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Key Topics in the Previous Class
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Reading Material
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For this class please read Chapter 17 of J. Israelchvili, ”Intermolecular & Surface Forces” (Third Edition), Academic Press

In particular please read with attention paragraphs 17.1, 17.4, 17.5, 17.5



Interfaces
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What is an Interface?

Are they always that simple?



Interfacial Energy
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General Definition (from previous classes and basic Thermodynamics knowledge)

Simplified Case



Interfacial Energy as Work to Create an Interface/Surface
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Work of Choesion

Work of Adhesion



Interfacial Energy and the Work of Adhesion
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Multiple Interfaces, Generalization of the Model
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The case of a generic Solid-Liquid Interface of finite size
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Young’s Theorem
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Young’s Theorem
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Young’s Theorem
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𝑉𝑉 =
𝜋𝜋ℎ!

3 3𝑟𝑟 − ℎ =
𝜋𝜋
3 𝑟𝑟

" 2 + cos 𝜃𝜃 1 − cos 𝜃𝜃 !

𝐴𝐴#$ = 2𝜋𝜋𝜋𝜋𝜋 = 2𝜋𝜋𝑟𝑟! 1 − cos 𝜃𝜃

𝐴𝐴%# = 𝜋𝜋𝑎𝑎! = 𝜋𝜋𝑟𝑟! sin 𝜃𝜃!



Young’s Theorem
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𝜕𝜕𝑉𝑉
𝜕𝜕𝜃𝜃 =

𝜋𝜋
3 3𝑟𝑟

! 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 2 + cos 𝜃𝜃 1 − cos 𝜃𝜃 ! −

𝜋𝜋
3 𝑟𝑟

" sin 𝜃𝜃 1 − cos 𝜃𝜃 ! +
𝜋𝜋
3 𝑟𝑟

" 2 + cos 𝜃𝜃 1 − cos 𝜃𝜃 sin 𝜃𝜃

𝜕𝜕𝑉𝑉
𝜕𝜕𝜃𝜃 = 0

0 = 3
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 2 + cos 𝜃𝜃 1 − cos 𝜃𝜃 − 𝑟𝑟 sin 𝜃𝜃 1 − cos 𝜃𝜃 + 𝑟𝑟 2 + cos 𝜃𝜃 sin 𝜃𝜃

1
𝑟𝑟
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 =

sin 𝜃𝜃 1 + cos 𝜃𝜃
2 + cos 𝜃𝜃 1 − cos 𝜃𝜃



Young’s Theorem
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𝑑𝑑𝐴𝐴#$
𝑑𝑑𝐴𝐴%# $

=
6𝜕𝜕𝐴𝐴#$
𝜕𝜕𝜃𝜃 $

6𝜕𝜕𝐴𝐴%#
𝜕𝜕𝜃𝜃 $

𝐴𝐴#$ = 2𝜋𝜋𝜋𝜋𝜋 = 2𝜋𝜋𝑟𝑟! 1 − cos 𝜃𝜃
𝜕𝜕𝐴𝐴#$
𝜕𝜕𝜃𝜃 $

= 4𝜋𝜋𝜋𝜋
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 1 − cos 𝜃𝜃 + 2𝜋𝜋𝑟𝑟! sin 𝜃𝜃

𝐴𝐴%# = 𝜋𝜋𝑎𝑎! = 𝜋𝜋𝑟𝑟! sin 𝜃𝜃!
𝜕𝜕𝐴𝐴%#
𝜕𝜕𝜃𝜃 $

= 2𝜋𝜋𝜋𝜋
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 sin 𝜃𝜃

! + 2𝜋𝜋𝑟𝑟! sin 𝜃𝜃 cos 𝜃𝜃



Young’s Theorem
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𝑑𝑑𝐴𝐴#$
𝑑𝑑𝐴𝐴%# $

=
6𝜕𝜕𝐴𝐴#$
𝜕𝜕𝜃𝜃 $

6𝜕𝜕𝐴𝐴%#
𝜕𝜕𝜃𝜃 $𝜕𝜕𝐴𝐴#$

𝜕𝜕𝜃𝜃 $
= 4𝜋𝜋𝜋𝜋

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 1 − cos 𝜃𝜃 + 2𝜋𝜋𝑟𝑟! sin 𝜃𝜃

𝜕𝜕𝐴𝐴%#
𝜕𝜕𝜃𝜃 $

= 2𝜋𝜋𝜋𝜋
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 sin 𝜃𝜃

! + 2𝜋𝜋𝑟𝑟! sin 𝜃𝜃 cos 𝜃𝜃

𝑑𝑑𝐴𝐴#$
𝑑𝑑𝐴𝐴%# $

=
6𝜕𝜕𝐴𝐴#$
𝜕𝜕𝜃𝜃 $

6𝜕𝜕𝐴𝐴%#
𝜕𝜕𝜃𝜃 $

=
2 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 1 − cos 𝜃𝜃 + 𝑟𝑟 sin 𝜃𝜃
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 sin 𝜃𝜃

! + 𝑟𝑟 sin 𝜃𝜃 cos 𝜃𝜃
=
21𝑟𝑟

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 1 − cos 𝜃𝜃 + sin 𝜃𝜃

1
𝑟𝑟
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 sin 𝜃𝜃

! + sin 𝜃𝜃 cos 𝜃𝜃



Young’s Theorem
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𝑑𝑑𝐴𝐴#$
𝑑𝑑𝐴𝐴%# $

=
6𝜕𝜕𝐴𝐴#$
𝜕𝜕𝜕𝜕 $

6𝜕𝜕𝐴𝐴%#
𝜕𝜕𝜕𝜕 $

=
21𝑟𝑟

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 1 − cos 𝜃𝜃 + sin 𝜃𝜃

1
𝑟𝑟
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 sin 𝜃𝜃

! + sin 𝜃𝜃 cos 𝜃𝜃

1
𝑟𝑟
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 =

sin 𝜃𝜃 1 + cos 𝜃𝜃
2 + cos 𝜃𝜃 1 − cos 𝜃𝜃

𝑑𝑑𝐴𝐴#$
𝑑𝑑𝐴𝐴%# $

=
6𝜕𝜕𝐴𝐴#$
𝜕𝜕𝜃𝜃 $

6𝜕𝜕𝐴𝐴%#
𝜕𝜕𝜃𝜃 $

=
2 sin 𝜃𝜃 1 + cos 𝜃𝜃
2 + cos 𝜃𝜃 1 − cos 𝜃𝜃 1 − cos 𝜃𝜃 + sin 𝜃𝜃

sin 𝜃𝜃 1 + cos 𝜃𝜃
2 + cos 𝜃𝜃 1 − cos 𝜃𝜃 sin 𝜃𝜃! + sin 𝜃𝜃 cos 𝜃𝜃

= cos 𝜃𝜃



Young’s Theorem
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𝑑𝑑𝐴𝐴#$
𝑑𝑑𝐴𝐴%# $

=
6𝜕𝜕𝐴𝐴#$
𝜕𝜕𝜃𝜃 $

6𝜕𝜕𝐴𝐴%#
𝜕𝜕𝜃𝜃 $

=
2 sin 𝜃𝜃 1 + cos 𝜃𝜃
2 + cos 𝜃𝜃 1 − cos 𝜃𝜃 1 − cos 𝜃𝜃 + sin 𝜃𝜃

sin 𝜃𝜃 1 + cos 𝜃𝜃
2 + cos 𝜃𝜃 1 − cos 𝜃𝜃 sin 𝜃𝜃! + sin 𝜃𝜃 cos 𝜃𝜃

= cos 𝜃𝜃

𝑑𝑑𝐴𝐴#$
𝑑𝑑𝐴𝐴%# $

= cos 𝜃𝜃



Young’s Theorem
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Young-Dupré Equation
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Young-Dupré Equation
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Wenzel Equation
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Cassie Equation

22 Lesson 4 – MSE 304 – Fall 2020



Cassie Equation
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Cassie Equation
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Cassie Equation
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Considerations on Multicomponent Surfaces
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Considerations on Multicomponent Surfaces
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Issues with Contact Angle Measurements
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