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Exercise No.13: Optical parametric amplification. Raman and Brillouin lasing

1. Stimulated Raman Scattering

We describe the motion of a molecule using the equation of a harmonic oscillator with a source
field term on the right-hand side:

d2q̃
dt2 + 2γ

dq̃
dt

+ ω2
v q̃ =

F̃(t)
m

Dipole Moment and Energy

The dipole moment of a molecule and its energy in an electric field are given as:

p = αE, W =
1
2
⟨p(z, t)E(z, t)⟩

Using p̃(z, t) = ϵ0αẼ(z, t), we write:

W̃ =
1
2

ϵ0α⟨Ẽ2(z, t)⟩

Taking the gradient of energy, the force acting on the vibrational mode is:

F̃ =
dW
dq

=
ϵ0

2

(
dα

dq

)
0
⟨Ẽ2(z, t)⟩

Optical Fields and Molecular Vibrations

The total optical field is expressed as:

Ẽ(z, t) = ALei(kLz−ωLt) + ASei(kSz−ωSt) + c.c.

Using the above, the force becomes:

F̃(z, t) = ϵ0

(
∂α

∂q

)
0

[
AL A∗

Sei(Kz−Ωt) + c.c.
]

where K = kL − kS and Ω = ωL − ωS.
The amplitude of molecular oscillations is:

q(Ω) =

(
ϵ0
m

∂α
∂q

)
0

AL A∗
S

ω2
v − Ω2 − 2iΩγ

Phase Matching

The phase-matching condition is automatically satisfied because optical phonons exhibit a nearly
constant dispersion relation, ensuring wave vector equality if frequency equality is met.
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Nonlinear Polarization and Raman Susceptibility

The total polarization is:
P̃(z, t) = ϵ0Nα(z, t)Ẽ(z, t)

where α(z, t) = α0 +
(

∂α
∂q

)
0

q̃(z, t).
The nonlinear term is:

P̃NL(z, t) = ϵ0N
(

∂α

∂q

)
0

[
q(Ω)ei(Kz−Ωt) + c.c.

]
· Ẽ(z, t)

For the Stokes component, we have:

P̃NL,S(z, t) = ϵ0N
(

∂α

∂q

)2

0

A2
L AS

ω2
v − Ω2 + 2iΩγ

eikSz

Raman susceptibility is defined as:

χR(ωS) =
ϵ0N
m

(
∂α

∂q

)2

0

2. Stimulated Brillouin Scattering (SBS)

The phase-matching condition for SBS is:

ω2 = ω1 − ΩB

The dispersion relation for acoustic phonons is:

ΩB = |qB|v, qB = k1 − k2

In optical fibers, acoustic waves propagate either forward or backward. For backward scatter-
ing, qB = 2k1 and:

ΩB =
v

c/n
(ω1 + ω2)

Electrostrictive Force

The electromagnetic energy is:

U = −1
2

ϵ0αE2

The electrostrictive force is the gradient of this energy:

F = −∇U =
1
2

ϵ0α∇(E2)

Acoustic Wave Equation

The density variations ρ obey the wave equation:

δ2ρ

δt2 − Γ∇2 δρ

δt
− v2∇2ρ = ∇ f

Solving this under the slowly varying amplitude approximation yields:

ρ(z, t) =
ϵ0γeq2A1A∗

2

Ω2
B − Ω2 − iΩΓB

The SBS gain coefficient is derived from the coupled wave equations for the optical and acous-
tic fields:

g = g0
ΓB/2

(ΩB − Ω)2 + (ΓB/2)2
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