
Gaussian Beams
(MAKING A LASER BEAM DO WHAT
YOU WANT rT TO)

The output of a laser is very different than most other light sources. Those
sources that have been used in the examples up to this point in the text have
be6n incandescent or fluorescent lights, or in the case of Example 3.C, a light
emitting diode. The description of collecting light from such sources and
sending it through an optical system was discussed in chapter 3, Radiometry,
Because lasers are used in many optical systems, a chapter is devoted to a
description of the propagation of laser beams and their modification by optical
systems.

The design of systems incorporating a laser beam should be looked at more
as a problem akin to radiometry than as a problem in imaging. Unless the beam
is interrupted by a slit, aperture, or transparency, there is no image. The ray
optics presented in the first six chapters is insufficient to explain the behavior of
laser beams, since the effects of difraction must be included right from the
beginning. Because of this, intuitions based on geometrical optics arguments
can be misleading.

After a description of the simplest type of beam, the TEMoo mode Gaussian
beam and its parameters, we look at means of modifying the beam using
equivalent thin lens and paraxial equations for Gaussian beams. The concept of
conjugate distances will be introduced and the elfect of higher-order modes on
the calculations will be described. Finally, the variation in beam irradiance
throughout the beam will be described and some methods for reshaping the
distribution to give useful non-Gaussian shapes will be given.

7.I. CHARACTERISTICS OF A GAUSSIAN BEAM

The term Gaussian describes the variation in the irradiance along a line
perpendicular to the direction of propagation and through the center of the
beam, as shown in Fig. 7.1. The irradiance is symmetric about the beam axis
and varies radially outward from this axis with the form
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I(r) : 1os-z"t'i (7.r)
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or in terms of a beam diameter

l(d): Ioe-2d'td?, (7.2)

where r, and d, are the quantities that define the radial extent of the beam.

These values are, by definition, the radius and diameter of the beam where the
irradiance is lle2 of the value on the beam axis, Io.

7.1.1. Beam Waist and Beam Divergence

Figure 7.1 shows a beam of parallel rays. In reality, a Gaussian beam either
diverges from a region where the beam is smallest, called the beam waist, or
converges to one, as shown in Fig. 7.2. The amount of divergence or
convergence is measured by the full angle beam diuergence 0, which is the angle

subtended by the lf e2 diameter points for distances far from the beam waist as

shown in Fig. 7.2.|n some laser texts and articles, the angle is measured from
the beam axis to the llez asymptote, a half angle. However, it is the full angle

divergence, as defined here, that is usually given in the specification sheets for
most lasers. Because of symmetry on either side of the beam waist, the

convergence angle is equal to the divergence angle. We will refer to the latter in
both cases.

Under the laws of geometrical optics a Gaussian beam converging at an

angle of 0 should collapse to a point. Because of diffraction, this, of course, does

not occur. However, at the intersection of the asymptotes that define 0, the
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l'igure 7.1. Gaussian beam profile. Plot of irradiance versus radial distance from the beam axis.
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Figure 7.2' Variation ofGaussian beam diameter in the vicinity ofthe beam waist. The size oftho
beam at its smallest point is do; the full angle beam divergence, defined by the asymptotes for tho
l/e2 points at a large distance from the waist is 0

beam does reach a minimum value do, Ihe beam waist diameter.It can be shown
(Ref. 7.1) that for a TEMoo mode do depends on the beam divergence angle as:

(7.3)

where ,1 is the wavelength of the radiation. Note that for a Gaussian beam of a
particular wavelength, the product do| is a constant. This means that for a very
small beam waist the divergence must be large, for a highly collimated beam
(small9), the beam waist must be large.

The variation of the beam diameter in the vicinity of the beam waist is shown
in Fig. 7.2 and given as

d.t:det02z2, (7.4)

where d is the diameter at a distance *z ftom the waist along the beam axis.
Note that far from the beam waist (02 * do), d: 02. Thus, at points zr and 22

satisfying zy 22 * dole, dl : 0tr, and d, : 0zz.Subtracting yields d, - dr =
0(zz - zr),andif weset zz - zr: t,anaxialdistance,wecanwritetheequation
AS

dz : dt + 0t. (7.5)

This is similar to the transfer equation in geometrical optics. Indeed, well away
from the beam waist one can use geometrical optics.

7.1.2. The Rayleigh Range

It is useful to characterize the extent of the beam waist region with a parameter
called the Rayleigh range. (ln other descriptions of Gaussian beams this extent is

u"do: 
n0,
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$ometimes charactorizod by the confocal beam parameter and is equal to twice
the Rayleigh range.) Rewriting Eq. 7.4 as

d:do (7.6)

we define the Rayleigh range as the distance from the beam waist where the

diameter has increasedto u/1do. Obviously this occurs when the second term
under the radical is unity, that is, when

do'^- e

Although the definition of z^ might seem rather arbitrary, this particular
choice offers more than just convenience. Figure 7.3 shows a plot of the radius
of curvature of the wavefronts in a Gaussian beam as a function of z. For large
distances from the beam waist the wavefronts are nearly planar, giving valuos
tending toward infinity. At the beam waist the wavefronts are also planar, and,
therefore, the absolute value of the radius of curvature of the wavefronts must

Figure 7,3. Plot of radius of curvature (R) versus distance (z) from the beam waist. The absolute
value of the radius is a minimum at the Rayleigh range point, z^ . In the limit of geometrical optics,
the radius of curvature of the wavelronts follows the dashed line.

r-.- zR 
-Geometrical-\ qt asvmPtote
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go from infinity at large distances through a minimum and return to infinity
at the beam waist, This is also true on the other side of the beam waist but witlr
the opposite sign. It can be shown that the minimum in the absolute value
ofthe radius ofcurvature occurs at z : * zn, that is, at a distance one Rayleigh
range either side of the beam waist. From itig. 7.3, the "collimated" region ol
Gaussian beam waist can be taken as 2z^.

The Rayleigh range can be expressed in a number of ways:

(7.7)

From this we see that all three characteristics of a Gaussian beam are dependent
on each other. Given any of the three quantities, do, 0, z^, and the wavelength of
the radiation, the behavior of the beam is completely described [Problem 7.1].
For example, if a helium-neon laser ( : 633 nm) has a specified TEMoo beam
diameterof 1 mm,then0 : U"lndo:021 x 6.33 x 10-7 m)/(1 x 10-3m) =
0.8 mrad and zn: dol| : (1 x 10-3 m)/(0.S x 10-3 rad) : I.25m. The
Rayleigh range of a typical helium-neon laser is considerable.

The initial Rayleigh range (and, therefore, beam waist and divergence) is
determined by the radii of curvatures of the laser mirrors R, and R2 and by their
separation L. If the same sign convention used earlier in the text is retained, the
Rayleigh range of a laser is given by

_2zR:
L(Rz + r)(R' - L)(R' - Rl + t)

(7.8)(Rr-Rr +2L\2

(The expression is the same as in Ref. 7.2,except that the sign convention for the
radii ofcurvature is the opposite ofstandard ray-tracing conventions.) It should
be noted that there are some geometries for which the value of zfr would be
negative. These mirror arrangements are referred to as unstable resonators.lf we
define g, = (1 - LlRr) and, Oz=(l + LIR), it can be shown that [Problem
7 .21 the condition for stable resonators based upon the requirement that z2^be
positive is that 0 < g$z < 1. This is known asthe stability condition for laser
resonators (Ref. 7.3).

7.2. MODIFYING A GAUSSIAN BEAM

There are many design situations in which the "raw" beam as it comes out of the
laser cannot be used. The beam must be modified in some way-expanded,
focused, recollimated. This modification can be performed by lenses, mirrors,
prisms, or even slabs of glass. For our example, we will use a lens, but the focal
length or surface power of any optical element can be substituted into the
equations in the appropriate place.

_ _do _ 41 _TEdB'n- o - no2- 4A
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The thin lens equation was expressed in Chapter I in both the Gaussian form

111
t, - h:7'

where /o and t, are the object and image distances, respectively, and
Newtonian form [Problem 1.13]

-xx' : f'
where x is the distance from the front focal point to the object and x' is the
distance from the back focal point to the image. For Gaussian beams we can use

the Newtonian form with some minor redefinitions and the addition of a single
term to account for the effects ofdiffraction.

7.2.1. Thin Lens Eqrration For Gaussian Beams

ln Fig. 7 .4 the relevant distances are shown. Note that in contrast to the neatly
subscripted variables used to traae a ray through a system, a series of unprimed
and primed variables is used. This is done because the Gaussian beam is most
easily described by locating the origin of the coordinate system at the beam
waist. In contrast, the ray-trace coordinate origins are located at the vertices of
each element or in the plane of interest. The beam waist always has a zero
subscript. Other beam diameters have other subscripts, usually d, is to the left
ol do and drto the right. If there is more than one lens, each additional region
between lenses is given another prime. Also unlike conventional ray tracing,
beam waist distances relative to the lens position are positive if on the input side
of the lens the beam narrows down to a waist before striking the lens, and
negative if the beam is intercepted by the lens before the beam waist occurs.

If the positions of the input beam waist and output beam waist are replaced
by the object and image distances in Eq. 7.9, the thin lens equation in New-
tonian form becomes (-x --+ zz f;x' -- z', - f)

(22 - f)(z\ - fl: f' - f&, (7.10)

(1.16)

in the

(7.e)

Figure 7.4. Transformation of a Gaussian beam by a thin lens.
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whereff is the tcrm introduced to account for diffraction, There are a number
of ways of writing this term since it is an expression of the beam properties on
both sides of the lens. The most symmetric form is

f2-- -lJo - .R.R, (7.1t)

but other useful forms are

(7.t2)

41

u,

Another useful relation between the beam waist diameters and their
locations, derived in Ref. 7.1. is

(r, - f) d&

(z't - f): W
(7.t3)

Using Eqs.7.10 and 7.13,a set of simple relations can be derived between the
positions of the beam waists and the beam parameters. Solvin g for (2,, - f) inEq.7.I0, inserting it into Eq. 7.13 and rearranging terms one has

(2, - f)' da

-f'-d'otrc':ilo''

Multiplying by the left-side denominator,

d'o

0

do

e'

ndod'o

fo:

e2 - f)2 : f,# -#: r,# - ,e,

and, thenby d'o2

d?lQr-f)'+z'^l:f'd|, d'o: ado: f0, (7.20)
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One obtains the new beam waist r/i in terms of the old beam waist do:

),2 - f'dadi : G;ffi: a'd|,

The parameter a, given by

d's: ad'6'

.41410At__" ftdo- rado- u'

,dLadolzn: 
o, 

: oh: Q-zn'

Using Eqs. 7.13 and 7.16, the position of the new beam
expressed as

(,', - f) :ffe, - f): u2e2 - f),

z't : f + a2(2, - f\ : f * i:':t;,, (' rr^

f

(7.r4)

(7.16)

(7.t7)

(7.18)

waist z', can be

(1.re)

d: (7.1 s)

is a function of axial quantities related to the input beam (z^), the lens (/) and
the beam-lens position (r, - f).Once oc is evaluated for the arrangement at
hand, the output parameters are quickly determined since

In the thin lens approximation, all of these equations are quite general. Now we

will look at some approximations.

7.2.2. Focusing of a Collimated Beam to a Small Spot

Since a is directly proportional to f, a small spot requires a short focal length
lens. Since the beam is collimated z, and zR are large compared to f,

" 
: f lJ4iV". There are two limiting cases:

1. The lens is well inside z. (22 4 zp). Then a : f lt^: f9ldo. This gives
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(7,21)

(7.22)

(7.23)

(7.24)

(7.2s)

(7.26)

(7.27)

a simple cquation for flnding d[, Aleo

0, :9 -1do :doa fo f '

c2 r'2
-,--2- _J - J.R - 4 .n: -Z '.R: 

-,zR zR

, ,{2: f 1 u2(2, - f) : f +'-24- 
= f..R

,, fdoao: 
-,z2

At zz0
O^:-"f

, The lens is well outside z^(22 * zR;beware,the lens may be overfilled if it is
too far away). Then a : f lz, and

(note zr0 : d at the lens),

In Example 7.A three situations are illustrated. Note that the placement of the
lens relative to the size of the Rayleigh range has a dramatic effect on the spot
size.

It should be understood that we do not always know where the beam waist is

Rt and Rr'and their separation l, the distance between the beam waist and the
first mirror is

L(R2 + L)
z1 Rr-Rr+2L' (7.28)
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EXAMPLE 7.A. A helium-neon laser beam with a divergence of
0.8 mrad is focused with a 100-mm focal length lens. What are the beam
diameters in the cases

(a) zr 4 zp

(b) 22 : zn

(c) z2 * z^?

Solution; Since 0:0.8 x 10-3rad, O":#:lmm. Therefore z^:
dol? :1 x 10-3/0.8 x 10-3 : 1.25m.
(a) zr 4 zp,d'r:f .0: 10-1m x 0.8 x 10-3:80pm.
(b) Zz : zR. The complete expression mu t be used.

10- I . 10-3

(t.2s-0.1)+(L2r2
: 60 }rm.

(c) z2 y' z^. Let us assume zz : I2.5 m. The beam diameter there is ab

10mm

)t _..o - 
foo: *t. x I x lo-rm : gpm.
z2 12.5

Note the distance between the beam waist and the lens is extremely large.

The distance between the beam waist and the second mirror is z, : L I zr
(r, < 0) [Problem 7.3]. If the outside surface of the output mirror is not flat,
then the eflect of the optical power of this surface must also be calculated using
the paraxial method given in Section 7.2.6.

7.2.3. Refocusing a Beam Waist to a New Beam Waist

Thib is a case of magnification or demagnification of the beam waist. Since
d'o: ads, a is the magnification constant for the waist. At the same time the
beam divergence will be demagnified by 9lu, and the Rayleigh range will be

multiplied by u'.(This parallels the relation between the transverse magnifi-
cation and the longitudinal magnification for imaging: M, : M!.)

Once the value of a has been decided on, there are still two degrees of
freedom in the system: the focal length of the lens (/) and location of the lens

with respect to the beam waist (zr). While there is one independent input
parameter and one independent output parameter, there is an infinite combina-
tion of the focusing geometries that will provide the required beam waist. There
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(7,29)

are some restrictions, however, on the choico of tho focal length, Assuming thc
value ofa has been chosen, then we can solve (7.15)for zr:

l7z- 1 

-

zz : f t JF - z'^ : f ! ;\/f' - f;
Thus,/ may be chose! to be any focal length practical (or handy) subject to tho
limitation thatf > fot: r^r'^ [Problems 7.4-7.6].In Example 7,B, the use of
Eq.7 .29 is illustrated by a practical problem.

EXAMPLE 7.B. Reduce the beam waist of a helium-neon laser
(do: Imm;0:0.8mrad; zR: I.25m) to 184pm. Assume waist is at
the output mirror.

Solution:

h:tlou : o'184: oc,do 1mm

zn : 1.25m Z'R : &2ZR : 42mm,

f& : z^z'^: r25o x 42mm2,

fo:230mm f > 230mm.

(a) Choose/: 300mm, then

The positive root was chosen since the laser would get in the way for the
negative root. This is an extremely long distance.

(b) Then choose/ : 235 mm and

z.:300+ I
' 0.184

zz:235. #

(300)'z - (230)2 : 1347 mm.

Q3r2 - (230)2 : 497 mm,

z\:235 + (0.184)r(497 - 23s) :244mm.

Total distance from laser to focus: z, * z', - 74lmm.
(c) For the shortest distance, choose f : fo: 230 mm. Then

22: z't:/. Total distance: z, I z'r:2f :460mm. Thus by choosing
the correct lens a practical laser-to-new-focus distance can be provided.

MODIFYINO M 241

A spocial case of thc transfor of focus is that of relaying the waist without
magnification (a - 1). Starting with the definition of a (7.15),

t2
-2- J 

-t* -(zz-f)t+,'^-"

and solving for zr, one obtains

zz: f r.,/F'-, (f > z^) (7.30)

or, in terms off

-21-2r .Z'T .R

" 2r,

The distance between original beam waist and the lens is found to be equal to
the distance between the lens and the new beam waist as would be expected for
unit magnification [Problem 7.7].

z\ : f + a2(2, - f) = f + z, - I : rr.

Thus the total distance between waists in terms of/ and z^ is

Lqt-1{-J-1.L2 
- 

.2 | .t 
- 

LJ _!_ L (7.3t)

In addition to this general case there are two special cases (Fig. 7.5)

1. f * ,^. Then zn: 4f. This is similar to the relaying of objects and
images in geometrical optics, where the unit magnification occurs at
tt: -to:2/ Note for this to occur for any reasonable focal length, z^
must be </ and therefore the beam must be strongly divergent.

2. f : r*. Then 22: z't:f and ztz:2f. This is obviously different than
. the previous case. The beam waists are separated by only 2/. Since it is not
always possible to match / to 2", some prior beam conditioning is usually
done. This second case is sometimes ialled a Gaussian relay.

At one time this type of relay was considered for information transmission over
some distances. Since the advent of low loss optical fibers this is no longer
considered to be a realistic method of transmitting laser radiation.

7.2.4. Collimating a Gaussian Beam

If one cannot achieve truly collimated light, 0 : 0 (since do would have to be
infinite in extent), then what should be the definition of collimated light? There
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lal za 41 lz, - fl

(bl z^:ar:S
Figure 7.5. Gaussian beam relays. (a) Case 1. Highly divergent beams, similar to an image relay,
(b) Case 2. Rayleigh range equal to the focal length.

are two possible definitions. one is that the divergence be as small as possible,
the other is that the distance to the next beam waist be a maximum. In the first
case, one can show fProblem 7.8] that z'^is a maximum if z, - f : O. (Thus,
a: f'lz'^ and z'^: f2lz^.) In the second case 2,, is a maximum when
zr:f + zo.That is, the beam is considered collimated when a positive focal
length lens is positioned such that its focal point is one Rayleigh range beyond
the beam waist. Inserting this condition into Eq. 7.15 yields

(7.32)

and this result in Eq.7 .r9 determines the location of the new beam waist:

f

z't : f + a2(2, - f) : t * SeS : f * +LLR LLR
(7.33)

From Eqs. 7.32 and 7.33 we see that z', andzi will be large if z^ is smalr. Thus, a
long focal length lens accepting a highly diverged beam (smail z^) will give
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l"lgure 7.6. Gaussian beam collimation. (a) Keplerian telescope. (b) Galilean telescope. Eyepiece
lircal tength,f ; objective focal length,f .

excellent collimation. If the initial beam is well collimated, however, then the
beam must be focused with a short focal length lens before being recollimated
with the long focal length collimation lens. This arrangement is nothing more
than an inverted telescope (light goes in the eyepiece and out the objective (Fig.
7.6a)). It is also possible to reduce z^ with a diverging lens that forms a virtual
beam waist in front of the negative lens. Together with the collimating lens this
system is an inverted Galilean telescope (Fig.7 Qb).

we can use the information gained so far to calculate the increase in the
collimation distance. The input beam is assumed to be well collimated.
Therefore, the beam diameter at the eyepiece lens (focal length, f) is approxi-
mately equal to do and the lens is well inside the Rayleigh range. This is the
same as Case 1 of Section 7.2.2. so that

f"q.:-,
zR

Focused for lowest divergence

Focused for maximum z{

(b)

Figure 7.7. Comparison of two definitions of a collimated Gaussian beam. The bold lines show
the asymptotes and l/e2 points for a beam locused for smallest divergence, g'. The fine lines indicate
the asymptotes and 1 f e2 points for a beam focused for maximum lens to beam waist distance. For
a distance of about 2z^from the lens this second definition maintains a smaller beam.

---:;:>><i---::J=-___T." --- ___-_:-
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d|: ado: f"0,

so that z'n 4 zn

L1 - Je'

o,:!eh,

, f.t
LR - 

- 
)

zR

For maximum collimation we want z'z : fo * z'^,where fo is the focal length of
the telescope objective. It is not to be confused with fo,the dilfraction term ln

z" ,[z(f]l'i'
f".f" f":-Y r;,zR r/ Lzn

f"

M
r/.,

where M : f,lf" is the magnification of the telescope. The collimation haa

increased by a factor of Mll2, since the divergence has decreased b e' : |la" '

and the Rayleigh range has increased by

^M2
z'i. : a"2zn : -ito. (7,35)

Finally, it can be shown [Problem 7 .9f , that the beam waist is located at

z'i,: fo * Yr^: f, + z'i

In Example 7.C, the collimation of a helium-neon laser by a 40 power telescopc

is illustrated [Problem 7.10].
If instead of a maximum lens to beam-waist distance (z't), a minimum beam

divergence is required, the above results are changed by replacing a" : Mltfi
by a" : M and z'i. : fo + M2 l2zRby z'i :f . Thus the beamwaist is at the back

Eq. 7.10. Using Eq. (7.32), a' : f,/.,[Zr^. The output beam waist is then

do: a'do: a'udo - a"do

and the overall magnification is

a" : a'q,

,, f'
d 

--- /tr
\/ -Je
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focal point of the telescope objective lens and the divergence is a factor of ,,h
smaller. In Fig. 7.7,lhe two cases are compared. As one can see from the figure,
if collimation is needed close to the optical system, the beam waist can be

smaller by a factor of lll2 and collimated over a distance some 2z'^from the
lens.If collimation is needed in the far field (i.e., smallest beam divergence) then
the focal point of the lens should be located at the original beam waist.

Of the two telescopes pictured in Fig. 7 .6, the Keplerian type should be used
if there is a need to spatially filter the beam (Ref. 7 .10), a method for removing
any spatial irregularities introduced by the optics before the collimator by
putting a pinhole slightly larger than d'o aI the focus of f . For high power lasers
focusing the beam to a small diameter could result in breakdown of the air by
the high electrical field strength at the focus. In such cases, a Galilean type
telescope should be employed (Fig. 7.6b).

7.2.5, Combinations of Lenses

It is possible using the above equations to calculate beam waist positions for a
combination of lenses in a manner similar to the special case of beam-
collimating telescopes. Instead of the ray-trace technique of the preceding
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(7.36)

EXAMPLE 7.C. Collimate a helium-neon laser beam (do : lmfil,
0:0.8mrad, zR :1,25 m) using a 4O-power telescope (,f, : 160mm,

.lu: 4 mm (40x microscope objective)).

Solution: First,

"' 
: 

-*:28.28 
and (o")' : 402

2
: 800.

The new beam characteristics are:

d'6 : a"do: 28.28 mm,

0" :01a" :28.28Wad,

z'ft: (a")2zo: 1 km (!).

Unless extreme care is taken with collimation optics, this diffraction
limited performance cannot be achieved. Even with simple lenses, how-
ever, the collimation can be quite good.

If minimum divergence is required, then q" : 40 and (a")' : 1600. In
this case d'd : 40 mm, 0" : 2O Wrad, and z'i : 2km.
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chapters, the approach is similar to the thin lono calculations used in in.
troductory physics, The equations are applied oncc, an intermediate waist is
found, then the equations are applied again (Example 7.D). In the example noto
that the final beam characteristics are the same as those in Example 7,B,
In that example the lens was nearly 500 mm from the laser and the focal length
of the lens had to be greater than 230 mm. By using two lenses, a similar result
was achieved with shorter focal length lenses placed closer to the laser. In
addition, the ability to move one lens relative to the other allows one to adjust
the output beam parameters easily.

EXAMPLE 7.D. Using two lenses, obtain a "long"
helium-neon laser. Assume beam waist at output mirror.

Helium-neon laser output:

do : I mm, 0 : 0.8 mrad, zn: L25m.

System dimensions:

zz:I35mm, /:58.42mm,

"fz 
: 88'9 mm.

d'o:4 x 10-2 x 1mm

!/ow + $rtr
0':

focus from a

:4xlO-2

z'n:2mm'

x: For the first lens:

zz - .ft : 185 mm, l-s0l
d.-

z', -- f,. + a2(2, - fr) :-50 + 16 x 10-4(185) : -50 + 0.3 : -49.7 mm

z', is negative (i.e., virtual), since the beam is diverging.

z'z: t - Z'r: 58.42 - (-49.7): 108.1mm.
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For tho socond lens:

fz = 889 and z'z -.fz: 108.1 - 88.9 : l9.2mm.

88.9

J$eA +7
: 4.605.

d'd : a'd6: 4.605 x 40 pm : 184jpm.

0" : 20 mradl4.605 : 4.34 mrad,.

z'i : (a')22'^: 42.4mm.

z'1: fz * (a')z(z', - f) :88.9 + (4.601219.2 : 496mm.

Total distance:

laser to beam waist : 135 + 58.4 + 496 : 689 mm.

The method given above is only one of several methods for calculating beam
waist parameters. There are matrix based approaches (see Refs. 7.1 and, 7 .2) and
chart based approaches (Ref. 7.a). In the case ofperiodic lens structures, such as
a series of relay lenses, the matrix based approach may be more compact,
whereas the chart-based approach may yield some insight as to poor choices of
lenses and placements. The method given here is attractive because it is
straightforward with certain useful approximations.

7.2.6. Paraxial Bquations for Gaussian Beams

Following much the same mathematics used for the thin lens equations, it is
possible to derive similar equations for the propagation of Gaussian beams at
the interface of two media having optical power. Just as the paraxial equations
for ray tracing bear a resemblance to the thin lens equations, so also are these
paraxial equations similar to Eqs. 7.10 and 7.l3.They arc

(n' - z'r$)(n - zzf) : flit' - 2*2'*62 (7.37\

and

n-zrf _z^
n' - z'rf z'*'

(7.38)

where { : (n' - n)/r is the optical power of the interface as it is in paraxial
optics (Section 4.1) and n' and n arc the refractive indices of the refracting and

I



248 OAUSSTAN BEAMS

Figure 7.8. Paraxial ray lrace of a Gaussian beam. The radius of curvature of the interface is r;
the refractive indices of the incident and refracting media are n and n', respectively. The opticnl
power of the surface is S - (n' - n)lr.

incident media, respectively as shown in Fig. 7.8. The distances zz and z'L atc
defined as before. Multiplying these equations by $fnn', one sees that l/d
replaces/ and zf n replaces z inthe respective media. Using these two equations,
we may solve for a2 : z'nlzn and find that

,/("-220)2+22R02
(7.39a\

and that

Zt:
zaz'nf - zzk'

(7.3eb)n-zzf

These are the paraxial counterparts to Eqs. 7.15 and7.l9.ln Example 7.E, a
Gaussian beam focused by a biconvex lens is analyzed two ways, a paraxial
treatment and the thin lens method. The dilferences are small but significant
[Problems 7.ll-7.13f .

For the special case of focusing a beam through a flat surface (d :0),
o : u-rt Jn, where n is the incident medium refractive index and n' is that of the
transmitting medium. If the incident medium is air (n : 1) the values of the

beam parameters in the second medium are d'o:,/iao, O' :\lrfi:
z'R: tr'zR. The quantities preserved in all media are dolr6, uE|, and z^fn,
where do, 0 and z^ are the values for the beam in a vacuum.

If a Gaussian beam is focused inside of a material through a plane surface,
where is the beam waist located? Setting O : 0 in Eq. 7.39b, z', : -n'zr. ln
terms of ray tracing the refraction of a ray of light along the asymptote at an
angle of p with respect to the surface normal, as shown in Fig. 7.9, is refracted to

- ---r){:4'--

MODIFYING A GAUCSIAN 
"BEAM

0 :0/\'q

(b)

Figure 7.9. Focusing of a Gaussian beam into a plane interface. (a) Gaussian beam asymptotes,
(b) ray trace ofincident asymptotes. Both locate the beam waist at the same point.
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an angle B', where
at the surface then

sin B' : sin Pln' (n:

o"p:+ and

l).If d is the diameter of the beam

dtanP': --;--.
L21

tangents equal to their arguments,For small angles, setting the sines and

0 : n'F', we can write

d n'd
'l- a-t )
LL2 - LLI

z't : -11'22,

- -- -^

(7.40)
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the same relation just dcrived using Eq. 7.39b with d = 0 and n = L Thus, the
position of a Gaussian beam waist after passage through a plane interface can
bc computed as if the asymptotes were refracted as ordinary light rays with their
intersection locating the waist. As was shown earlier in the case of displacement
olan image (Section 5.1.4), the beam waist is displaced by a parallel plate of
thickness t and refractive index nby an amount

6,:L1,.
n

An example of a calculation for focusing through parallel slabs of material is
given in Example 7.F.

EXAMPLE 7.F. A helium-neon laser beam (z^ : I.25 m) is focused by
a short-focalJength lens (/ : 8 mm) located well inside the Rayleigh
range. The beam waist is located at the surface of a microscope slide. If a
drop of water (n : 1.33)is put on the surface and covered with a 500pm
thick cover glass (n : I.52) and the water entrapped between the glass and
slide also has a 500 pm thickness, where is the new beam waist located?

Solution: In this case o( : "rFn for each interface. Since the power of
the surfaces multiply the Rayleigh range in the expression for oc, Gaussian
beams can be treated very simply. All we need to do is follow the
asymptotes of the beam in each region to their crossing at the beam waist.

1. Since zp, 22 ) f, we may use Case 1 in Section 7.2.2. The original
laser beam has (as we have seen earlier) the parameters do : 1mtn,
0 : 0.08 mrad, zn : 1.25 m. If .f : 8 mm, then d'o : 0 .f :
0.8 x 10-3 x 8 x 10-3 :6.4pm. 0' :0.125rad; z'n:51.2Wm, and
z'r:f:8mm.

i
i

EXAMPLE 7.E. A biconvex lens (n = 1.5, R : -R, : 100 mm,
t:20mm (thick!)) is placed 100mm from the output mirror of a laser
(do : I mm, 0 : 0.8 mrad, zn : 7.25 m). Find the position and size of the
beam waist after it passes through the lens. compare it to the thin lens
values.

Solution:

zz: l0Ornm, d, : (1.5 - 1)/100 : tl2}Omm.

zzf : I. zndr : 12501200 : 6-25.

,/B _ ls _@-----::
,/tr 4iGi* ,tr+T6t* - 6.27

: 0.195,

a'2 : 0.179.

q,2 :0.0382.

d'o : 195 pm, 0' : 4.l}mrad, z,n : 47.7 mm, z,r : 296mm.

The distance from the beam waist at the next surface is:

z'2 : t - z't : 20 - 296rDrn : -2l6mm.
6r:0 - Ls)l- 100 : 1/200mm : d,.

z'z0z= -1.381, n - z'zbz.:1.5 - (-1.381):2.881.

z'nbz: 47.71200 : 0.2385.

,,:-&::JE:0424
Jtz.tzl' + (0z39f .rzs.:e

d'it: 82.7 Vm, 0" : 9.67 mrad, z'i: 8.56 mm, z'i :96.56 mm.

Also

drotar : aa' : 0.195 x 0.424: 0.0827.

In the thin lens treatment:

: (1.5 - 1Xr* - =io-o): i"h: rh., ,f :100mm.

d'; : f . 0 : 100mm x 0.8mrad : 80pm -- a : 0.08.

0,, : 9lq : 0.8/0.08 : 10mrad.

zk: 1250 mm x (0.08)2 : 8 mm.

z'i : f + u2(2, - f) : 100 + o(2(0) : 100mm.

Thus, the thin lens values in this case give a good approximation to the
paraxial figures.

1

7

n = t.33
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2. In the paraxial approximation, a parallel plate displaces an image u
distance l(n - l)lnl x r, where r is the thickness of the plate (Example
5.1.4). Thus, to find the position of the beam waist we need only add the
additional contributions to each layer.

(a) The first glass surface is 1mm from the original waist. The cover slip
adds a distance of [(1.52 - l)11.52] x 500 pm : 17lpm.

(b) The water layer adds an additional t(1.33 - I)ll.33l x 500pm =
124pm.

(c) Therefore, if there were air beyond the water, the beam waist would
be 295 pm beyond the water-air surface. However, since the glass
substrate is beyond this, the increase in distance into the surface will
be nd, where d is distance in air, 295 pm. Therefore the final beam
position is 1.52 x295pm or 448 pm beyond the original substrate
surface.

3. An alternate calculation:

z'7: -1.52(- 1000 pm): 1520 pm.

z'z:t :500 - 1520: -1020pm.

-1.33(-t020)lI.s2 : 892.5 pm.

z'i:t 892.5 : -392.5 pm.

z'i : -1.52(-392.5)11.33: 448 pm.

7.3. CONJUGATE DISTANCES

As was pointed out in Example 7.D, the replacement of a single lens by two
lenses provides the flexibility to change the position and size of the new beam
waist. By moving the positive lens toward the negative lens, the beam waist is
moved away from the two lenses. For example, by changing z,rin Example 7.D
by 19.2 mm, from 108.1 to 92.9 mm (z', - f : 3.97 mm there), the beam waist
moves out to 1.69 m (see Example 7.G(a)). Since the distance between lenses was
chosen to give a' : 20 the beam waist is 0.800 mm. (d3 :20 x d[ :
20 x 4O pm : 0.8 mm).If we erect a target at the beam waist (z,l : I.69 m), the
spot will be as small as possible with this lens configuration. But it is not the
smallest achievable spot at this target distance ! If the positive lens is now moved
away from the first lens by 0.8 mm so that (2, - f) is changed to 4.77 mm, a, is
reduced to 16.8 and the beam waist is reduced to do :0.672mm,
(0 : Ll2 mrad) and is now located at I.44 m from the positive lens, between the
lens and the target. what is most interesting is the size of the spot on the target.
The target is 1.69 m - I.44m, or 0.25m beyond the new beam waist, so that
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trsing Eq, 7,4, di - 8,714 mm (see Example 7,G(b)). The spot beyond the beam
waist is smaller than the beam waist when it was located at the target ! It might
scem that if focusing inside the target produced a smaller spot on the target,
then an even shorter focus would produce even better results. But this is not so.

Moving the second lens to a point where or' : 15 (z'2 - /: 5.58 mm) results in a
smaller d'; :0.600 mm, but di:0.759 mm fProblem 7.8]. Thus, there is

something special about the second configuration that was used. This effect is
explained by the concept ofconjugate distances.

EXAMPLE 7.G. (a) If the second lens of the combination in Example
7.D is moved from a point where z'z-f : l9.2mm to a point where
z', - f : 3.97 mm, what is the beam diameter at the waist (dfi) and where
is it located (zi)?

Solution:

88.9_':::AA

Je.el)'z + (2)'z

d'd : 20 x 40 x 10-6 m : 0.800mm.

2", : f + a2(z', - f) : 88.9 + 400(4) : 1.69m.

Thus the spot is 0.8 mm al -1.7 m from lens.

(b) How does the spot size change on a target located at the beam waist
location in part (a) when the lens is moved to a point where z', - f :
4.77 mm?

Solution:

88.9
0t: : 16.8.

d:3 : 16.8 x 40 x 10-6 m : 0.672mm, go : 1.19 mrad.

z'i: 88.9 + 283(4.77) : 1.44m.

z'l: 1.69 - 1A4m : 250mm

At the target

and the spot size is

dt:@:0.734mm,
smaller than when the beam waist was located at the target.
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7.3.1. Coqlugate Dlstance Equatlons

To illustrate this, some simple differentiation is necessary, However, if you are
not familiar with calculus, the end result of this short derivation is still of use, In
Fig. 7.10 we have set up the geometry for this derivation. Let drbe the diameter
of the beam at a fixed distance r from the exit pupil of an optical system. The
angle subtended by the spot at that distance is p : 7r1r. While r is fixed, z, and
z, are not (i.e., the beam waist can be anywhere between the exit pupil and tho
target). The basic relations are (all of the primes on the variables have been
dropped):

Since we wish to minimize p, let us take the derivative of p with respect ro z I ot
z, and set it equal to zero :

Rationalizing, we obtain

02zr(zrrzr):d(+0221

02ztzr: 4l

and

o d, Jtr+n7,
r z1+22

)246 7_:_--.1.2_e2_.R.

(7.41)

(7.42)

Pupil
diameter

Figure 7.10. Geometry for the derivation ofconjugate distances.

d1

Also, since

z\:f+uz(zr-f), (7.20)
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Thus, the minimum Bpot oecurs when the product of the two distances (pupil
to waist (2, ) and waist to larget (z r)) is equal to zfr , When related in this manner,
these two distances are called conjugate distances. The other distinguishing
feature ofthese conjugate points is that the radius ofcurvature ofthe wavefront
R is the same value for both points except for a change in sign and it is equal to
their sums. That is,

n:lzrl 1-lzrl. (7.43)

The benefit of analyzing a Gaussian beam system by computing and using
the conjugate points is that one can calculate optimum values on the basis of
input parameters. One can show that beam diameters at the conjugate points
are related by

drdr:ll
TE

(7.44)

(7.4s)

and that fProblem 7.14]

d7

z7

f2u^: -1 : 9zR.
z2

Although the optimum focal length for a lens may not be equal to the lens-
target distance, in the case of tightly focused beams for cutting or welding
(z^ 4 z), z, is so small that one might as well consider the conjugati point at
the beam waist [Problem 7.15]. But in cases of scanning systems and
collimating problems, the conjugate point can be rernoved a considerable
distance from the waist and this must be taken into account in a design
problem. The most extreme case is the Gaussian relay case, where z, : zz : zn.

7.3.2. Calculation of Conjugate Distance Parameters

There are two general cases that should be considered. The first of these cases

assumes that the size of the new beam waist or the focal length of the lens and its
position are known. With either condition the value of a can be calculated.
Since z^ is already known and z'*: q,2zR,the product of the conjugate distances
is found from

-t -t _ -t2 _ ^,4-2zl.2 
- .R - 

q .R. (7.46)
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z'2, dL, and R'can be easily determined fProblcm 7.16]. Beyond a certain point
it does little good to carry out the calculations if a is small and 2,, ), zi . In such
acase z'r: z'ilz\ 4 z', and we may as well set z'r: O and z'r: R. But, even if
z! is substantial, the calculations are simple.

The more difficult case to compute is one in which only the target distance,
which is equal to R', and the beam diameter at the exit pupil, d\ (: dr), are given,
Using Eq. 7.44 one can immediately check to see if the value of the spot at tho
conjugate point dris small enough for the application at hand:

', 41R'uz: nilr'

This can be used to find the ratio of the conjugate distances z'rfz'r. Using Eq.
7 .45 and setting the ratio equal to y, we obtain

(7.47)

The quantity 7 is useful in determining how important the effect of conjugato
distances is. We can express z', in terms of y:

,=;:Gi)':c+)'

z\: R' - z'2: R' - yz'y

,R''t-(t+v)' (7.48)

If y < 1, we can ignore the effect of conjugate distance and set z\: R, and
z'z:0. Note that y : (4ARlnd'l)2 is a product of the initial quantities and thus
can be determined first. If, however, y is determined to be close to or greater
than unity, Ihen z'^ can be determined from z'^ : z'72'z : Z\ . lz't : yR'2lQ * fl2
and from this one can calculate that a : J/"14 [problem 7.17].

7.4. LASER BEAM ILLUMINATION

Although most of this chapter has been concerned with finding the beam
parameter relative to the waist region, not all problems require that the beam be
focused on the surface in question. In some applications such as annealing and
surface hardening, it is not necessary or useful to place the target at the beam
waist. Such considerations as uniformity of illumination and tolerance of
placement will play a part in the final design. It may be necessary to determine
irradiance distribution in three dimensions to determine the best set up for a
particular application.

TASER BEAM ITLUMINAfION 237

7,4,1. Best Ctec lllumlnntlon

ln contrast to those problems in which conjugate distances cannot be ignored,
there are those in which the y is small, and the new beam distance is
approximatedby z'r: R' : f and dr: do. These approximations in p,q.7.44
gives

(7.49)

We see that, up to a point, as the lens is filled (di is made larger), the spot
becomes smaller and thus the peak irradiance increases. Beyond this point the
lens is overfilled and the focus spot begins to take on an Airy dilfraction pattern
(Section 1.7 .3). ln this region the spot size is the diameter of the central spot of
the Airy diffraction pattern:

d'on*":2.44f , (7.s0)

where D is the diameter of the focusing lens. The problem is this: If the lens is
underfilled (d', < D) then the spot size will not be a minimum, yet the lens is
overfilled (d', > D) then there will be a loss of power through the lens. Obviously
there is some maximum point where the beam irradiance at the focus is a
maxlmum.

Following Rhyins (Ref. 7.5) we define a truncation ratio as k : d\lD. That is,

when k : 1, the lle2 poinrs on the Gaussian beam are at the edge of the lens.
For k < 1 the lens is underfilled;for k > 1 the lens is overfilled. Comparing the
Gaussian and Airy cases:

1. Gaussian case. d\: kD, where k < l, d'o: 4lnk.lf lD : (l.2llk)LF,
where F : f lD, they'number of the lens. Because the lens is underfilled, the
power through the lens would be, except for reflection losses, the total
power in the beam Po. Thus the irradiance of the spot is (using Eq. 7.49):

dLR', 41f
QO=AZ :---;

frat frQt

. 4Pot:w nk2Po ^ ,_, Po

4XrF2- 
< K 

;z,pz

4Po

as plotted in Fig. 7.ll in the region k < I.
2, Airy case. d'o :2.441f lD :2.441F. The power through the lens can be

calculated by integrating the Gaussian distribution over the lens area. As an
approximation, we assume

n * *rr'

D2 PnD2 PoP,:PoxA?: pF:n

(7.51)

(7.s2)
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n's, pt

Airy spol

(7.s3)

I
I
I
t
t
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beam waist. Tho irracliance distribution there can be described by an expression
in terms of do and z^:

I(d,z): r o exp(- (2d2 I dill( + @2 I ztr))
(7.s4)I + (z2lz2*)

where fo : 1(0, 0) the irradiance at the center of the beam waist. A plot of the
lines of constant irradiance (isophotes) is shown in Fig. 7.12. Note that there is a
change in the character ofcontours from an elongated ellipsoid to a "dogbone."
This inflection point occurs when IlIo: Ile:0.36788. In terms of optical
design, any effect that has an irradiance dependent threshold, such as in a
photographic medium, will be more tolerant of a shift of the target out of the
focus area if the beam power is adjusted to maintain the threshold value at

-31% of the central irradiance. The distribution shown here and the equations
given here are for loosely (as opposite to tightly) focused beams; beams for
which0<frad(or14").

7.4.3. Beam Shaping

For some applications a circular Gaussian beam shape is not the most elfective
irradiance distribution. There are a number of methods of converting beam
shapes from one form to another. The first of these, the cylindrical telescope, is
used in some of the beam deflection schemes described in Chapter 8. In acousto-
optic deflectors, the beam must be expanded and collimated, but only in one
direction. If negative and positive cylindrical lenses are arranged to form a
one-dimensional Galilean telescope, as shown in Fig. 7.13(a), the beam can be
expanded and recollimated in one direction, while the original beam divergence
and small beam cross sections are preserved in the other direction. It might
seem easier to just use standard spherical lenses and expand the beam in two
dimensions, but the economics of the beam deflectors require that the beam
remain small so that it can pass through a thin slab of deflector material.
Obviously, any telescope, when reversed serves as a beam compressor.
Remember, however, that even though a telescope can compress and recol-
limate a beam, the divergence increases with decreased beam waist diameter.
The restriction on the doO product holds.

Another device for changing the beam size in one direction is the prism beam

compressor (Ref. 7.7). Two prisms, arranged as shown in Fig. 7.13(b) reduce the
beam width by refraction at the second slanted interface. If the refractive indices
of the prisms are nr andn2, the compression due to the first prism oriented at
the Brewster angle (Section 1.6.1) c1: drfdt: Il\ [Problem 7.20] and that
due to the second prism, c2: Ifnr. The overall compression is the product of
the two compressions and thus the product of the reciprocals of the two
refractive indices,

1
c : ct- c2 : 

-
hthz

U nderf Overfi I I

k = dz/D

Figure 7.11. Plot ofpower (Po), spot size er') and, rrradiance (/,) as a function ollens filling factor,
k:dzlD(d::Gaussianbeamdiameteratthelens;D:lensdiameter).k<rcorrespondst6
an underfilled lens; k > I corresponds to an overfilled lens.

Since the spot size is constant, the irradiance is approximately

,_!P,_ 4 Po 4 Po ^ 1 Po
' : W: A?P:;P eAi* - p7,p

as plotted in Fig. 7 .lI for the region k > l.

Thus in both regions the irradiance falls oflas the truncation ratio departs from
unity. More precise calculations show that maximum irradiance occurs at

7.4.2. The Irradiance Distribution of a Gaussian Beam

hyperboloid of
rradiance. This
e vicinity of the

(i. s5)



Figure 7.12. Irradiance distributions of Gaussian Beams near a beam waist. (a) Contours of equal
irradiance for three orders ofmagnitude; (b) between 0.1 .Io and 10.
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Figure 7.13. Beam expansion and compression. (a) One-dimensional telescope of cylindrical
lenses used as a beam expander. (b) A two-prism beam compressor. Reversing the direction oflight
propagation changes the device from an expander into a compressor.

It is possible to arrange the prisms so that the output beam is parallel to the
input beam. Since the prisms are cut to work at the Brewster angle, reflection
losses are reduced. Some advantages to this assembly are that it is less costly to
construct and more compact than a telescope, especially for modest compres-
sion ratios. Although the system can be used to vary the compression ratio by
changing the angles of the prisms relative to the beams, this is done at the
expense of reflection losses, especially if the surfaces where the beam is normally
incident are anti-reflection coated. As was noted with the cylindrical telescope,
the function of the system can be reversed by reversing the direction of the
beam. The beam compressor is turned into a beam expander.

The two examples given above produce a fan-shaped beam, a beam with
different divergences in two orthogonal directions. The beam spreads more
rapidly in one dimension than in the other dimension, that is, 0- is p times larger
than 0, (0, : Ply\. This same situation is present in most semi-conductor diode
(injection) lasers. In many designs it is necessary to convert the fan-shaped beam
into a circular beam, with the same divergence for both dimensions. One
method would be to use a cylindrical telescope or prism beam compressor to
increase or decrease the divergence in one beam direction to match that of the
other direction. Another method, shown in Fig. 7.L4, uses a hybrid system,
composed of both cylindrical and spherical lenses. Here a cylindrical lens

increases the divergence of the beam in the more collimated direction to that of
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Figure 7.14. Hybrid system. A cylindrical diverging lens is used to diverge the more collimated
oltwo divergences in a fan-shaped beam. A spherical lens then collimates the divergent beam.

beam in the less collimated direction. That is: e;:0,: f|y. The lens must
increase the divergence of 0, by p. Since a:010' and 0,r: B0r, ar: llB.,ln
addition, since a circular beam cross section is desired, the cylindrical lens
should be located at a point where dr, : dzy.It can be shown that this location
is zr* - Bz^". Since the divergences in the two directions are different 0, : p0r,
so are the Rayleigh ranges. One can easily show that

t^n: f'z^,. (7.s6)

The Rayleigh range of the more collimated beam direction is large compared to
the other direction, so that the cylindrical lens used to increase the divergence
by p times would be inside of z^n. Thus the simple approximation of a short
focal length lens inside the Rayleigh range can be used. For that case, d :.fnlznn
and a, : lllJ determine the focal length of the lens: fr: znnlf = 02zn"l0 -
pz^",where we have used Eq. 7.56for the second equality. once the divergences
of the beam directions and the emerging beam diameters are the same, a
spherical lens can be positioned, as in the collimation case, ?t zr: f I z^"Io
produce a collimated spherical beam.

In some cases, (e.g., the diode laser), not only are the divergences different,
but the location of the beam waists do*, do, are different. In this instance
additional cylindrical lenses must be used to produce a common beam waist
location and divergence (Ref. 7.8).

7.4.4. Flat-Top Distributions

Another irradiance distribution that is useful in some applications is the "flat-
top" distribution, a variation across the beam that, at one edge, rises rapidly,
remains constant across the center of the beam and falls just as rapidly, as
shown in Fig. 7.15(a). If this distribution is rotationally symmetric about the
beam direction, it is sometimes referred to as a "top hat" distribution, since a
three-dimensional plot of irradiance in the x,y plane resembles a top hat (Fig.
7.15(b). There are a number of different methods of producing this distribution.
The simplest method is to use a mask to absorb or reflect the center of the beam
and the edges of the beam. This method is inefficient since it reduces the total

0,

A'-v
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(b)

Figure 7.t5. Non-Gaussian distributions. (a) Flat-top distribution; (b) Top-hat distribution.

energy in the beam. It also is difficult to use with high power lasers that could
damage the mask. The work region must be located close to the mask, otherwise
the distribution caused by diffraction will change in the far field.

One ingenious device that suffers only one of the drawbacks of the other
methods (difficulty to produce) is the phase grating. The idea behind the phase
grating is that a flat-top distribution in the far field is produced by an electric
field distribution that has the form sin QlQ, as shown in Fig. 7.16(a). lf a
Gaussian beam illuminates a phase grating, a distribution of transparent
material, which retards some parts of the beam by 180" with respect to the
other parts, the transmitted electric-field amplitude will resemble the sin Sl$
function. In the far field, the distribution will close to a flat-top distribution,
Fig. 7.16(b) (Ref. 7.9). By changing the periodicity of the grating and reducing
the retardation to 144", lhe flat-top distribution is enhanced. By combining
the phase grating with a prism beam compressor a narrow flat-top distribution
can be produced in the far field. Finally, it should be noted, a phase grating
can be used to approximate other distribution. Since the relation between the
phase grating output and the far-field pattern is that one is the Fourier transform
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I DEAL SYSTEM PI-IASE GRATING APPROXIMATION

0
Original
Gau ssian
prof ile

Phase
grati ng--T-: 

).

g -q - Tn-1:

Near-f ield
transm itted
amplitude

Far-field
i rradiance
di stributionx

(a) (b)

Figure 7.16. Binary phase grating. In an ideal system (a), a beam with an amplitude variation of
sin $l$ near a diffracting aperture will, in the lar field, produce a flat-top irradiance distribution.
An approximation (b) may be produced by illuminating a binary phase grating with a Gaussian
beam.

of another, one must determine the closest phase grating approximation to
the necessary output and construct a grating to produce it.

7.5. HIGHER ORDER MODES

The Gaussian beam is not the only irradiance distribution of radiation that can
be produced by a laser, but it is the most fundamental. The resonant cavity
referred to earlier may be able to support a number of other stable distributions,
or modes, but none are as compact as the Gaussian beam and all contain nulls
(regions of no radiation) within the irradiance distribution. The Gaussian beam
is also called the TEMoo mode, a notation taken from the descriptions of
electromagnetic field distributions in microwave cables and cavities. The other,
higher order modes are labeled TEM-,, where either m or n or both are greater
than zero. In Fig. 7.17 there are shown a number of these distributions along
with the TEM'' mode. Note the null lines in the distributions of the higher
order modes. Calculations based on the electromagnetic field equations show
that their intensity variations are described by polynomial functions multiplied
by a Gaussian. A number of these have been plotted in Fig. 7.18. The
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Figure 7.17. Transverse mode distributions.

descriptions of the propagation of higher order modes parallel those of the
TEMoo modes, and many of the results can be derived by using the TEMoo
mode values (Ref. 7.2).

For a higher order mode TEM., the beam spot size is a best fit to a rectangle
ol dimensions d"(0) by dr(0). There is a relation between the spot size and the
divergence for higher order modes similar to that for the fundamental mode
(Ref. 7.10).
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where d,-(0) and dr"(O) are the beam diameters at z : 0 for the m and 14 orders
respectively and

d,.(o): nEiido,

(7.s7a)

(t.s7b)

(7.58a)

(7.58b)

(7.s8c)

(7.s8d)

dr,(o) : nE+ldo,

0,*: n6ie,
on,: ,f 2rr+ lo,



OAUSSIAN BBAMS

nE2

n= l0

Figure 7.18. The profiles for higher-order modes. These are products of a Gaussian distribution
and a polynomial (Hermite) function.

and do,0 are the TEMoo mode values [Problem 7.21]. Thus higher order modes
-have a larger spot size and divergence, but, by definition, the Rayleigh range

LRm 
-
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remains the same. one difficulty with this measure of higher order mode spot
size is that most of the energy is outside of the rectangle of dimensions d,.(0) by
dn,(O). Apraclical alternative definition for higher order mode beam dimensions
is the distance between the outermost radiance peaks (e.g., n : I0 in Fig. 7.1g).

PROBLEMS

7.I. If the beam waist diameter of a TEMoo output of an argon laser
operating at the 514.5nm line is 1.5mm, what are the divergence and
Rayleigh range of the beam?

7.2. Derive the stability condition for laser resonators, O < grgz < 1, based
on the definitions of g , and g, gtrven in the text and the requirement that
zt^ > 0-

7.3. A laser has mirrors whose radii of curvature are3.33m and -1.5m. If
they are I m apart, where is the beam waist located and what is the
Rayleigh range?

7.4. A dye laser operating in the TEMoo mode at 620nm has a full angle
beam divergence of 7.2 mrad. The beam is to be focused to a diameter of
32pm. Assume the initial beam waist is at the output mirror of the laser.
(a) If a 32-mm focal length lens is chosen, where should it be located?
(b) If a lens must be positioned 160mm from the beam waist of the

laser, what focal length is needed to produce the 32 pm spot size
and where would the beam waist be located?
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7.5. A 100-pm boam waist must be positioned 7.5m from a CO, laser
(/, : 10.6 pm) which has a divergence of 10mrad, Find the focal length
of the lens needed to accomplish this. (Assume beam waist is at the
output mirror.)

7.6. A helium-cadmium laser (,1 :442nm) has a full angle divergence of
0.562mrad. A positive lens is to be used to produce a 10pm spot at a
distance of 50 mm from the beam waist which is located at the output
mirror of the laser. What is the focal length of the lens and where should
it be placed?

7.7. Determine the relay geometry for two cases other than those given at the
end of Section 7.2.3. (a) zz: 3l2f and (b) zr: f 12. Express the distance
between beam waists in terms of z^ .

7.8. Show that (a) the Rayleigh range is a maximum when z, : f and that (b)
a refocused Gaussian beam has a maximum lens-waist distance, z'r,
when zr: f + zR. Note that z^ is always positive.

7.9 Plot the beam waist position as a function with lens position along the
beam axis in the vicinity of z', : f" t z!. (collimation point). Show that
the collimation point is located at z'i : f. + t';.

7.10. What is the maximum collimation distance for an argon ion laser
operating in the deep blue at 457.9 nm with a 2 mm beam diameter given
a 10x telescope made up of a *5 mm lens and a *50 mm lens?

7.1I. A Gaussian beam whose wavelength is 442nm and divergence is 3 mrad
has its divergence increased by a thick plano-convex lens whose flat
surface 15 cm from the beam waist faces the input beam, whose second
radius of curvature is - 30 mm, whose refractive index is 1.61 and whose
thickness is 7.5 mm. What are the new beam characteristics and where is
the new beam waist located? IJse a paraxial calculation. How do these
compare to a thin lens ray trace for an equivalent lens?

7.12. A 10 x microscope objective (f : 16 mm) is used to focus a helium-neon
laser beam into the center of a 100-pm thick specimen (n:1.359)
mounted on a microscope slide of.crown glass (n : L5l7).If a 0.5-mm
thick cover glass (crown,n : 1.517) is laid on the specimen, how will this
affect the focus? Use the paraxial form to determine the elfect.

7.I3. Compare the results (do,O,z^) of focusing an argon laser (,1 : 488 nm)
beam (0 : l.2mrad) with the lens in Example 5.D as a thick lens using
the paraxial treatment with that of a thin lens. The lens is 50 mm from
the laser beam waist.

7.14. Using the expressions for dr,dr,R,and the conjugate relation z122: Z1p;

derive Eqs. 7 .44 and 7 .45.
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7.15. Show that under the conditions of e strong foeus: z^ ( zr, that the other
conjugate distance z, is effectively locnted 0t the beam waist.

7.16. Using the equations presented in this chapter and the conjugatc
condition, z'22', : zi2, show that for a beam refocused by a thin lens Of
focal length I that the conjugate variables in terms _of the original beam
variables dslz2,zpztE

22:
r3-2J zn

lQ, - f) + z'z"llz3 -f z2^ - fzrl'

,, dtf'(zl + z'z^1

-2 lz/ + z'z^ - ftrl"

f(zl + z'z^l

_z , _2 frr.L2 -T .R -

7 .Il . You are contracted to produce a laser show at an amusement park,
Unfortunately, the best area for exhibit is a large sheet of cloth on the
side of the park's star attraction, a roller coaster called "The Great
National Screech Machine." The management would like to know how
small of a spot you are going to project onto the sheet. To produce the
size of display you want, you have to be 250 feet from the surface. The
largest scanning mirrors you can use without slowing down the display
noticeably are 10-mm-diameter mirrors. If you have a 5-watt argon ion
laser whose output beam diameter for,t : 488 nm is 1.2 mm, what is the
smallest spot you can project and what is the irradiance at the center of
the spot? Is it useful to use conjugate distances here?

7.18. A helium-neon laser ( : 633 nm, 0 :, 0.8 mrad) is collimated by a 10
power telescope to illuminate a circular scanning mirror. How large
must the mirror be so as not to change significantly the Gaussian
profile?

7.19. A 10 power microscope objective (f :16 mm) is used to converge a
laser beam to a spot and then diverge. Variations and deviations
in the irradiance of the beam, profile causes light to be directed away
from the central spot and into an area some distance from it. If a pinhole
of the appropriate diameter is inserted at the beam waist, the Gaussian
beam will be transmitted while light due to the non-Gaussian irradiance
variation will be blocked leaving a smoothed Gaussian beam. This
technique is called spatial filtering (Ref. 7.11). Assuming that a helium-
neon laser ( : 633 nm) has a 1 mrad divergence, what is the diameter of
the smallest pinhole that can be used to filter the beam without intro-
ducing Airy rings into the pattern ? Show, in general, that for a laser with a
1 mrad beam divergence, the product of the power of the lens
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(d : 160 mr,l'll') end the diameter of the pinhole in microns is approxi-
mately 250 micrometers. (The power of a microscope objective, as

defined here, is a dimensionless quantity.)

7.20. Show that the compression in dimension of a beam diameter by a prism
oriented at the Brewster angle 0" is equal to the reciprocal of the
refractive index of the prism.

7.2I. How much larger is the beam area at a distance of 10 m from a laser that
is tuned to TEMrn than one tuned to TEMoo?
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