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Volumetric 3D printing motivated by computed axial lithography enables rapid printing of homogeneous parts but requires a high 

dimensionality gradient-descent optimization to calculate image sets.  Here we introduce a new, simpler approach to image-

computation that algebraically optimizes a model of the printed object, significantly improving print accuracy of complex parts 

under imperfect material and optical precision by improving optical dose contrast between the target and surrounding regions. 

Quality metrics for volumetric printing are defined and shown to be significantly improved by the new algorithm.  The approach is 

extended beyond binary printing to grayscale control of conversion to enable functionally graded materials. The flexibility of the 

technique is digitally demonstrated with realistic projector point spread functions, printing around occluding structures, printing 

with restricted angular range, and incorporation of materials chemistry such as inhibition.  Finally, simulations show that the 

method facilitates new printing modalities such as printing into flat, rather than cylindrical packages to extend the applications of 

volumetric printing. 
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INTRODUCTION 

Multi-step additive manufacturing (AM) is being pursued for many diverse applications [1] like: printing optics [2]–[4], 

microfluidics [5]–[7], composites requiring overprinting [8], [9], regenerative medicine [10]–[14], etc. However, 

multistep processes have some inherent challenges. From extrusion-based techniques to stereolithographic [15] 

printing, they struggle with three main challenges: 1. Structures must be connected and supported, 2. new printing-

material must be transported to the part during the print, and 3. printed parts suffer from layering effects [16].  

Challenge #1 has been addressed by a variety of approaches [17], but these present additional steps that slow down 

printing, and the final part-options are ultimately still limited. Challenge #2 not only limits print speed, but limits the 

resins that can be used for printing; e.g. printing cannot be done into solids, and the mechanical properties of parts are 

ultimately limited by the viscosity of the printing-resins [18], [19]. Challenge #3 is tolerable for some applications, but 

for others (e.g. printing optics, or parts that must be uniform in modulus), it can cause inhomogeneities in material 

properties (e.g. refractive index, modulus, chemical functionality, etc.) that limit its applications, and it is a problem that 

the field of AM is still working to solve.  

The relatively new field of Volumetric Additive Manufacturing (VAM) performs printing in a single lithographic step  

[20]–[22]. While some approaches rely on two-color chemistry to print layer-by-layer in a fixed volume of resin [23], the 

most general VAM method to print into a single-photon absorbing photosensitive resin does so tomographically. In 

tomographic VAM printing (Fig. 1), a series of 2D optical patterns are projected into a rotating volume of photosensitive 

liquid resin. Over the course of tens of seconds to a few minutes, the accumulated optical dose distribution polymerizes 

the material, resulting in an arbitrary 3D structure, and the printed part is removed from the remaining liquid resin. VAM 

is free of many of the constraints inherent to multi-step AM. Most notably, non-contiguous parts become possible, 

layering effects are eliminated, and the lack of material movement mid-print enables high-viscosity resins, with no 

penalty to print-time, opening the doors to a host of new material properties [22]. However, a lack of control over 

optical dose delivery limits the scope of VAM applications.  

VAM tomographic computation methods that insufficiently control dose delivery can cause errors in the shape of a final 

gelled part, either for purely mathematical reasons or because they require perfect optics and materials. Real VAM is 

enabled by a combination of imperfect optics, material science, and computation. While significant progress has been 

reported on optics and materials [20]–[22], there is a lack of analysis in the literature about the inverse math problem of 

computing the images that, when projected into resin, integrate together to print a part [24]. An image-computation 
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algorithm yielding perfectly-shaped gelation for complex parts, even with imperfect optics and materials, could expand 

the range of structures printable by tomographic VAM. Increased control over dose could also allow for control over 

resin conversion beyond just the state of gelation.  

 

Figure 1*.  Overview of tomographic VAM concept. (A*) Computed images, optically projected into a vial of photosensitive resin. (B) Cross-section of 

accumulated optical dose distribution (normalized units of dose). (C) Perfectly-gelled cross section of a “thinker”; resin gels where the optical dose is 

above a threshold, forming a 3D printed part that is removed from remaining liquid resin.  

The typical objective of 3D polymeric printing generally, and VAM specifically, is to fabricate a 3D part in which voxels 

receive local optical dose to be either above or below the gelation threshold of the resin. We refer to this here as Binary 

VAM printing. Note that while optical dose is defined as the product of intensity and time, the dose to gelation in real 

resins changes with intensity (i.e. nonreciprocity [25], [26]), requiring a calibration step to determine dose to gelation for 

a given intensity. The VAM printing geometry introduced in [20], in which images are projected orthogonally to the 

resin’s axis of rotation (Fig. 1A), can be considered as a collection of independent 2D reconstruction problems. For each 

horizontal 2D slice-region in the resin (e.g. shown in red in Fig.1A), the computational problem is to choose the set of 1D 

projected images that integrate together to exceed a dose-to-gelation threshold for in-part voxels, while remaining 

below this threshold for out-of-part voxels, thus printing a desired geometry (Fig. 1B, C).  

The Binary VAM computation problem has solutions necessarily involving various compromises because the projector 

images are constrained to be non-negative in intensity. This precludes the direct application of the well-known Filtered 

Back Projection (FBP) algorithm [27] which, although providing image sets to perfectly reconstruct objects (in the 

continuous limit and under ideal assumptions), produces images with negative intensity. Any non-negative image set 

solution can only approximate an ideal dose distribution, and must rely on a material non-linearity, like a gelation 

threshold, to convert a non-ideal optical dose to an ideal printed shape.  

The most easily implemented methods of computing image sets for Binary VAM use FBP with its negative values set to 

zero [21] or offset to zero by a constant. However, this modification results in poor reconstructions with unwanted extra 

gelation outside of the desired part. Previous approaches [20], [22] mitigate this problem by using gradient-descent 
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optimization to adjust image sets to improve the volumetric dose reconstruction. While these methods do, in fact, 

improve the outcome, VAM computation could significantly benefit from improvement in three areas: ease of 

implementation and use, computational flexibility, and print accuracy under material and optical imprecision.  

Here we show that algebraically optimizing directly on the structure, instead of the set of external projection images, 

enables notable improvement in these areas. We refer to this approach as object-space model optimization (OSMO), 

and we discuss multiple advancements: 1. Print Accuracy. For complex parts, prior methods suffer from errors in the 

shape of a final part, especially when optical or material precision is imperfect. We show that by improving optical dose 

contrast between the target and surrounding regions, OSMO produces dose-reconstructions that can tolerate optical 

and material uncertainties, while still resulting in perfectly gelled prints. 2. Flexibility. We show that this approach 

naturally allows for the application of object-space constraints such as dose-limits, as well as the application of object-

space physical models, such as resin oxygen inhibition, Gaussian beam models, and occlusions for over-printing 

applications.  3. Ease of implementation and use. The approach is intuitive and includes only two parameters, both of 

which directly set reconstruction dose constraints. While these parameters afford easy dose control, tuning them from 

their default values is unnecessary for fast and reliable convergence to desirable reconstructions. OSMO is easy to code 

in a handful of lines, and consists of only four algebraic steps per iteration.  

The ease of use and flexibility of this approach additionally facilitate VAM modalities that do not yet exist in the field, 

but that could enable new applications of VAM. This includes new printing geometries that would enable printing into 

non-cylindrical packages such as flat slabs without index-matching baths. It also includes the problem of printing 

arbitrary functionally graded materials by controlling the degree of polymerization – not just the state of gelation – 

throughout a printed part, a problem that we refer to as Grayscale VAM. We conclude by discussing how the availability 

of generalized, efficient, and simple image-computation algorithms could help enable new applications in the field of 

VAM, while avoiding the need for researchers to understand and tune complex computation algorithms.   

Section 1: Image Computation for Binary VAM Printing 

In this section, we present an algebraic object space model optimization (OSMO) algorithm for computing image sets to 

3D-print arbitrary structures in gel-threshold resins. The algorithm is easy to implement and run, it is flexible, and it 

yields improved accuracy compared to previously published alternatives, and has only two simple parameters that 

directly tune reconstruction properties in object space. We first describe the algorithm, we define and discuss 

reconstruction quality metrics, and we consider how to choose the two constraint parameters to achieve a desired 

balance of reconstruction quality metrics. We discuss an object-filtering step to reduce the number of OSMO iterations 

needed for convergence, and we compare the algorithm to previous methods. Note that the 2D reconstructions shown 

here can be trivially extended to 3D as a stack of independent 2D reconstructions for the printing geometry shown in 

Fig. 1. Computation for new printing geometries that cannot be decoupled into independent 2D regions is more 

challenging and is discussed in Section 4, but remains algorithmically unchanged from the basic 2D case.  

S.1.1: OSMO Algorithm for Binary VAM 

For a simple VAM projection model where each projection beam is assumed to be non-diverging, and attenuation 

through the resin obeys Beer-Lambert exponential intensity decay [28], transformation between volumetric dose and 

image set is well-described by the Attenuated Radon Transform (ART) [20], [22]. Back projection (projection from 

image-set into volume), as is physically implemented while printing, is similarly modeled with exponentially attenuated 

rays. Formally, back projection is the adjoint of the forward projection operator (from volume to image set) or, in the 

discrete case, its matrix transpose. The simplest method of generating an image set from a desired object is to 

mathematically perform a forward projection from object to image set, using the ART. However, back-projecting the 

resultant image-set results in a blurred reconstruction, a consequence of the suppressed high spatial frequencies 

inherent to forward then back projecting in a radial geometry [27]. Fig. 2, shows a target object, a binary model of the 

object, and the reconstructed dose that results from forward projecting the model, then back projecting the resultant 

set of images. Here, instead of optimizing the intermediate image-set to avoid this blurring, we instead iteratively 



4 

 

optimize a model of the desired structure, which, when then used to compute an image set, results in a desirable dose 

reconstruction.   

 

Figure 2. Dose reconstruction via forward projecting a binary model of a target geometry, then back projecting the resultant set of images. The 

reconstruction is blurred due to suppressed high spatial frequencies inherent to forward then back projecting. Instead of optimizing image 

intensities in projection-space to improve the reconstructed dose, we will instead optimize the model to improve dose. This first reconstruction 

serves as an initial step in the model-optimization algorithm shown in the next figure. Note that since all projection values are non-negative in this 

case (as no filtering nor thresholding was applied), they can be represented by intensities with no modification.  

The model can contain negative values, however it yields image sets and dose reconstructions that are non-negative, 

and thus physically realizable. The process of optimizing a model is shown in Fig. 3A. The process of computing a non-

negative image set (and its dose reconstruction) from a given model is shown in Fig. 3B – this process is used during the 

optimization procedure (Fig. 3A), as well as to compute a final image set and reconstruction. In this process, the model is 

forward-projected, and resultant negative image-values are set to zero. This image set is then back projected to form a 

reconstruction. The reconstruction is then normalized in preparation for optimization calculations (shown in Fig. 3A), or 

to produce a final reconstruction. Once optimization is complete, with a desired image set computed, the image set is 

scaled to match the intensity of a real optical projection system.  
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Figure 3. Object space model optimization (OSMO) algorithm for binary-gelation VAM printing. (A) One model-update iteration of the OSMO loop. 

Each model in the loop produces a dose-reconstruction by the process shown in (B) forward projection, clipping any resultant negative values to 

zero, then back-projecting and normalizing to form a dose-reconstruction. Negative values must be clipped to convert projections to physically 

realizable intensities. Note that, unlike all subsequent models, the initial model (Fig. 2) has no negative values in its projections, and thus does not 

require a clipping step. (A, Left Column) A given ith model (in this case, the initial model is pictured) produces a reconstruction. (A, Step 1) Unwanted 

extra dose in the out-of-part regions of the reconstruction are computed and subtracted from the ith model to form an intermediate model. Only the 

extra dose that lies above a lower threshold, Dl, is included. (A, Middle Column) The intermediate model is then used to compute a dose-

reconstruction. (A, Step 2) The prior step of subtracting out-of-part values from the model, inadvertently reduces some desired dose in the in-part 

regions. This missing in-part dose is calculated by comparing the in-part reconstruction voxels to an upper threshold, Dh. These values are then 

added to the intermediate model to form a (i+1) st model, completing one model-update iteration. (B) The model produced by m iterations, the dose 

reconstruction it produces, and the resultant perfectly gelled part. Computationally, the gel threshold is modeled by setting all voxels above a 

gelation-dose to unity, and setting all voxels below that dose to zero.  

The OSMO algorithm (Fig. 3A) tries to push in-part dose to be above an upper threshold Dh, and out-of-part dose to be 

below a lower threshold Dl by adjusting the model. Increasing the value of an in-part voxel in a model will increase the 

corresponding voxel in the resultant dose reconstruction. However, it will also increase dose in other reconstruction 

voxels, some of which may be out-of-part. These unwanted out-of-part doses can then be reduced by decreasing their 

corresponding model voxels. The OSMO algorithm alternates between increasing in-part model voxels and decreasing 

out-of-part model voxels to achieve a model that yields a desirable reconstruction. The algorithm can be mathematically 

defined as follows: 
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Let fT be a target function (the desired geometry to print). Let P be any forward-projection operator (e.g. the ART), and 

P* the corresponding back-projection operator. That is, ��� is the forward projection of fT, from object to image set, and 

the dose reconstruction �∗��� is the back projection of that image set, back into object space. Let N be a normalizing 

operator that divides an input by its maximum. Let Dl and Dh be fixed high and low dose-threshold values, where 0 <�� < �	 < 1. Let Mj,j be the object model after j iterations, where the initial model is defined to be M0,0 = fT. Lastly, let ��,� = ��∗max {0, � ��,�}. That is, the model is forward projected, any resultant negative values are set to zero, the 

result is back projected, and the reconstruction is normalized. Then, the steps to update a model Mj,j by one iteration to 

Mj+1,j+1 are as follows:  

STEP 1: Update the model by subtracting from out-of-part voxels with an excess of dose. For only the out-of-part 

voxels (in-part voxels remain unchanged from previous model, Mj,j):  

 ��,��� = ��,� − ��� {�, ��,� −  !}, (1) 

                                            producing the intermediate reconstruction: ���",� = ��∗max {0, � ���",�}. (2) 

STEP 2: Update the model by adding missing dose to the in-part voxels. For only in-part voxels (out-of-part voxels 

remain unchanged from Mj+1,j): 

 ����,��� = ����,� + ���$�,  % − ����,�&, (3) 

 producing the reconstruction:  ���",��" = ��∗max {0, � ���",��"}. (4) 

The max{} operation in STEP 1 means that for each out-of-part voxel, some extra dose is subtracted from the previous 

model, but not all way to zero; instead, the value is subtracted only down to Dl. Similarly, the max{} operation in STEP 2 

means that for each in-part voxel, some extra dose is added to the previous model, but only to reach the value of Dh, not 

to reach the highest-possible value of 1. Instead of trying to achieve a perfect reconstruction (a binary dose distribution), 

the algorithm is essentially pushing the reconstruction towards a reduced-contrast solution, allowing the in-part and 

out-of-part regions to be non-uniform in dose, as long as they lie above and below Dh and Dl, respectively. Thus, the two 

parameters have physical meaning in the object-space; they set the lower and upper goal-bounds on in-part and out-of-

part dose, respectively.  

This algorithm is succinct and easy to code, especially in any language that includes projection functions (see the 

supplemental information for a sample implementation in Matlab). It is also easy to understand, as computations are 

made in object space, not in the more abstract set of writing-images, and it has only two parameters, both which 

directly correspond to object space dose constraints.  

The two parameters, Dl and Dh, push the solution in contradictory directions; one enforces a decrease of out-of-part 

dose, and one an increase of in-part dose. The choice of these values affects competing aspects of reconstruction 

quality. Before discussing how to best choose these values, we must first discuss what our objectives should be; that is, 

what makes for an accurate reconstruction.  

S.1.2:  Reconstruction quality metrics. 

We define three metrics for evaluating the quality of a reconstruction: Voxel Error Rate (VER), Process Window (PW) 

size, and In-Part Dose-Range (IPDR). All three are simplest to understand while viewing in-part and out-of-part 

histograms of reconstruction dose, e.g. as shown in Fig. 4. In normalized units of dose, a perfect reconstruction would 

yield an out-of-part histogram with values only at 0, and an in-part histogram with values only at 1. In reality, accurate 

reconstructions yield two non-overlapping histogram peaks, such that when the gelation threshold lies between them, 

all in-part voxels gel, while all out-of-part voxels do not. An example of a reconstruction with non-overlapping in-part 

and out-of-part dose histograms is shown in Fig. 4.  
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Figure 4. Reconstruction Quality Metrics. (A) A target geometry to be printed. (B) An optimized dose-reconstruction, shown in normalized units of 

dose. The parameter values were Dl = 0.6 and Dh = 0.8.  (C) Voxel Error Rate (VER) converging to zero. (D) The distribution of doses in the 

reconstruction for the in-part and out-of-part regions. Since the histograms do not overlap, VER is 0, and thus the gel threshold is above all out-of-

part voxels, and below all in-part voxels. Therefore, this dose-distribution will print a part that theoretically exactly matches the target geometry. 

The Process Window is the distance between histograms, and represents room for error with optics or materials, without a change in the final 

gelled shape. As long as dose is applied such that the gel threshold lies within the process window, the part will gel in the correct shape. The In-Part 

Dose Range (IPDR) is the range of doses, as a fraction of maximum dose, that in-part voxels receive.  

We define Voxel Error Rate, to quantify histogram overlap, as '() = * �⁄ , where W is the number of out-of-part 

voxels that receive more dose than the lowest-dosed in-part voxel, and N is the total number of voxels in the 

reconstruction. Graphically, VER is the area of the out-of-part histogram that overlaps with the in-part histogram, 

normalized to the sum of the histogram areas. Any overlap between histograms indicates errors in the final gelled part, 

as any gel threshold will result in some error voxels (voxels that gelled when they should not have, and vice versa). VER 

is roughly proportional to Jaccard Index [20] for gelled reconstructions. However, VER does not require that a gel 

threshold be chosen, and thus is a more fundamental to the evaluation of tomographic dose reconstructions than 

Jaccard Index. For any reconstruction with VER > 0, the final part will not match the target function, even when the 

gelation threshold is an ideal step function positioned optimally between the dose histograms.  

We define Process Window to be the difference, in normalized units of dose, between the highest-dose out-of-part 

voxel, and the lowest-dose in-part voxel. Graphically, this is simply the distance between the inner edges of the 

histograms; it is negative when VER > 0. A large positive process window can allow for, without penalty to VER, a non-

ideal gel threshold that occurs over a range of dose, for non-uniformities in optics, for uncertainty in the gel threshold 

dose location (e.g. due to imprecisions in measuring photo-initiator concentration when mixing resins), etc. Therefore, a 

large process window is desirable, as it makes it practically easier to gel the in-part voxels, without inadvertently 

delivering too much dose and also gelling any out-of-part voxels.  

Lastly, we define In-Part Dose Range (IPDR) to be 1 minus the lowest dose in-part voxel, in normalized units of dose. It is 

an indication of dose-variation of in-part-voxels. This metric is important in VAM printing because we cannot deliver all 

optical dose instantly. Instead, it is delivered over time, by a projection system with limited dynamic range. A 

consequence of a large IPDR is that high-dose in-part voxels can surpass the gel threshold before the rest of the part. 
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Once this happens, these gelled regions (with their increased index of refraction) will scatter subsequent writing beams, 

interfering with the completion of dose-delivery to the rest of the part. We will discuss this effect, and how to 

computationally mitigate it, in greater detail in section 3.3. All else equal, reconstructions with a small IPDR are 

desirable.  

S.1.3:  Choosing the two parameter values. 

The choice of the two parameter values must reflect the fact that a perfect dose reconstruction (where dose is delivered 

only to in-part regions) is impossible without negative image values. If a perfect dose-reconstruction were possible, the 

parameter values would be chosen to be Dl = 0, and Dh = 1. Then the algorithm would push out-of-part dose to zero, and 

in-part dose to 1 (in normalized units of dose). However, since such a reconstruction is not possible (due to the lack of 

negative-intensity images), choosing these extreme values results in a poor reconstruction with non-zero VER (thus 

leading to poor print fidelity upon gelation). Relaxing these constraints reduces the contrast of the dose-reconstruction 

but can drive VER to zero. This is because choosing 0 < Dl, and Dh < 1 increases the freedom of the reconstruction, since 

voxels are constrained only to a range, not to particular values; in-part doses are above Dh, while out-of-part doses are 

below Dl. This produces reconstructions with reduced contrast, but with improved VER.  

Tuning the parameter values for each new target is unnecessary for fast and reliable convergence to desirable 

reconstructions. While some parameter optimization may slightly improve particular target-functions, the default values 

Dl = 0.85, and Dh = 0.9 resulted in reliable convergence to a VER of zero for all targets we tested, with the number of 

iterations required for convergence depending on target-complexity, and ranging from tens to hundreds of iterations. 

Choosing lower values, such as Dl = 0.45, Dh = 0.5, results in a slightly larger process window, which is unsurprising, as 

the increase in IPDR relaxes some reconstruction constraints for in-part voxels - see the Supplemental Information (SI-

Fig.1) for an example of this. Similarly, choosing values such as Dl = 0.99, and Dh = 1 results in a very small IPDR, at the 

cost process window size, and, for complex target structures, even reduced VER. Similarly, it is possible to request a 

larger than possible process window size from the algorithm, by choosing excessively separated parameter values. E.g. 

for all but simple targets, a choice like Dl = 0.2, and Dh = 0.9 will not only fail to increase process window size, but it may 

also increase VER from zero. Lastly, as the choice of parameter values changes the magnitude by which object-voxel 

doses change upon each iteration, they can slightly affect the rate of convergence of the algorithm. Regardless of 

optimization possibilities, the default values yield reconstructions that improve upon previous methods, as discussed in 

section 1.5.   

S.1.4: Object-Space Frequency Filtering – An Improved Initial Model. 

The OSMO algorithm reliably converges with the target geometry as the initial model. However, an improved initial 

model can significantly reduce the number of iterations needed to converge to the same result, saving computational 

run time. The initial model does not change the target nor any reconstruction constraints, but rather serves as initial 

guess for the OSMO algorithm. Using the target as an initial model results in an initially blurred reconstruction (Fig. 2), a 

consequence of the suppressed high spatial frequencies inherent to forward then back projecting in a radial geometry. 

FBP compensates for this by emphasizing high spatial frequencies with a linear frequency filter applied to the forward 

projected images [27]. While this results in negative-intensity projector image values, clipping these image-space values 

to zero yields an improved initial guess for gradient descent image-optimization methods [20]. We can use the same 

concept with OSMO by applying an object-space frequency filter to the target to generate an initial model.  

An object-space filter for the standard tomographic geometry (Fig. 1) is a 2D linear frequency-ramp of the form �,, 

where �, = -�./ + �0/ is a radial coordinate in the Fourier-spectrum of a 2D object-slice, with Cartesian coordinates fx 

and fy. It is one dimension larger than FBP’s projection-space filter since it applies to the object, and not to the image-

set. Unlike FBP’s filtering step which is computed for each 1D projection image, the object-space filtering step is 

computed for each object slice. This 2D filter is the same as is used in back projection filtration in which � = )/1�∗��, 

where f is a 2D target slice, R2D is an operator applying fr, and P and P* are forward and back projection operators. That 
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is, just as �∗)"1 is a left inverse of P in FBP (where R1D is the operator applying FBP’s 1D filter), )/1�∗ is also a left 

inverse of P. The difference between the filters emerges when negative-clipping projector-image values, since the 

negative values produced by the 2D filter are first smoothed by forward projection, while FBP’s 1D filter produces 

negative values after forward projection occurs. An example of the application of this 2D filter to a target function is 

shown in Fig. 5. 

 

Figure 5. Frequency-filtering a target to generate an improved initial model. This reduces the number of algorithm iterations necessary to converge 

to an accurate solution, compared to simply using the target as the initial model. For this target, with Dl = 0.85 and Dh = 0.9, required iterations 

were reduced by 25%.  (A) A target geometry. (B) An initial reconstruction that results from using the target geometry as the initial model, a process 

illustrated in Fig. 3. (C) The target geometry with a 2D frequency ramp filter applied. (D) The initial reconstruction that results from using the filtered 

target as a model. Both initial models converge to qualitatively identical final dose reconstructions, with identical quality-metric values.  

A filtered target does not provide a reconstruction with a VER of zero; iterative optimization is needed to achieve that 

because the forward projection of filtered target results in negative numbers. Nor does initial filtering change the quality 

metrics of a final optimized reconstruction. However, it does reduce the number of iterations needed to converge to a 

VER of zero. E.g., for the target in Fig. 5, filtering reduces the number of OSMO iterations to reach a VER of zero by 25% 

(with Dl = 0.85, Dh = 0.9). The exact iteration savings depends on the particular target and on the choice of parameter 

values, and can even be negligible. However, we observe significant iteration savings in most cases, at only the cost of 

the filtering step, which takes about 1% the run time of a single OSMO iteration. In summary, we find that applying a 2D 

ramp filter to the initial model significantly reduces the run time of the OSMO algorithm.  

S.1.5: Performance Comparison Example to Prior Methods. 

Here, we consider a binary VAM reconstruction example to compare OSMO to the state of the art in the literature: the 

CAL algorithm [20]. The original computed axial lithography (CAL) method [20] (referred to as “CAL2019” in what 

follows) uses gradient-descent optimization on image-sets. It converges to a VER of zero for simple geometries, and is 

available on GitHub [29]. Another recent method [30] based on thresholded FBP, reports a relatively large number of 

voxel errors even for a simple geometry, so we do not show comparison calculations to this method. We consider an 

example reconstruction to compare the performance of OSMO and CAL2019. To ensure that CAL2019 parameters were 

chosen with expertise for this comparison, the algorithm was run by a member (authored here) of the research group 

that maintains it.  
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We find that OSMO improves upon the reconstruction quality of CAL2019. Fig. 6A shows the object used for this 

comparison: a resolution target. Fig 6B shows the convergence of VER towards zero for the first 30 iterations of CAL2019 

and OSMO. The initial VER for OSMO is slightly lower than that for CAL2019 because OSMO uses an object-space filtered 

initial guess while CAL2019 uses a clipped FBP initial guess. Both algorithms show an initial increase in VER as they work 

towards a reconstruction with the requested IPDR. CAL2019 plateaus to a VER near zero (~10 -5), while further iterations 

of OSMO drive the reconstruction past a VER of zero to a process window size of 5.9% of the maximum dose. While the 

number CAL2019 error voxels are few, its lack of process window means that a physical implementation would require 

perfect precision in optics and materials to achieve that low level of gelation errors. The OSMO 5.9% process window 

allows for some errors in material and dose-delivery, while still resulting in perfect gelation. See the supplemental 

information (SI-Figs.2-3) for exposure timing and optical non-uniformity error simulations for both CAL2019 and OSMO. 

Both methods take on the order of a few seconds per iteration on a typical desktop computer. CAL2019 has six 

hyperparameters which control: (1) learning rate, (2) descent momentum, (3) prescribed or floating threshold (note: 

prescribed threshold, not originally in CAL2019, was added to make a fair comparison between OSMO and CAL2019), (4) 

non-negativity constraint relaxation, (5) width of sigmoid thresholding function, and (6) weight of robust thresholding 

heuristic. For more details, the reader is directed to the Supplementary Information of Kelly et al.[20]. Although, 

typically only the first two or three are manually tuned to arrive at a sufficient reconstruction given a new structure. 

OSMO has 2 parameters whose default values do not require tuning to produce a positive process window size for a new 

structure. OSMO uses four projection operations per iteration – twice the number that CAL2019 uses. In Matlab, with its 

relatively slow projections (compared to e.g. [31]), OSMO takes about 3 times longer per iteration than CAL2019, 

however OSMO iterations produce an improved reconstruction, and some of that additional time may be offset by a lack 

of parameter-tuning.  

 

Figure 6. Convergence comparison example with the previously-published CAL2019 method. (A) Binary target geometry. (B) VER convergence for the 

first 30 iterations of the OSMO and CAL2019 methods. Note that the initial VER value for OSMO is slightly smaller than for CAL2019, due to different 

initial guesses: 2D model filtering versus clipped FBP, respectively. While CAL2019 plateaus to a small VER near zero (~10 -5), further iterations of 

OSMO drive the reconstruction beyond a VER of zero, to a positive process window size. The CAL2019 reconstruction had an IPDR of 0.12 and a 

process window size of -0.23%. (C) & (D) OSMO dose reconstruction and histogram. The OSMO parameter values were Dl = 0.83, and Dh = 0.9, VER = 

0, and the process window size was 5.9% of the maximum dose with an IPDR of 0.11. (E) & (F) CAL2019 dose reconstruction and histogram. The 

histogram overlap yields a non-zero VER value with no positive process window size. Since VER > 0, a print would have voxels with gelation error. 

While these voxels would be few, the lack of a process window would result in further error in a physical implementation, due to imperfect precision 

in optics and materials.  
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While this comparison (Fig. 6) is illustrated using a 2D object of relatively high complexity, it supports the observation 

that OSMO typically results in quality metric improvements - especially in increased process window size. OSMO’s 

improvement in final output, coupled with its simplicity - both to run and to code - provides a significant advancement in 

computation for binary VAM.  

Section 2: Image Computation for Grayscale VAM Printing 

One of the appealing features inherent to VAM is that it is possible to cure resin with spatial control over the dose 

delivered, creating functionally graded properties through a printed part. Whether the objective is to control modulus, 

refractive index, or any other dose-tunable property, arbitrary 3D property control requires arbitrary 3D dose control. 

The particular dose values required depend on the property-dose response of a given material, requiring a material 

calibration step. What we call the Grayscale VAM printing problem is to compute the image-set that will reconstruct 

such an optical dose distribution. Here we present an object space approach to image computation for grayscale VAM. 

As with binary VAM, we seek to compute a model that will yield a desirable dose reconstruction by the process shown in 

Fig. 3B. This can be done with two steps: first by computing an initial model, and then by adjusting that model to 

improve the final reconstruction.  

An initial model will produce a grayscale dose reconstruction that suffers from reduced contrast and from non-

uniformities. It can be computed by the same process as for binary VAM: by applying a frequency filter to the object, as 

detailed in Section 1.3.  Fig. 7A-C shows a grayscale target, the initial model produced by filtering the target, and the 

dose reconstruction produced by that model. This initial reconstruction (Fig. 7C) exhibits reduced contrast, as well as 

non-uniformities in each region that should be constant in dose. This is unsurprising, as grayscale reconstructions are 

highly constrained since they attempt to achieve a particular function value at every point in a reconstruction – an 

impossible task without negative image intensities.  
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Figure 7. Grayscale tomographic reconstructions by non-negative projection sets. (A) A target dose to reconstruct and its histogram. (B) A model, M, 

formed by frequency-filtering the target. (C) The reconstruction and histogram yielded from the model. (D-F) Reconstructions and their histograms 

yielded by adding a constant to the model. The more the model is shifted, the higher the dose values that reconstruct the object in the necessarily 

reduced-contrast reconstructions. There is a tradeoff between uniformity and contrast. E.g. the average spread of each dose-region in the 

reconstruction in (F) is smaller than those in (C-E). However, the reconstructions shown in (C-E) exhibit a larger dose contrast than the reconstruction 

shown in (F).  

The initial model can be adjusted to balance reconstruction contrast and uniformity, and to choose which dose values 

are best reproduced. This is done by shifting the initial model (M) by a constant value (c) before using it to produce a 

reconstruction (f). That is, using the notation from Section 1.1., � = ��∗max {0, � (� + 3)}. Fig. 7D-F shows examples 

of this. Adding a constant to the initial model (Fig. 7B) will shift where, in the reconstruction dynamic range, the object 

will be reproduced. Adding a negative constant to the model allows for adjustment in the opposite direction, better-

matching the smaller values of the target function. This process lets us choose which values from our original target 

structure are most-accurately reproduced. Larger constants will better distinguish high dose regions, and will improve 

their uniformity, but at the cost of an overall reduction in contrast. This process is fast, making it computationally 

practical to check many shift values to find a desirable reconstruction for a given target. While this method of filtering 

and shifting does not control material properties perfectly, it allows for adjustable approximation, opening the doors to 

the application of VAM to the fabrication of functionally graded structures.  

Section 3: Including Material Response 

Section 1 used an idealized polymer resin described only by a threshold dose of gelation.  Algebraic optimization in 

object space facilitates more general material response models. 
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S.3.1: Binary printing with inhibition. 

Resins containing radical inhibitors exhibit a delay in optical dose accumulation before the start of polymerization. This 

delay, or inhibition period, is caused by radical inhibitors reacting with photo-generated radicals at a much higher rate 

than monomer-radical reactions. Only once inhibitor is locally depleted does significant conversion commence. Oxygen 

can provide a small inhibition period, and is often present in photo-sensitive resins when they are used in ambient 

conditions. A larger inhibition period can be engineered by the inclusion of a radical inhibitor [22]. In VAM printing, 

inhibition relaxes the requirements of an optical tomographic reconstruction, as it increases the allowable dose without 

gelation in the out-of-part regions. We find that even a small inhibitory dose significantly improves the contrast between 

in-part and out-of-part regions in a VAM print.  

The OSMO algorithm can be easily changed to model this effect. With respect to conversion, inhibition effectively 

subtracts from the dose applied in object-space since some amount of dose causes no conversion. Including inhibition is 

mathematically equivalent to including negative values in image-sets, with larger inhibition periods corresponding to 

larger negative magnitudes. By the linearity of Radon Transform, this effect is equivalently described as a subtraction in 

image-space, resulting in negative values in simulated image-sets. Thus, for computational convenience, we can apply 

the subtracting effect of inhibition in image-space during the negative-clipping step when computing a reconstruction 

from a model (Fig. 3B). After forward projecting a model, instead of clipping all resultant negative values to zero, we clip 

them to the negative value gmin, where the ratio of -gmin to 1 is the same as the ratio of the inhibition period to the 

conversion period of the resin. Then, after calculating a reconstruction with a back projection, any negative dose values 

in object-space are set to zero, since they correspond to no polymeric conversion. That is, all of the reconstruction steps 

described in Section 1.1 such as  ��,� = ��∗max {0, � ��,�}, become ��,� = max {0, ��∗ max$5678, � ��,�&}. See SI-Fig.4 

of the Supplemental Information for a graphical depiction of using an OSMO model with inhibition. Once a final image-

set has been computed, the images are shifted by a constant such that their smallest value is zero (again relying on the 

linearity of the Radon Transform). The rest of the algorithm remains unchanged. See the Supplemental Information (SI-

Fig.5) for an example of process window size increasing by a factor of 4 with the inclusion of only a 10% inhibition 

period.  

S.3.2: Image computation for the control of material properties. 

VAM is naturally suited to the problem of 3D printing structures with functionally graded properties since it has the 

ability to control optical dose throughout a print. However, tomographic computation addresses only the control and 

delivery of optical exposure. Here, we briefly discuss how the grayscale reconstruction algorithm described in Section 2 

fits into the larger problem of material property control in VAM.  

The problem of arbitrary property control by VAM requires multiple inversion steps. For material property being a 

function, f, of conversion, conversion being a function, q, of optical dose, and optical dose being a function, h, of 

projection image set, we can say that an arbitrary 3D distribution of material property, �� = � 9:;ℎ(=>?5@ A@B)CD. 

Note that f and q are typically intensity-dependent, requiring system-specific calibration. To compute the image set that 

results in a desired distribution of material properties, we must solve the inverse problem: =>?5@ A@B =ℎE" 9:E";�E"(��)CD. Inverting f and q is an experimental measurement calibration step yielding monotonic functions 

that are empirically collected [25]. Predicting and modeling such material property dependence on conversion, and the 

dependence of conversion on optical exposure is an active area of research [32], [33] and beyond the scope of this 

paper. However, once f and q are inverted, they provide a grayscale optical exposure target h (e.g. like the target shown 

in Fig. 7A). Inverting h can then be approximated by the grayscale reconstruction algorithm described in Section 2. The 

limitations of such a grayscale reconstruction will strongly depend on the particular target distribution, along with the 

particular material responses involved. Finally, the effects of inhibition can be included to increase reconstruction 

degrees of freedom. This is done, as in the binary-gelation printing case, by allowing negative values in the projection 

sets, the magnitude of which is determined by the inhibition period of the resin. While the limited fidelity of the 
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grayscale algorithm constrains the ability to specify arbitrary material properties in 3D, the processed outlined here may 

provide sufficient control for many applications, and demonstrates a computational advancement for more potential 

control over VAM prints.  

S.3.3: Controlling Print Dynamics. 

Above, we have calculated final dose distributions and ignored the fact that this dose is deposited by the exposure of 

each image at a particular intensity for a finite time. However, the computed dose delivered by each image does not 

have to be applied in a single exposure. By visiting each angle many times in a single print it is possible to use different 

images for each rotation, which may result in additional control over the print dynamics. Instead of considering an image 

set to contain e.g. 360 images (1 per degree) that are then repeated over N rotations, we can instead consider the image 

set to contain 360xN independent images. This increases control over the dynamics of dose delivery within the total 

exposure time. We hypothesize this can improve print quality e.g. by reducing the early gelation of localized volumes 

which can sink or refract subsequent writing beams. 

We can avoid gelling a portion of the print long before the rest of the part forms by delivering the majority of the dose at 

the end of the of the printing process (see Supplementary Video-1 and Supplementary-Fig.5 for experimental results 

demonstrating such an avoidance of early gelation). While the OSMO algorithm does not inherently account for 

temporal variations in the resin, the approximate energy doses delivered over time can be estimated by considering a 

fraction of the total projections. By choosing to order the projections such that the high intensity projections occur at 

the end of the build, the in-part regions are expected to cross the gelation dose-threshold nearly simultaneously.  

Equivalent dose distributions can be generated by re-distributing the pixel intensities across multiple rotations as given 

by equation 5. 

 5F ∗ G,HI = ∑ 577K8LMN7K"  (5) 

where:   

  5F(O, P, Q)     =  image set assuming a single rotation, where θ ranges from 0 to 360° 96RS6TD 

                    57(O, P, Q, =)  =  image set for = of G,HI rotations 

  G,HI                =  number of rotations over which to vary the light field 

While any combination of 57 can be used such that equation 5 is satisfied, to deliver the majority of the dose at the end 

of the build, we define 57 as:  

 57 = UG7 ∗ max(5F)  ,  0 < G7 < 1max(5F) ,  G7 > 10,  G7 < 0  , (6) 

where: 

G7 = W7 − 5FW7�" − W7  

W7 = max(5F)G,HI (G,HI − =) 

 

where:  = = the rotation number 1, … G,HI. Note that W7 is defined up to = = G,HI + 1 to calculate 57 up to = = G,HI. 

For an example reconstruction, when the same image set is used over 10 rotations, voxels in the object start reaching 

the gelation threshold after 6 rotations (Fig. 8).  However, when the pixel intensities are redistributed across 10 

rotations as described by equation 6, object voxels do not surpass the gelation dose-threshold until the final rotation.   
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This process can be applied to any build to minimize the time between when the first and last in-part voxel crosses the 

gelation threshold.  This method allows all regions of a given part to cross the gelation dose-threshold nearly 

simultaneously, with the largest benefit gained by reconstructions with a large IPDR. We hypothesize that simultaneous 

gelation will minimize the scattering due to increases in index of refraction as the polymer gels, and the problem of parts 

sinking during the build process since gelled regions are denser than their monomer counterparts.  

 

Figure 8: Re-binning pixels across multiple rotations enables simultaneous part formation.  (A) Binary target geometry. (B) When a constant image 

set (gray squares) is projected across 10 rotations, the object starts forming (surpassing the gel threshold) after 9 rotations.  When the intensity of 

pixels is re-binned such that the majority of the dose is delivered at the end of the build (orange circles), the object does not form until the final 

rotation. (C) Rate of gelation for a constant image set versus the image-set with value redistributed as per Eqn. 6. (C, Top Row) Dose reconstruction 

after the 8th, 9th and 10th rotation for redistributed image set.  (C, Bottom Row) Dose reconstruction after the 8th, 9th and 10th rotation for the 

constant image set. See the Supplemental Information (SI-Fig.6 and SI Video-1) for an example of an experimental implementation of this method.  

SECTION 4: ADDITIONAL PRINTING GEOMETRIES AND OPTICAL MODELS 

FOR BINARY VAM. 

S.4.1:  Image Computation for More Complex Projection Models. 

Real VAM printing does not occur with ideal, perfectly sharp, perfectly non-diverging beams. Likewise, when over-

printing around occluding structures, the ideal tomographic condition where each beam spatially overlaps with all other 

beams, is broken. Fortunately, the OSMO algorithm still works, without modification, for more complex projection 

models than the Attenuated Radon Transform (ART). Here, we demonstrate its outputs for two projection models: for 

Gaussian beams, and for printing around occlusions.  

Gaussian beam projections can be modeled by changing the line integrals used in the ART from straight paths, to curved 

paths represented by a Gaussian kernel. This tends to concentrate dose towards the center of a reconstruction. It also 

effectively reduces the degrees of freedom of a reconstruction, since each image-set pixel addresses a larger region 

within the reconstruction (the out-of-focus parts of the Gaussian beams), resulting in an increased overlap with other 

writing beams. Both effects increase the difficulty of achieving accurate tomographic reconstructions, with more 

iterations needed to achieve an inferior reconstruction (e.g. reduced process window size), as compared to the ideal 

non-diverging beam case. An example of this in 2D is shown in Fig. 9. Note that extending this to 3D would break the 

independence of slice-regions in a print, but the optimization process would remain algorithmically unchanged. The 
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ability to model Gaussian beam projections becomes especially important when a long depth of focus relative to the 

maximum target dimension cannot be achieved experimentally, resulting in beams that are significantly non-collimated. 

This may occur when using LED illumination instead of lower etendue laser-sources [21], or when applying VAM at 

especially large or micro scales.  

 

Figure 9. (A) Gaussian point spread function (PSF) (B) Back projection with Gaussian-pixel-PSF projector (C) Optimized reconstruction with Dl = 0.5, 

Dh = 0.6, and 150 iterations. Optical parameters: wavelength = 405 nm, numerical aperture = 0.1, digital micromirror device pixel pitch = 10.8 µm, 

and magnification = 0.36. (D) Thresholded reconstruction, threshold = 0.545. Here, VER was 0.074, IPDR was 0.512, and process window size was  

-15.5%. See Supplemental Information (SI-Fig.7) for additional details. 

Similarly, image computation for printing around occlusions requires that ART line integrals be truncated at the 

occlusions. This also reduces the freedom of a tomographic reconstruction, however the OSMO algorithm still works 

without modification. An example of such a reconstruction is shown in Fig. 10, with an additional example with a dense 

target shown in the Supplemental Information (SI-Fig.9). Such computation would be necessary for applications 

involving over-printing around existing, occluding structures.  
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Figure 10. (A) Target and occluding geometries. (B) Back projection with custom projector; occluded regions are shown as black regions adjacent to 

the occluding geometries. (C, D) Optimized raw and thresholded reconstructions with Dl = 0.35, Dh = 0.60, threshold = 0.515, and 120 iterations. 

Here, VER was 0.0694, IPDR was 0.605, and process window size was -24.1%. Note: IPDR and process window size are large, compared to a visual 

inspection of the dose histogram (SI-Fig.8), because a small number of in-part pixels are in error. See Supplemental Information (SI-Fig.8) for 

additional details.  

S.4.2 Image Computation for Alternate Printing Geometries.  

In prior VAM literature [20]–[22], only a basic tomographic projection geometry was considered; one in which writing 

beams are normal to the axis of rotation, and are evenly distributed about a rotation. Other printing geometries, 

however, are possible and may have application advantages. In particular, the standard geometry requires access to the 

sample from all directions normal to the rotation axis. One simple modification is to use only a limited angular range for 

printing. Fig. 11, A, B shows an example of a reconstruction slice of a thinker geometry. Here, only an angular range of 

130° was used, yet the OSMO algorithm was able to produce a reconstruction with a VER of zero. Another geometry, 

inspired by tomosynthetic medical imaging and computed laminography, uses a ring of projections that are at a fixed, 

non-normal angle, to the axis of rotation (see Fig. 11. C, D). Although this geometry excludes a cone of available spatial 

frequencies, it is commonly used for imaging and provides sufficient resolution for many applications [34], [35]. This 

could allow for VAM printing into flat sample packages, perhaps with applications in microfluidics. In this case, the 

OSMO algorithm achieved a VER near zero (1.7E-4). However, deviations from the standard geometry come at a cost, 

particularly as a reduction in process window size.  

For both the limited angular range reconstruction, as well as the tomosynthesis reconstruction, while a VER of zero or 

near zero was achieved, the resultant process window sizes were much smaller than what a standard tomographic 

geometry could achieve. In both cases, this is due to a reduction in the degrees of freedom of the reconstruction 

process. For the limited angular range case, only 130° (36%) of a full rotation was used. Note that since attenuation is 

included, a 0° projection is different from a 180° projection, and 130° is 36% of a full rotation image set. If attenuation 

were not included, a 130° range would comprise 72% of the images in a full rotation. With tomosynthesis, the degrees of 

freedom of the reconstruction are reduced because the volume can no longer be de-coupled into slices addressed by 1D 

projections, and there is an increased spatial overlap of writing beams. Small deviations from the standard geometry 

hardly suffer a decrease in reconstruction performance, with larger deviations (the limit being 90 degrees for 

tomosynthesis) exhibiting worse reconstructions. However, in spite of these fundamental limitations, image sets can be 

generated for complex, arbitrary target-objects by the OSMO algorithm.  
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Figure 11. (A) A 2D dose reconstruction yielding a VER of zero, made by a set of projections over only a 130° range, with Dl = 0.78 and Dh = 0.79. (B) 

A gelation threshold applied to the dose shown in (A) yields a perfectly gelled slice of a thinker geometry. (C) A tomosynthetic printing geometry, 

with projection direction vertically angled by 40° from the standard printing geometry. (D) A slice of a 3D thinker-geometry dose-reconstruction with 

VER near zero (1.7E-4), made with the tomosynthesis writing geometry shown in (C), with Dl = 0.74 and Dh = 0.75. The process window size was  

-0.70%, and the IPDR was 0.26. Note that (D) shows a 2D slice of a 3D reconstruction, not a 2D reconstruction. In this case, 360 angles, all at a 50° to 

the axis of rotation, were used.  See Supplemental Information (SI-Fig.10) for additional details. 

Tomosynthetic VAM printing, in particular, could enable new applications of VAM. The flat package geometry is more 

convenient than cylindrical in many cases and could enable hybrid printing methods such as printing into microfluidic 

devices. Further, the flat package enables a step-and-repeat scheme such that tomosynthetic VAM could allow for 

writing into very large areas, one small, high-resolution area at a time.  

CONCLUSIONS 

The new, relatively immature field of VAM has potential applications in multiple fields requiring fast, high-resolution 

manufacturing. Advances in optics, materials, and image computation will be necessary to realize such applications; this 

paper presents improvement on the last of these aspects by introducing an object-domain optimization paradigm for 

VAM computation. We presented an object space model optimization algorithm (OSMO) that is easy to implement and 

to use, is flexible, and has been demonstrated on simulated data to produce highly accurate prints even with imperfect 

optical and material precision (SI-Figs.2-3) via an improved optical dose contrast between the target and surrounding 

regions. We defined reconstruction-quality metrics and showed the OSMO algorithm to be a significant improvement on 

prior methods for binary VAM computation, most notably with respect to convergence rate and dose separation 

between in-part and out-of-part regions. We applied the object space concept to the problem of grayscale VAM image 

computation for the printing of arbitrary functionally graded materials, and we discussed its inherent limitations. We 

demonstrated how the OSMO algorithm can easily be modified to account for material inhibition, and we demonstrated 

the flexibility of the method by computing reconstructions with both Gaussian beam projections, and reconstructions 

around occluding features. Lastly, we applied the OSMO algorithm to computing images for a new tomosynthetic VAM 

geometry that could allow for printing into a traditional planar geometry, illustrating how the proposed image 

computation method facilitates new printing geometries and applications of VAM. 
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