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Technology w with nominal flow
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MILP formulation

min
Rr,yw,fw,E+,E−

(
nw∑

w=1

C2wfw + Cel+E+
− Cel−E−) ∗ t

+
nw∑

w=1

C1wyw +
1

τ
(

nw∑

w=1

(CI1wyw + CI2wfw))

nw∑

w=1

fwqw,r +

ns∑

s=1

Qs,r + Rr+1 − Rr = 0 ∀r = 1, ..., nr

Rr ≥ 0 ∀r = 1, ..., nr; Rnr+1
= 0;R1 = 0

nw∑

w=1

fwew + E+ − Ec ≥ 0

nw∑

w=1

fwew + E+
− Ec − E−

= 0

fminwyw ≤ fw ≤ fmaxwyw yw ∈ {0, 1}

E
+ ≥ 0;E− ≥ 0

Subject to : Heat cascade constraints

Electricity consumption Electricity production

Feasibility

Energy conversion Technology selection

Operating cost

Fixed maintenance

Investment



Linearisation of non linear function

fw

CAPEXw

fminw

C
I1

w

CI2w

fmaxw

CAPEXw = CIref ( fw)γw ≈ CI1w ⋅ yw + CI2w ⋅ fw
fminw ⋅ yw ≤ fw ≤ fminw ⋅ yw



Piecewise linearisation of non linear function

fw

CAPEXw

fminw,1

C
I1

w
,1

CI2w,1

f m a xw,1 = f minw,2

CAPEXw = CIref ( fw)γw ≈ ∑
i

CI1w,i ⋅ yw,i + ∑
i

CI2w,i ⋅ fw
fminw,i ⋅ yw,i ≤ fw ≤ fminw,i ⋅ yw,i ∀i

C
I1

w
,2

fmaxw,2

CI2w,2
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Mixed Integer Problems

• MILP
– Mixed Integer Linear Programming problems

• Linear constraints & objective
• continuous and integer variables

• MINLP
– Mixed Integer Non Linear Programming 

problems
• Non linear constraints & objective
• continuous and integer variables



MILP : Branch & Bound Method

• Solve LP at each node
– start with integer variables = continuous

• Progressively “integerify” by systematically 
adding constraints (Branch)

➡the objective is worsening
• when a set where all zi is integer

– define the bound (the objective function 
will never be worse then this value

• re-explore the branches
– cut the three exploration when the 

objective function reaches the bound
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MILP optimization
• Linear programming

– optimum defined by constraints
• max/min
• Pinch points

– Cost may create strange results
• if electricity is cheaper than the fuel, a heat pump becomes an electrical heater

– Integer variables for technology selection
• Can be used to select among options

• Heat balance constraints
– if the hot and cold utility have not the appropriate levels no solution is found
– max flows may prevent to close the balance
– max flows may prevent convergence

• Additional constraints
– have to be satisfied

• Need to analyze solutions

yi · fmin  f  yi · fmax

1.  0.000001 · 100000000
is yi = 0.000001 =? 0 or 1



Logical constraints

€ 

au moins 1 des 4 :  yi
i=1

4

∑ ≥1

au plus 1 des 4 : yi
i=1

4

∑ ≤1

1 ou 2 : y1 + y2 = 1
si 1 alors 2 : y2 ≥ y1

si a alors pas b yb ≤ (1− ya )

At least 1 of 4

At most 1 of 4

y1 or y2
if y1 then y2

if y1 then not y2



Generating order list of Integer Sets Solutions

• Integer cut constraint
– assuming that we know already k solutions
– problem k + 1 is defined by adding to the 

previous MILP problem the integer cut 
constraint

Problemk+1 :

Problemk

nyX

i=1

(2yki � 1) ⇤ yi 
nyX

i=1

yki

where yki value of yi in solution of problem k
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RAk = Rref -
n k
Σ
r=k

(
nAw
Σ
w=1

fw qwr +
nA
Σ
i=1

Qir ) - Rn k+1

RBkp = 0 => Rref = -
nk
Σ

r=kp
(
nBw
Σ
w=1

fw qwr +
nB
Σ
i=1

Qir )

RBk = Rref +
nk
Σ
r=k

(
n Bw
Σ

w=1
fw qwr +

nB
Σ
i=1

Qir )

Hot and cold streams

Sub-set A
Sub-set B : complement

T

QChoose a reference : pinch point of the process streams

The goal is to understand the solutions

Evaluate : the Integrated Composite Curves
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COMBUSTION INTEGRATION : Plus-Minus
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Gas Turbine : fixed size

0 20 40 60

T(K)

Q(MW)
-20

Energy available or excess

Fuel

Air

P1

P2

H

S

€ 

˙ E =ηGTe * ˙ m fuelGT * LHVfuel

€ 

T
stack
min

€ 

˙ Q GT = ˙ m fuelGT * LHVfuel *ηGTth

€ 

˙ Q = ˙ m fuelPC *UHVfuel + ˙ m fuelPC * LHV fuel * (ηGTth )€ 

ToPC = T0 +
˙ m fuelPC + ˙ m fuelGT * (1−ηGTe )
˙ m fuelPC

(Tad −T0)
+

˙ m fuelGT * (1−ηGTe )
(ToT −T0)

€ 

ToPC

€ 

ToGT

€ 

ηGTe = 30 − 38%

ηGTtgc
= 55 − 47%

ηGT = 85%



Targeting model : combustion and gas turbine

Fuel

Air

Post combustion

Hot stream corresponding to the post combustion (heat available for convective heat ex-
change)

Qpc
g = fpc

g ⇥ ṁg ⇥ cpfg ⇥ (Trad� TOTg) ⇤g = 1, ng (14)

where Trad is an arbitrary temperature used in the combustion model and represent-
ing the limit of the radiative exchange;

fpc
g is the fraction of the nominal gas turbine flue gas flowrate used for post

combustion;
Qpc

g is the heat load supplied by the flowrate fraction of the flue gas flowrate
of gas turbine g used in the post combustion device.

Fuel consumption in the gas turbine g

ncgt�

c=1

fg
c ⇥ LHVc � (yg ⇥ FCIg + fg ⇥ FCPg) = 0 ⇤g = 1, ng (15)

where ncgt is the number of fuels available for combustion in the gas turbines;
LHVc the lower heating value of the fuel c;
fg

c the flowrate of the fuel c in the gas turbine g;
yg ⇥FCIg +
fg ⇥ FCPg

is the linearised fuel consumption of gas turbine g as a function of its
level of utilitisation.

Electricity production with the gas turbines Wgt

Wgt �
ng�

g=1

(yg ⇥WIg + fg ⇥WPg) = 0 (16)

where yg ⇥ WIg + fg ⇥ WPg is the linearised mechanical power production of the gas turbine g
as a function of its level of utilisation.
The parameters for the linearisation are computed by simulation considering the partial load
operation of the gas turbine. For each gas turbine g, the unknowns are fg, yg, fpc

g while the
other parameters are obtained from the thermo-economic models. The quality of the linearisation
will mainly depend on the range in which the partial load operation is expected to happen in
the optimal situation.
The operating costs OCgt and the investment costs ICgt of the selected gas turbines are computed
by :

ng�

g=1

(yg ⇥OCIg + fg ⇥OCPg)�OCgt = 0 (17)

ng�

g=1

yg ⇥ ICIg � ICgt = 0 (18)

where yg ⇥OCIg + fg ⇥OCPg is the linearised maintenance cost of gas turbine g as a
function of its level of utilisation ;

yg ⇥ ICIg is the investment cost of gas turbine g from the data base
catalog;
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The fraction of the flue gas of the gas turbine used in the post combustion is limited to the
level of utilisation of the gas turbine g.

fpc
g ⇤ fg ⇧g = 1, ng (19)

The combustion model is made of di�erent equations: (??) includes di�erent terms representing
the oxygen balance required by the combustion of the fuels and the oxygen supplied by air and
post combustion flue gas.

ng�

g=1

fpc
g ⇥ ṁg ⇥ xO2

g + fair ⇥ xO2
air +

na�

a=1

fa ⇥ ṁa ⇥ xO2
a �

nc�

c=1

fc
c ⇥ �O2

c ⌅ 0 (20)

where xO2
g is the oxygen content of the flue gas at the outlet of the gas turbine g

xO2
air is the oxygen content of the ambient air

fair is the amount of air used by the combustion in the system
fc

c is the flowrate of fuel c used in combustion, (fc ⇤ fmax
c ), its specific cost

is Cc

ṁf
c is the fumes floware resulting from the combustion of fuel c

cpf
c is the mean specific heat of the fumes resulting from combustion. This

cp is considered between Trad and Tstack
nc is the number of fuels that can be used in the system including those for

firing the gas turbine (ncgt)
�O2

c is the oxygen requirement per unit of fuel c. For practical reasons, the
oxygen requirement includes the minimum oxygen excess for this fuel

xO2
a is the oxygen content of the enriched air stream leaving the air separation

unit a
ṁa is the flowrate of enriched air leaving the air separation unit a in nominal

conditions
fa is the level of utilisation of air separation unit a, fmin

a ⇥ ya ⇤ fa ⇤
fmax

a ⇥ ya

ya is the integer variable representing the use or not (1,0) of the air sepa-
ration unit a

fmin(max)
a is the minimum (maximum) level of utilisation of the air separation unit

a
na is the number of air separation units considered in the system

Fuel consumption balance of any fuel c that might be used either in gas turbine either in
standard combustion.

fc
c +

ng�

g=1

fg
c � fc = 0 (21)

where fc is the overall consumption of fuel c
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Hot stream corresponding to the post combustion (heat available for convective heat ex-
change)
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Cel+ the selling price of electricity [MU/kJ ];
Cel� the electricity cost at import [MU/kJ ];
t the total annual operation time [s/year] ;
Ẇ c the overall mechanical power needs of the process; Wc < 0 if the

overall balance corresponds to a mechanical power production [kW ];
xk the (nx) additional variables used in the additional equations of the

technology models;
ai

w, ci
w respectively the coe⇥cients of the multiplication factor and the inte-

ger variables of technology w in the constraint i in the e�ect models;
di

k, bi respectively the coe⇥cients of the additional variables and the in-
dependent term in the constraint i in the e�ect models;

xminr, xmaxr respectively the minimum and maximum bounds of xr;
fminw, fmaxw the minimum and maximum values accepted for fw.
i the annualisation interest rate
nyears the expected life of the equipment [year]

The method presented may be applied to any kind of energy conversion technologies. It
is based on the assumption that the operating conditions have been defined for each of the
equipment concerned and that only the flowrates are unknown. This is a limiting assumption
but it allows to solve most of the problems of energy conversion integration mainly because non
linearities may usually be solved by discretising the search space. The method has been further
adapted to compute the optimal integration of steam networks, to incorporate restricted matches
constraints, to integrate refrigeration cycles and Organic Rankine Cycles as well as heat pumps.
It has been applied to integrate new technologies likes the partial oxidation gas turbine, or to
design new type of power plants by introducing the concept of isothermal gas turbines.

4.1 Gas turbine and combustion system

In order to demonstrate the ability of the formulation to tackle complex problems, the model
for computing the integration of gas turbines and combustion will be given in more detail . The
purpose is to explain how to formulate the problem as a linear problem even if the models appear
to be non linear. The model represents the integration of the gas turbine including its partial
load operation, the possible post-combustion of the gas turbine flue gas, the use of di�erent fuels
in the gas turbine and in the post combustion, and of course the integration of conventional
combustion in a radiative furnace with possible air enrichment or air preheating. The post
combustion and the partial load models are required because there is no possibility of identifying
a gas turbine model whose heat load will perfectly match the heat requirement of the process.
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Cel+ the selling price of electricity [MU/kJ ];
Cel� the electricity cost at import [MU/kJ ];
t the total annual operation time [s/year] ;
Ẇ c the overall mechanical power needs of the process; Wc < 0 if the

overall balance corresponds to a mechanical power production [kW ];
xk the (nx) additional variables used in the additional equations of the

technology models;
ai

w, ci
w respectively the coe⇥cients of the multiplication factor and the inte-

ger variables of technology w in the constraint i in the e�ect models;
di

k, bi respectively the coe⇥cients of the additional variables and the in-
dependent term in the constraint i in the e�ect models;

xminr, xmaxr respectively the minimum and maximum bounds of xr;
fminw, fmaxw the minimum and maximum values accepted for fw.
i the annualisation interest rate
nyears the expected life of the equipment [year]

The method presented may be applied to any kind of energy conversion technologies. It
is based on the assumption that the operating conditions have been defined for each of the
equipment concerned and that only the flowrates are unknown. This is a limiting assumption
but it allows to solve most of the problems of energy conversion integration mainly because non
linearities may usually be solved by discretising the search space. The method has been further
adapted to compute the optimal integration of steam networks, to incorporate restricted matches
constraints, to integrate refrigeration cycles and Organic Rankine Cycles as well as heat pumps.
It has been applied to integrate new technologies likes the partial oxidation gas turbine, or to
design new type of power plants by introducing the concept of isothermal gas turbines.
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Ė = fg�e,gṁfuel,gLHVfuel,g



Targeting the optimal integration : model

• MILP formulation
Gas turbine g : hot stream from ToT to Tstack

Fuel 
balance

Electricity

Operating cost

Investments

Part load 
efficiency

unknown



Combustion model

O2 balance

Post combustion

Post comb Air Enriched air Fuels

Heat above Trad Fuels

Fuels

Enriched air

Enriched air

Preheating

Air

Airnc�

c=1

(fc ⇥ (LHVc + (cpair ⇥
�O2

c

xO2
air

⇥ (Trad� T0))))� fair ⇥ cpair ⇥ (Trad� T0)

�
na�

a=1

fa ⇥ ṁa ⇥ cpa ⇥ (Trad� TOa)�
ng�

g=1

Qpc
g + Qprh �Qrad = 0

Post comb

Heat from Trad to stack

Hot stream from Trad to ToT



Outlet temperature calculation

Stream i :

Add linear constraints

Compute the temperature a posteriori

Define n streams as segments



Steam network integration

fl
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Process 1 Process 2

HRB

C

Cooling system

Figure 17: Steam distribution network as a way of realising process streams heat exchange and
converting available exergy from a process

24



Steam cycle superstructure

• Systematic generation

• Only T,P for each level
– Mechanical power

– Hot & cold streams
• DTmin/2

• Level heat&mass balance

f24

f34

fs1

fs2

...

reheat

[1] F.  Marechal and B.  Kalitventzeff. Targeting the 
optimal integration of steam networks. Computers 
and Chemical Engineering, 23:s133–s136, 1999.

Steam production

Steam extraction

Reheat

Expansion

wi,j = min((hi − hj), ηis(hi − his(Pi, Ti, P j))



MILP model with the steam cycle

i = 1, ..., nv; j = 1, ..., nu; k = 1, ..., nk

fminwyw ≤ fw ≤ fmaxwyw
yw ∈ {0, 1}

Rr ≤ 0 ∀r = 1, ..., nr;Rnr+1
= 0; R1 = 0

∑

w∈{(j,k);(k,i);c}

fwqw,r +

ns∑

s=1

Qs,r + Rr+1 − Rr = 0 ∀r = 1, ..., nr

∑

w∈{(i,j)}

f t
www −

∑

w∈{(k,i)}

fwwpw = W

nv∑

i=1

ki,wf t
i,w +

nk∑

k=1

fk,w −

nk∑

k=1

fw,k −

nv∑

i=1

fw,i −

nu∑

i=1

f t
w,i = 0 ∀w

Heat cascade equation

Pressure level balance

Mechanical power balance

Existence of heat exchange or expansion

IN OUT



Integrated composite curve : steam network



The refrigeration system

• Multi components
• Multi pressure levels
• Methane : 1 level
• Ethylene : 3 levels
• Propylene : 4 levels

Cycle	 T evaporator (K)

METH1	 	 136	 

ETH1	 	 171,6	 

ETH2	 	 199,25	

ETH3	 	 212,51	

PROP1	 	 233	 

PROP2	 	 248	 

PROP3	 	 277	 

PROP4	 	 291	

Complex systems



Refrigeration effect : reference flow = flow in the condenser

PROP1

α4

(1-α4)

α3.(1-α4)

(1-α3).(1-α4)

α2.(1-α3).(1-α4)

(1-α2).(1-α3).(1-α4)

Tc

Te
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qeva
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∑

€ 

qcond
c,r = (hout _ compr − hout _ cond

r )Condenser : hot stream

Compression : mechanical power

Evaporation : cold stream

€ 

α c,r (Psc ,r )* (1− α c,r (Pt ))
t=1
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∏
% 

& ' 
( 

) * 

wPROP_1= (1-α1).(1-α2).(1-α3).(h4 -h0) + α3(1-α1).(1-α2).(h3 -h0)

+ α2(1-α1). (h2-h0) + α1(h1 -h0)

h0

h1

h2

h3

h4



Propylene cycle model

PROPC
1

2

PROPC_1

Condenser or under cooling

Evaporator

PROP4

Wmec4

PROPC PROP3

Wmec4

Wmec3

α4
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PROPC
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Qcond
r = f c ,r * qcond

c,r
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∑

Heat load in the condenser
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W r = f c,r *wc,r

c=1

nc
r

∑

Mechanical power



€ 

Minimise
R k,y w ,f w

ywC1w + fwC2w( )
w =1

nw

∑ + Cel* ELi − Celo *ELo (P1)

subject to :
heat balance of the temperature interval k

fwqwk
w =1

nw

∑ + f c,rqcond,k
c ,r

c=1

nc
r

∑
r=1

nr

∑ − f c,rqeva,k
c,r

c=1

nc
r

∑
r=1

nr

∑ + Qik
i=1

n

∑ + Rk+1 − Rk = 0 ∀k =1,...,nk

Wcr − f c,r *wc,r

c=1

nc
r

∑ = 0 ∀r =1,...,nr

f minc,r y c,r ≤ f c,r ≤ f maxc,r y c,r , y c,rε 0,1{ } ∀c = 1,...,nc
r,∀r =1,...,nr

Electricity production : fw *ww
w =1

nw

∑ − Wcr
r =1

nr

∑ + ELi − ELo = 0

consumption: fw *ww
w =1

nw

∑ − Wcr
r=1

nr

∑ + ELi ≥ 0

f minw yw ≤ fw ≤ f maxw yw , ywε 0,1{ } ∀w = 1,...,nw
Rk ≥ 0 ∀k = 1,...,nk +1 R1 = 0, Rnk +1 = 0

Optimisation model
• Goal : to compute the optimal flow-rate in each effect



Integrated process and refrigeration system
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Propylene condenser : 319 K

ETHCETHC

Condenser

Evaporator METHP
826 kW

METHI
457 kW

METHC
2016 kW

METH1
879 kW

365 K
279 K

366 K

159 K136 K136 K

139 K

302 K

PROPC1

2
PROPC_1



After process modifications

Actual Optimized Simulation Off streams

Wmec Wmec Wmec Wmec 

kW kW kW kW

PROP1 17297 12685  - 10924
PROP2 5314 4281  - 4114

PROP3 6598 4759  - 4589

PROP4 1489 377  - 357

PROP1_1 1520 2029  - 2061

PROP2_1 0 0  - 0

Total propylene 32218 24131 26284 22045

ETH1 919 705  - 281

ETH2 312 463  - 248

ETH3 1378 655  - 343
Total ethylene 2609 1823 2001 872

METH1 746 655 655 0

Off streams contribution 0 0  - -827

TOTAL 35573 26609 28940 22090

38%

17%


