the Sun (basically jello in a 3d spherical box) 
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Angular Momentum, then…

   

L2= l(l +1)!2 = 0, 2!2 , 6!2...
Lz = 0, ± !, ± 2!, ± 3!...
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An electron in a central potential (I)

   

Ĥ = − !
2

2µ
∇2 +V ("r ) ∇2  needs to be in spherical coordinates

Ĥ = − !
2

2µ
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An electron in a central potential (II)

   
Ĥ = − !

2

2µ
1
r 2

d
dr

r 2 d
dr

⎛
⎝⎜

⎞
⎠⎟
+ L̂2

2µ r 2 + V̂ (r)

   ψ nlm(!r ) = Rnlm(r)Ylm(ϑ ,ϕ )
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An electron in a central potential (III)

   
unl (r) = r Rnl (r) Veff (r) = !

2

2µ
l(l +1)

r 2 − Ze2

4πε0r
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What is the Veff(r) potential ?
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The Radial 
Wavefunctions

for Coulomb V(r)


