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Coherent [5    -200   mJ/m2]

Semi-coherent [200-800   mJ/m2]

Incoherent [800-2500 mJ/m2]
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Planes (hkl)

Directions [uvw]

For simple interfaces 
we have used this approach

For complex interfaces 
we  to use:

(hkl)aa||(hkl)bb; [uvw]aa||[uvw]bb
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Special Grain Boundaries

7 Lesson 11 – MSE 304 – Fall 2020

Antiphase Domain Boundaries



Energetics of Semi-coherent Grain Boundaries
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𝜸𝜸𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔 = 𝜸𝜸𝒄𝒄𝒔𝒔𝒔𝒔 + 𝜸𝜸𝒔𝒔𝒔𝒔𝒔𝒔Turnbull

𝜸𝜸𝒔𝒔𝒔𝒔𝒔𝒔 =
𝝁𝝁𝝁𝝁′
𝟒𝟒𝝅𝝅𝟐𝟐 𝟏𝟏 + 𝚲𝚲 − 𝟏𝟏 + 𝚲𝚲𝟐𝟐

$𝟏𝟏 𝟐𝟐 − 𝚲𝚲 𝐥𝐥𝐥𝐥 𝟐𝟐𝟐𝟐 𝟏𝟏 + 𝚲𝚲𝟐𝟐
$𝟏𝟏 𝟐𝟐 − 𝟐𝟐𝚲𝚲𝟐𝟐

𝚲𝚲 = 𝟐𝟐𝟐𝟐𝟐𝟐
𝑪𝑪𝟖𝟖
𝝁𝝁

𝟏𝟏
𝑪𝑪𝟖𝟖

=
𝟏𝟏 − 𝝊𝝊𝜶𝜶
𝝁𝝁𝜶𝜶

+
𝟏𝟏 − 𝝊𝝊𝜷𝜷
𝝁𝝁𝜷𝜷

𝑫𝑫𝜹𝜹 =
𝓪𝓪𝟏𝟏 + 𝓪𝓪𝟐𝟐 𝟐𝟐

𝟒𝟒 𝓪𝓪𝟏𝟏 − 𝓪𝓪𝟐𝟐

𝜹𝜹 =
𝟐𝟐 𝓪𝓪𝟏𝟏 − 𝓪𝓪𝟐𝟐
𝓪𝓪𝟏𝟏 + 𝓪𝓪𝟐𝟐

=
𝓪𝓪𝟏𝟏 − 𝓪𝓪𝟐𝟐
𝓪𝓪2

𝑫𝑫𝜹𝜹 =
𝓪𝓪2

𝜹𝜹
=
𝒃𝒃
𝜹𝜹
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(hkl)aa||(hkl)bb; [uvw]aa||[uvw]bb



Eterointerphases
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(hkl)aa||(hkl)bb; [uvw]aa||[uvw]bb



High Index Interfaces

11 Lesson 11 – MSE 304 – Fall 2020

(hkl)aa||(hkl)bb; [uvw]aa||[uvw]bb



High Index Interfaces
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(hkl)aa||(hkl)bb; [uvw]aa||[uvw]bb



Coherent Interfaces: The Cahn Hillard Model
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𝒇𝒇 𝒄𝒄, 𝛁𝛁𝛁𝛁, 𝛁𝛁𝟐𝟐𝒄𝒄, … = 𝒇𝒇𝟎𝟎 +8
𝒊𝒊

𝑳𝑳𝒊𝒊𝛁𝛁𝒊𝒊𝒄𝒄 +8
𝒊𝒊,𝒋𝒋

𝒌𝒌𝒊𝒊𝒊𝒊
𝟏𝟏 𝛛𝛛𝟐𝟐𝒄𝒄
𝛛𝛛𝒙𝒙𝒊𝒊𝛛𝛛𝒙𝒙𝒋𝒋

+
𝟏𝟏
𝟐𝟐
8
𝒊𝒊,𝒋𝒋

𝒌𝒌𝒊𝒊𝒊𝒊
𝟐𝟐 𝛛𝛛𝛛𝛛
𝛛𝛛𝒙𝒙𝒊𝒊

𝛛𝛛𝛛𝛛
𝛛𝛛𝒙𝒙𝒋𝒋

+ ⋯

𝐿𝐿- =
𝜕𝜕𝜕𝜕

𝜕𝜕 %𝜕𝜕𝜕𝜕 𝜕𝜕𝑥𝑥-
𝑘𝑘-.
(0) =

𝜕𝜕𝜕𝜕

𝜕𝜕 𝜕𝜕2𝑐𝑐
𝜕𝜕𝑥𝑥-𝜕𝜕𝑥𝑥.

𝑘𝑘-.
(2) =

𝜕𝜕2𝑓𝑓

𝜕𝜕 %𝜕𝜕𝜕𝜕 𝜕𝜕𝑥𝑥- 𝜕𝜕 %𝜕𝜕𝜕𝜕 𝜕𝜕𝑥𝑥.
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𝒇𝒇 𝒄𝒄, 𝛁𝛁𝛁𝛁, 𝛁𝛁𝟐𝟐𝒄𝒄, … = 𝒇𝒇𝟎𝟎 +8
𝒊𝒊

𝑳𝑳𝒊𝒊𝛁𝛁𝒊𝒊𝒄𝒄 +8
𝒊𝒊,𝒋𝒋

𝒌𝒌𝒊𝒊𝒊𝒊
𝟏𝟏 𝛛𝛛𝟐𝟐𝒄𝒄
𝛛𝛛𝒙𝒙𝒊𝒊𝛛𝛛𝒙𝒙𝒋𝒋

+
𝟏𝟏
𝟐𝟐
8
𝒊𝒊,𝒋𝒋

𝒌𝒌𝒊𝒊𝒊𝒊
𝟐𝟐 𝛛𝛛𝛛𝛛
𝛛𝛛𝒙𝒙𝒊𝒊

𝛛𝛛𝛛𝛛
𝛛𝛛𝒙𝒙𝒋𝒋

+ ⋯

𝐿𝐿- =
𝜕𝜕𝜕𝜕

𝜕𝜕 %𝜕𝜕𝜕𝜕 𝜕𝜕𝑥𝑥-
𝑘𝑘-.
(0) =

𝜕𝜕𝜕𝜕

𝜕𝜕 𝜕𝜕2𝑐𝑐
𝜕𝜕𝑥𝑥-𝜕𝜕𝑥𝑥.

𝑘𝑘-.
(2) =

𝜕𝜕2𝑓𝑓

𝜕𝜕 %𝜕𝜕𝜕𝜕 𝜕𝜕𝑥𝑥- 𝜕𝜕 %𝜕𝜕𝜕𝜕 𝜕𝜕𝑥𝑥.

𝐿𝐿- = 0

𝑘𝑘-.
(0) = 𝑘𝑘0 =

𝜕𝜕𝜕𝜕
𝜕𝜕 ∇2𝑐𝑐 𝑓𝑓𝑓𝑓𝑓𝑓 𝑖𝑖 = 𝑗𝑗 ; 𝑘𝑘-.

(0) = 0 𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜

𝑘𝑘-.
(2) = 𝑘𝑘2 =

𝜕𝜕2𝑓𝑓

𝜕𝜕 |∇𝑐𝑐|2 $0 2
𝑓𝑓𝑓𝑓𝑓𝑓 𝑖𝑖 = 𝑗𝑗 ; 𝑘𝑘-.

(2) = 0 𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜

𝒇𝒇 𝒄𝒄, 𝛁𝛁𝛁𝛁, 𝛁𝛁𝟐𝟐𝒄𝒄, … = 𝒇𝒇𝟎𝟎 +8
𝒊𝒊

𝒌𝒌𝟏𝟏
𝛛𝛛𝟐𝟐𝒄𝒄
𝛛𝛛𝟐𝟐𝒙𝒙𝒊𝒊

+8
𝒊𝒊

𝒌𝒌𝟐𝟐
𝛛𝛛𝛛𝛛
𝛛𝛛𝒙𝒙𝒊𝒊

𝟐𝟐
+ ⋯ = 𝒇𝒇𝟎𝟎 + 𝒌𝒌𝟏𝟏𝛁𝛁𝟐𝟐𝒄𝒄 + 𝒌𝒌𝟐𝟐 𝛁𝛁𝛁𝛁 𝟐𝟐 + ⋯
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𝑭𝑭 = ?𝝁𝝁𝝁𝝁𝝁𝝁 = 𝑵𝑵𝑽𝑽 ?
𝑽𝑽

𝒇𝒇𝒇𝒇𝒇𝒇 = 𝑵𝑵𝑽𝑽 ?
𝑽𝑽

𝒇𝒇𝟎𝟎 + 𝒌𝒌𝟏𝟏𝛁𝛁𝟐𝟐𝒄𝒄 + 𝒌𝒌𝟐𝟐 𝛁𝛁𝛁𝛁 𝟐𝟐 𝒅𝒅𝒅𝒅

?
4

𝑘𝑘0∇2𝑐𝑐𝑐𝑐𝑐𝑐 = −?
4

𝑑𝑑𝑘𝑘0

𝑑𝑑𝑑𝑑 ∇𝑐𝑐 2𝑑𝑑𝑑𝑑 + ?
5

𝑘𝑘0∇𝑐𝑐 ∗ 𝑛𝑛𝑛𝑛𝑛𝑛

Divergence Theorem:

𝑭𝑭 = 𝑵𝑵𝑽𝑽 ?
𝑽𝑽

𝒇𝒇𝟎𝟎 + 𝒌𝒌𝟏𝟏𝛁𝛁𝟐𝟐𝒄𝒄 + 𝒌𝒌𝟐𝟐 𝛁𝛁𝛁𝛁 𝟐𝟐 𝒅𝒅𝒅𝒅 = 𝑵𝑵𝑽𝑽 ?
𝑽𝑽

𝒇𝒇𝟎𝟎 −
𝒅𝒅𝒌𝒌𝟏𝟏

𝒅𝒅𝒅𝒅
𝛁𝛁𝛁𝛁 𝟐𝟐 + 𝒌𝒌𝟐𝟐 𝛁𝛁𝛁𝛁 𝟐𝟐 𝒅𝒅𝒅𝒅 = 𝑵𝑵𝑽𝑽 ?

𝑽𝑽

𝒇𝒇𝟎𝟎 + 𝒌𝒌 𝛁𝛁𝛁𝛁 𝟐𝟐 𝒅𝒅𝒅𝒅

𝒌𝒌 = 𝒌𝒌𝟐𝟐 −
𝒅𝒅𝒌𝒌𝟏𝟏

𝒅𝒅𝒅𝒅
=

𝛛𝛛𝟐𝟐𝒇𝒇

𝛛𝛛 𝛁𝛁𝛁𝛁 𝟐𝟐 $𝟏𝟏 𝟐𝟐
−

𝒅𝒅
𝒅𝒅𝒅𝒅

𝛛𝛛𝛛𝛛
𝛛𝛛 𝛁𝛁𝟐𝟐𝒄𝒄
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𝑭𝑭 = 𝑵𝑵𝑽𝑽 ?
𝑽𝑽

𝒇𝒇𝟎𝟎 + 𝒌𝒌 𝛁𝛁𝛁𝛁 𝟐𝟐 𝒅𝒅𝒅𝒅 = 𝑵𝑵𝑽𝑽𝑨𝑨 ?
67

87

𝒇𝒇𝟎𝟎 + 𝒌𝒌
𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅

𝟐𝟐
𝒅𝒅𝒅𝒅

𝜸𝜸 = 𝑵𝑵𝑽𝑽 ?
67

87

𝒇𝒇𝟎𝟎 + 𝒌𝒌
𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅

𝟐𝟐
− 𝒄𝒄𝝁𝝁𝜷𝜷 𝒆𝒆 − 𝟏𝟏 − 𝒄𝒄 𝝁𝝁𝜶𝜶 𝒆𝒆 𝒅𝒅𝒅𝒅

𝜸𝜸 = 𝑵𝑵𝑽𝑽 ?
67

87

∆𝒇𝒇 𝒄𝒄 + 𝒌𝒌
𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅

𝟐𝟐
𝒅𝒅𝒅𝒅
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𝜸𝜸 = 𝑵𝑵𝑽𝑽 ?
67

87

∆𝒇𝒇 𝒄𝒄 + 𝒌𝒌
𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅

𝟐𝟐
𝒅𝒅𝒅𝒅

Euler equation: 𝐼𝐼 −
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

𝜕𝜕𝜕𝜕

𝜕𝜕 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 0

∆𝑓𝑓 𝑐𝑐 − 𝑘𝑘
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

2

= 0

∆𝑓𝑓 𝑐𝑐 = 𝑘𝑘
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

2

𝑑𝑑𝑑𝑑 =
𝑘𝑘

∆𝑓𝑓 𝑐𝑐

$0 2
𝑑𝑑𝑑𝑑

𝜸𝜸 = 𝟐𝟐𝟐𝟐𝑽𝑽 ?
67

87

∆𝒇𝒇 𝒄𝒄 𝒅𝒅𝒅𝒅 𝜸𝜸 = 𝟐𝟐𝟐𝟐𝑽𝑽 ?
𝒄𝒄𝜶𝜶

𝒄𝒄𝜷𝜷

𝒌𝒌∆𝒇𝒇 𝒄𝒄 $𝟏𝟏 𝟐𝟐𝒅𝒅𝒅𝒅
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𝑑𝑑𝑑𝑑 =
𝑘𝑘

∆𝑓𝑓 𝑐𝑐

$0 2
𝑑𝑑𝑑𝑑

𝜸𝜸 = 𝟐𝟐𝟐𝟐𝑽𝑽 ?
𝒄𝒄𝜶𝜶

𝒄𝒄𝜷𝜷

𝒌𝒌∆𝒇𝒇 𝒄𝒄
$𝟏𝟏 𝟐𝟐𝒅𝒅𝒅𝒅

𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅

=
𝒌𝒌

∆𝒇𝒇 𝒄𝒄

$𝟏𝟏 𝟐𝟐
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𝜸𝜸 = 𝟐𝟐𝟐𝟐𝑽𝑽 ?
𝒄𝒄𝜶𝜶

𝒄𝒄𝜷𝜷

𝒌𝒌∆𝒇𝒇 𝒄𝒄 $𝟏𝟏 𝟐𝟐𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅 =

𝒌𝒌
∆𝒇𝒇 𝒄𝒄

$𝟏𝟏 𝟐𝟐
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Conclusions
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