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Solving an optimization problem
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Optimisation problem

n : Decision Variables

Objective function

m : Model
+

Specifications

Constraints

Degrees of freedom : n-m

Solving method

The goal of the optimisation is to fix the value of the n-m degrees of freedom

min
Xvariable

f(Xvariable,⇡parameters)

h(Xvariable,⇡parameters) = 0

Xvariable � ⇡specification = 0

g(Xvariable)  0

Xvariable,min  Xvariable  Xvariable,max
<latexit sha1_base64="SH3vhlzt9Aagj2pHJ2/uajttFkw="></latexit><latexit sha1_base64="SH3vhlzt9Aagj2pHJ2/uajttFkw="></latexit><latexit sha1_base64="SH3vhlzt9Aagj2pHJ2/uajttFkw="></latexit><latexit sha1_base64="SH3vhlzt9Aagj2pHJ2/uajttFkw="></latexit><latexit sha1_base64="TPLErlNX0cfctKGz7rJ3niN1w+4="></latexit><latexit sha1_base64="TPLErlNX0cfctKGz7rJ3niN1w+4="></latexit>
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Non linear Optimisation methods : iterative

•Direct search
– Exploring the search space from a location to find the lowest point

•Easy to use and robust
•High computing time

• Indirect search
– Mathematical condition of the optimality

•More efficient
•More complex (derivatives)

•Heuristic methods
– Explore the search space based on a property of the system

•e.g. genetic algorithms
•Global optimum
•Very high computing time
•Highly dependent on the quality of the model
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Direct search methods�

Unconstrained problems�
Black Box Approach

min
Xdecision

f(Xdecision)

Xdecision,min  Xdecision  Xdecision,max
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1 DOF method

•Direct search
– Interval reduction

– Gold number

– Polynomial approximation

0

10000

20000

30000

40000

0 50 100 150 200 250 300

€ 

xmax − x2 = x1 − xmin

et
x1 − xmin
xmax − x1

=
xmax − x1
xmax − xmin

=
5 −1
2

≈ 0,618

€ 

xmin < x1 < x2 < xmax

€ 

f (x) = a + bx + cx 2 ⇒
δf
δx
$ 

% & 

*

= 0⇒ x* =
−b
2c

Avec 3 points :

x∗ =
1
2
x2

2 − x3
2( ) ⋅ f1 + x3

2 − x1
2( ) ⋅ f2 + x1

2 − x2
2( ) ⋅ f3

x2 − x3( ) ⋅ f1 + x3 − x1( ) ⋅ f2 + x1 − x2( ) ⋅ f3

From the best points : generate a new point and eliminate the worst one

With 3 points
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Unconstrainted , multi variables

• 1rst order, follow the slope  
+ choose the distance (1 dimension problem)

€ 

x k+1 = x k + λksk = xk − λk ∇ f x k( )
directiondistance

Slope calculation
Linear approximation from previous steps
Numerical calculation of derivatives

distance : 
‣ fixed size
‣ 1 dimension optimisation

�k
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min
�k

f(xk+1)
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Indirect search methods

• Unconstrained problem
• Express the conditions of optimality

• Transform optimisation into solving a set of equations
– N variables => N derivatives  

=> NxN problem ( 0 DOF) 
• Inequalities = safe guards => constrained problems

min
Xdecision

f(Xdecision)

is equivalent to rf(Xdecision) = 0

Xdecision,min  Xdecision  Xdecision,max
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2nd order method : quadratic approximation

€ 

f (x) ≈ q(x) = f (xk) +∇T f (xk ) Δxk +
1
2

(Δxk )T  H (x k) (Δxk )

∇q(x) = 0 ⇒∇f (xk ) + H (xk ) (Δxk ) = 0
x k+1 − x k = Δxk = −  [H (x k)]−1 ∇f (xk )

Avec H (x k) =
δ 2 f (x)
δxiδx j

:hessien

si H n'est pas défini positif ⇒ H = H +βI
β >>  plus grande pente
β << Newton

∇f (x k) =
δf (x)
δxi

:gradient

Newton method

with Hessian Matrix

when H is not definite positive
steepest descent

2nd derivative !
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Indirect search methods�

Constrained problems�
�

Simultaneous approach�
Two level approach

min
Xdecision

f(Xdecision)

h(Xdecision) = 0

g(Xdecision)  0

Xdecision,min  Xdecision  Xdecision,max
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Constrained programming

• Canonical formulation :
min f(x) x=[x1,x2,…,xn]

Subject to hj(x) = 0 j=1,…,nh
gk(x) ≥ 0 k=1,…,ng

Inequality constraints are first converted into equalities by adding 1 equation and 
1 variable (sk ≥ 0) : The slag variable


	 	 gk(x) -sk2 = 0	 	 k=1,…,ng

New problem


min f(x) x=[x1,x2,…,xn, sg]
Subject to hj(x) = 0 j=1,…,nh

gk(x) -  sk2 = 0 k=1,…,ng
xv,min ≤ xv ≤ xv,max v=1,…,nv 

sk ≥ 0    k=1,…,ng
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Constrained programming

New problem


min f(x) x=[x1,x2,…,xn, sg]
Subject to hj(x) = 0 j=1,…,nh

gk(x) -  sk2 = 0 k=1,…,ng
xv,min ≤ xv ≤ xv,max v=1,…,nv 

sk ≥ 0    k=1,…,ng
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Reduced gradient

• Variables are divided into two groups :
• Basic Variables are calculated by solving the set of 

equations for fixed values of the Non Basic variables
Xbase = X(Xnbase) : h(Xbase, Xnbase) = 0

minXnbaseF (X(Xnbase), Xnbase)

subject to Xmin  Xbase(Xnbase)  Xmax

New unconstrained problem

S(Xnbase)? � 0

h(Xbase,�nbase) = 0

�nbase �XNbase = 0
<latexit sha1_base64="dwYWntuI0fUGuVxDj34wwqZ0hbQ="></latexit><latexit sha1_base64="dwYWntuI0fUGuVxDj34wwqZ0hbQ="></latexit><latexit sha1_base64="dwYWntuI0fUGuVxDj34wwqZ0hbQ="></latexit><latexit sha1_base64="dwYWntuI0fUGuVxDj34wwqZ0hbQ="></latexit><latexit sha1_base64="jJg449ypmmVHpRXoJ9DJNSU1qK0="></latexit><latexit sha1_base64="jJg449ypmmVHpRXoJ9DJNSU1qK0="></latexit>

solve

For given values of XNbase
<latexit sha1_base64="2q9bvVG4NquVZBthnz5v3j2TLx4=">AAACD3icbVDLSgMxFM3UVx1fVZdugkVwNQ8R7LLgxpVUsA9pS8mkmTY0mQxJpliGfoS41e9wJ279BD/DPzAznU1bLwQO58G9OUHMqNKe92OVNja3tnfKu/be/sHhUeX4pKVEIjFpYsGE7ARIEUYj0tRUM9KJJUE8YKQdTG4zvT0lUlERPepZTPocjSIaUoy0oZ46g/Q+i88HlarnePnAdeAXoAqKaQwqv72hwAknkcYMKdX1vVj3UyQ1xYzM7V6iSIzwBI1Imp85hxeGGsJQSPMiDXN2yYe4UjMeGCdHeqxWtYz8T+smOqz1UxrFiSYRXiwKEwa1gNmf4ZBKgjWbGYCwpOZCiMdIIqxNM3YvD6auCUnlcmS8YxcLzkWkXBQEkkwdTZ7ntunIX21kHbSuHN9z/Ifrar1WtFUGZ+AcXAIf3IA6uAMN0AQYcPAK3sC79WJ9WJ/W18JasorMKVga6/sP1Wyc3A==</latexit><latexit sha1_base64="2q9bvVG4NquVZBthnz5v3j2TLx4=">AAACD3icbVDLSgMxFM3UVx1fVZdugkVwNQ8R7LLgxpVUsA9pS8mkmTY0mQxJpliGfoS41e9wJ279BD/DPzAznU1bLwQO58G9OUHMqNKe92OVNja3tnfKu/be/sHhUeX4pKVEIjFpYsGE7ARIEUYj0tRUM9KJJUE8YKQdTG4zvT0lUlERPepZTPocjSIaUoy0oZ46g/Q+i88HlarnePnAdeAXoAqKaQwqv72hwAknkcYMKdX1vVj3UyQ1xYzM7V6iSIzwBI1Imp85hxeGGsJQSPMiDXN2yYe4UjMeGCdHeqxWtYz8T+smOqz1UxrFiSYRXiwKEwa1gNmf4ZBKgjWbGYCwpOZCiMdIIqxNM3YvD6auCUnlcmS8YxcLzkWkXBQEkkwdTZ7ntunIX21kHbSuHN9z/Ifrar1WtFUGZ+AcXAIf3IA6uAMN0AQYcPAK3sC79WJ9WJ/W18JasorMKVga6/sP1Wyc3A==</latexit><latexit sha1_base64="2q9bvVG4NquVZBthnz5v3j2TLx4=">AAACD3icbVDLSgMxFM3UVx1fVZdugkVwNQ8R7LLgxpVUsA9pS8mkmTY0mQxJpliGfoS41e9wJ279BD/DPzAznU1bLwQO58G9OUHMqNKe92OVNja3tnfKu/be/sHhUeX4pKVEIjFpYsGE7ARIEUYj0tRUM9KJJUE8YKQdTG4zvT0lUlERPepZTPocjSIaUoy0oZ46g/Q+i88HlarnePnAdeAXoAqKaQwqv72hwAknkcYMKdX1vVj3UyQ1xYzM7V6iSIzwBI1Imp85hxeGGsJQSPMiDXN2yYe4UjMeGCdHeqxWtYz8T+smOqz1UxrFiSYRXiwKEwa1gNmf4ZBKgjWbGYCwpOZCiMdIIqxNM3YvD6auCUnlcmS8YxcLzkWkXBQEkkwdTZ7ntunIX21kHbSuHN9z/Ifrar1WtFUGZ+AcXAIf3IA6uAMN0AQYcPAK3sC79WJ9WJ/W18JasorMKVga6/sP1Wyc3A==</latexit><latexit sha1_base64="2q9bvVG4NquVZBthnz5v3j2TLx4=">AAACD3icbVDLSgMxFM3UVx1fVZdugkVwNQ8R7LLgxpVUsA9pS8mkmTY0mQxJpliGfoS41e9wJ279BD/DPzAznU1bLwQO58G9OUHMqNKe92OVNja3tnfKu/be/sHhUeX4pKVEIjFpYsGE7ARIEUYj0tRUM9KJJUE8YKQdTG4zvT0lUlERPepZTPocjSIaUoy0oZ46g/Q+i88HlarnePnAdeAXoAqKaQwqv72hwAknkcYMKdX1vVj3UyQ1xYzM7V6iSIzwBI1Imp85hxeGGsJQSPMiDXN2yYe4UjMeGCdHeqxWtYz8T+smOqz1UxrFiSYRXiwKEwa1gNmf4ZBKgjWbGYCwpOZCiMdIIqxNM3YvD6auCUnlcmS8YxcLzkWkXBQEkkwdTZ7ntunIX21kHbSuHN9z/Ifrar1WtFUGZ+AcXAIf3IA6uAMN0AQYcPAK3sC79WJ9WJ/W18JasorMKVga6/sP1Wyc3A==</latexit><latexit sha1_base64="OjNGeJL0YWCyvaO3GniR2olRoWI=">AAACD3icbVDLSsNAFJ34rPFVdekmWARXTVJa2uwKblxJBfuQtpTJdNIOncmEmUmxhH6EuNXvcCdu/QQ/wz9wmoZC1QsDh/Pg3jl+RIlUjvNlbGxube/s5vbM/YPDo+P8yWlL8lgg3EScctHxocSUhLipiKK4EwkMmU9x259cL/T2FAtJeHivZhHuMzgKSUAQVJp66AyS20V8PsgXnKKTjvUXuBkogGwag/x3b8hRzHCoEIVSdl0nUv0ECkUQxXOzF0scQTSBI5ykZ86tS00NrYAL/UJlpeyaDzIpZ8zXTgbVWP7WFuR/WjdWQa2fkDCKFQ7RclEQU0txa/Fna0gERorONIBIEH2hhcZQQKR0M2YvDSa2DglpM6i9Yxtxxngobej7Ak+LCj/OzbQjr1b1KiVdjVeteE55Vc0KtEpF1ym6d+VCvZa1lQPn4AJcARdUQR3cgAZoAgQYeAYv4NV4Mt6Md+Njad0wsswZWBvj8wf1uJ0k</latexit><latexit sha1_base64="OjNGeJL0YWCyvaO3GniR2olRoWI=">AAACD3icbVDLSsNAFJ34rPFVdekmWARXTVJa2uwKblxJBfuQtpTJdNIOncmEmUmxhH6EuNXvcCdu/QQ/wz9wmoZC1QsDh/Pg3jl+RIlUjvNlbGxube/s5vbM/YPDo+P8yWlL8lgg3EScctHxocSUhLipiKK4EwkMmU9x259cL/T2FAtJeHivZhHuMzgKSUAQVJp66AyS20V8PsgXnKKTjvUXuBkogGwag/x3b8hRzHCoEIVSdl0nUv0ECkUQxXOzF0scQTSBI5ykZ86tS00NrYAL/UJlpeyaDzIpZ8zXTgbVWP7WFuR/WjdWQa2fkDCKFQ7RclEQU0txa/Fna0gERorONIBIEH2hhcZQQKR0M2YvDSa2DglpM6i9Yxtxxngobej7Ak+LCj/OzbQjr1b1KiVdjVeteE55Vc0KtEpF1ym6d+VCvZa1lQPn4AJcARdUQR3cgAZoAgQYeAYv4NV4Mt6Md+Njad0wsswZWBvj8wf1uJ0k</latexit>

!!!   non linear inequality
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Generalised Reduced Gradient (GRG)
• Variables are divided into two groups : Basic and Non Basic variables
• Use slack variables for inequalities
• Search by conjugate direction => unconstrained problem within bounds

– Optimisation search is realised in the nbase domain, the basic variables are 
calculated by solving :

€ 

h xbase, xnbase( ) = 0 ⇒ ∂h
∂x

=
∂h
∂xbase

, ∂h
∂xnbase

$ 

% 
& 

' 

( 
) = Bbase ,Bnbase( )

Avec
∂h
∂xbase

:nh × nh ⇒ xbase = ϕ(xnbase)

et f (xbase ,xnbase ) devient F (xbase(xnbase), xnbase)

Gradient réduit : ∂F
∂xnbase

=
∂f

∂xnbase
− zTBnbase

Avec  zT = Bbase( )−1 ∂f
∂xbase

Reduced Gradient

With

and becomes

Where
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Constrained programming : Lagrange equivalence

• Problem equivalence
•Original : decision variable : nv + ng

min f(x) x=[x1,x2,…,xv], s=[s1,s2,…,sg]
Submitted to hj(x) = 0 j=1,…,nh

gk(x) -sk2 = 0 k=1,…,ng

• Lagrange equivalent : decision variables : nv + nh + 2 ng


min

decision variables  xv,min ≤ xv ≤ xv,max v=1,…,nv 

sk ≥ 0    k=1,…,ng
λj ≤ 0 j=1,…,nh
μk ≤ 0 k=1,…,ng

€ 

L(x,λ ) = f (x) + λ jh j (x)
j=1

nh

∑ + µk[gk (x) − sk
2 ]

k=1

ng

∑

nh + ng new variables :
Langrangian multipliers

ng slag variables



fr
an

co
is

.m
ar

ec
ha

l@
ep

fl
.c

h 
©
In

du
st

ri
al

 E
ne

rg
y 

Sy
st

em
s 

La
bo

ra
to

ry
- 

LE
N

I-
IG

M
-S

TI
-E

PF
L 

20
12

IPESE
Industrial Process and 

Energy Systems Engineering

Lagrange formulation

• the goal is to transform a constrained problem into a non 
constrained problem but with a higher problem size :

– to be minimised with respect to x, s and λ , μ 
• There are therefore (nx+ nh +2 ng variables)
•Necessary optimality conditions

€ 

λ j  ≤ 0 j =1,...,nh

€ 

L(x,λ ) = f (x) + λ jh j (x)
j=1

nh

∑ + µk[gk (x) − sk
2 ]

k=1

ng

∑

€ 

µk ≤ 0 k =1,...,ng

�L(x⇤, s⇤,�⇤, µ⇤)

�xi
= 0 i = 1, ..., nx

�L(x⇤, s⇤,�⇤, µ⇤)

�sg
= 0 g = 1, ..., ng

�L(x⇤, s⇤,�⇤, µ⇤)

��h
= 0 h = 1, ..., nh

�L(x⇤, s⇤,�⇤, µ⇤)

�µg
= 0 g = 1, ..., ng
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Conditions of optimality

€ 

∂L(x∗ )
∂xi

=
∂f (x∗)
∂xi

+ λ j

∂h j(x∗)
∂xij=1

nh

∑ + µ k[
∂gk(x

∗ )
∂xi

]
k=1

ng

∑ = 0 i = 1,...,nx

∂L(x∗ )
∂λ j

= h j(x) = 0 j =1,...,nh

∂L(x∗ )
∂µk

= gk (x) − sk
2 = 0 k = 1,...,ng

∂L(x∗ )
∂sk

= 2 µ k sk = 0 k = 1,...,ng

Square system : nx+ nh +2 ng

We calculate the variables, 
the slags and the Lagrange 
multipliers at the same time !

€ 

λ j  ≤ 0 j =1,...,nh

€ 

µk ≤ 0 k =1,...,ng

<- Difficult to solve 
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Lagrange multipliers

• Explanation λj

– What is the penalty of a constraint ?
– Without the constraint the objective function is better, the 

multipliers measures of how much
– Important for inequality constraints

Example :

Minimise the time for transporting goods with a maximum of 3 trucks
Constraint : maximum 3 trucks

 λ  = what is the time benefit when adding 1 truck

€ 

λ j
* =

δf *

δhj
µ⇤
k =

�f⇤

�gk
<latexit sha1_base64="ZymW80TOQZL18gCxY8j+6jZkVh0="></latexit><latexit sha1_base64="ZymW80TOQZL18gCxY8j+6jZkVh0="></latexit><latexit sha1_base64="ZymW80TOQZL18gCxY8j+6jZkVh0="></latexit><latexit sha1_base64="ZymW80TOQZL18gCxY8j+6jZkVh0="></latexit><latexit sha1_base64="YTYBc7Z9Eh0V/ZueM1cQyB84PzI="></latexit><latexit sha1_base64="YTYBc7Z9Eh0V/ZueM1cQyB84PzI="></latexit>
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€ 

Hr Ar Br 0
ArT 0 0 0
BrT 0 0 −2Isr

0 0 Isr Iµ r

# 

$ 

% 
% 
% 
% 
% 

& 

' 

( 
( 
( 
( 
( 

ΔXr+1

Δλr+1

Δµr +1

Δsr+1

# 

$ 

% 
% 
% 
% 
% 

& 

' 

( 
( 
( 
( 
( 

= ∇Lr

Avec

Hr =
∂ 2 f (xr )
∂xi∂x j

& 

' 
( 
( 

r

+ λ j

∂ 2hj (xr )
∂xi∂x jj=1

nh

∑
& 

' 
( 
( 

r

+ µk
∂ 2gk (x

r )
∂xi∂x j

& 

' 
( 
( k=1

ng

∑
r

Ar =
∂f (x r )
∂xi

,Br =
∂g(xr )
∂xi

-

Solving the equations step by Newton step

€ 

∂f (x∗ )
∂xi

+ λ j

∂h j(x∗ )
∂xij=1

nh

∑ + µk[
∂gk (x∗)
∂xi

]
k=1

ng

∑ = 0

hj(x) = 0

gk (x) − sk2 = 0
2 µ k sk = 0

with

at iteration r rL ⇡ rLr +H
r�xr+1

i = 0
<latexit sha1_base64="nkIPmGOVFWPhk6ZTbB3w/2l7BSE="></latexit><latexit sha1_base64="nkIPmGOVFWPhk6ZTbB3w/2l7BSE="></latexit><latexit sha1_base64="nkIPmGOVFWPhk6ZTbB3w/2l7BSE="></latexit><latexit sha1_base64="nkIPmGOVFWPhk6ZTbB3w/2l7BSE="></latexit><latexit sha1_base64="Te9CkUpz7y2WTgCKU1EnKFtwMjs="></latexit><latexit sha1_base64="Te9CkUpz7y2WTgCKU1EnKFtwMjs="></latexit>
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Solving the equations set by Newton step

Note : for linear problems

q=0 (no relaxation)

Problem : find which s or   = 0

�xr+1
i = �H

r�1rLr
<latexit sha1_base64="ptz0FWwUHrEQhKmKV1RNjTUe8fY="></latexit><latexit sha1_base64="ptz0FWwUHrEQhKmKV1RNjTUe8fY="></latexit><latexit sha1_base64="ptz0FWwUHrEQhKmKV1RNjTUe8fY="></latexit><latexit sha1_base64="ptz0FWwUHrEQhKmKV1RNjTUe8fY="></latexit><latexit sha1_base64="aA793TpOVtoBb28Z/rZoEkJUQmA="></latexit><latexit sha1_base64="aA793TpOVtoBb28Z/rZoEkJUQmA="></latexit>

rL ⇡ rLr +H
r�xr+1

i = 0
<latexit sha1_base64="nkIPmGOVFWPhk6ZTbB3w/2l7BSE="></latexit><latexit sha1_base64="nkIPmGOVFWPhk6ZTbB3w/2l7BSE="></latexit><latexit sha1_base64="nkIPmGOVFWPhk6ZTbB3w/2l7BSE="></latexit><latexit sha1_base64="nkIPmGOVFWPhk6ZTbB3w/2l7BSE="></latexit><latexit sha1_base64="Te9CkUpz7y2WTgCKU1EnKFtwMjs="></latexit><latexit sha1_base64="Te9CkUpz7y2WTgCKU1EnKFtwMjs="></latexit>

xr+1
i = xr

i + (1� q)�xr+1
i

<latexit sha1_base64="C23mztPIOZRYIFkVTwsCD5QCDqw="></latexit><latexit sha1_base64="C23mztPIOZRYIFkVTwsCD5QCDqw="></latexit><latexit sha1_base64="C23mztPIOZRYIFkVTwsCD5QCDqw="></latexit><latexit sha1_base64="C23mztPIOZRYIFkVTwsCD5QCDqw="></latexit><latexit sha1_base64="D2pmQfDk9Wg/r2WRk/DM1YyZ29s="></latexit><latexit sha1_base64="D2pmQfDk9Wg/r2WRk/DM1YyZ29s="></latexit>

H
r

<latexit sha1_base64="fMZKO2elnn+d4gMY06yeVuWeqq8=">AAACFHicbVDLSgMxFM34rOOr6tJNsAiuOjMi6LLopssK9gGdtiRp2oYmkyHJFMswvyFu9TvciVv3foZ/YNrOpq0XAofz4N4cHHOmje//OBubW9s7u4U9d//g8Oi4eHLa0DJRhNaJ5FK1MNKUs4jWDTOctmJFkcCcNvH4YaY3J1RpJqMnM41pR6BhxAaMIGOpbiiQGWGcVrNuqrJeseSX/fnAdRDkoATyqfWKv2FfkkTQyBCOtG4Hfmw6KVKGEU4zN0w0jREZoyFN57dm8NJSfTiQyr7IwDm75ENC66nA1jm7Ta9qM/I/rZ2YwV0nZVGcGBqRxaJBwqGRcPZx2GeKEsOnFiCimL0QkhFSiBhbjxvOg6lnQ0p7AlnvyCNSCBlpD2Gs6KRs6HPm2o6C1UbWQeO6HPjl4PGmVLnP2yqAc3ABrkAAbkEFVEEN1AEBCryCN/DuvDgfzqfztbBuOHnmDCyN8/0HTgSfUg==</latexit><latexit sha1_base64="fMZKO2elnn+d4gMY06yeVuWeqq8=">AAACFHicbVDLSgMxFM34rOOr6tJNsAiuOjMi6LLopssK9gGdtiRp2oYmkyHJFMswvyFu9TvciVv3foZ/YNrOpq0XAofz4N4cHHOmje//OBubW9s7u4U9d//g8Oi4eHLa0DJRhNaJ5FK1MNKUs4jWDTOctmJFkcCcNvH4YaY3J1RpJqMnM41pR6BhxAaMIGOpbiiQGWGcVrNuqrJeseSX/fnAdRDkoATyqfWKv2FfkkTQyBCOtG4Hfmw6KVKGEU4zN0w0jREZoyFN57dm8NJSfTiQyr7IwDm75ENC66nA1jm7Ta9qM/I/rZ2YwV0nZVGcGBqRxaJBwqGRcPZx2GeKEsOnFiCimL0QkhFSiBhbjxvOg6lnQ0p7AlnvyCNSCBlpD2Gs6KRs6HPm2o6C1UbWQeO6HPjl4PGmVLnP2yqAc3ABrkAAbkEFVEEN1AEBCryCN/DuvDgfzqfztbBuOHnmDCyN8/0HTgSfUg==</latexit><latexit sha1_base64="fMZKO2elnn+d4gMY06yeVuWeqq8=">AAACFHicbVDLSgMxFM34rOOr6tJNsAiuOjMi6LLopssK9gGdtiRp2oYmkyHJFMswvyFu9TvciVv3foZ/YNrOpq0XAofz4N4cHHOmje//OBubW9s7u4U9d//g8Oi4eHLa0DJRhNaJ5FK1MNKUs4jWDTOctmJFkcCcNvH4YaY3J1RpJqMnM41pR6BhxAaMIGOpbiiQGWGcVrNuqrJeseSX/fnAdRDkoATyqfWKv2FfkkTQyBCOtG4Hfmw6KVKGEU4zN0w0jREZoyFN57dm8NJSfTiQyr7IwDm75ENC66nA1jm7Ta9qM/I/rZ2YwV0nZVGcGBqRxaJBwqGRcPZx2GeKEsOnFiCimL0QkhFSiBhbjxvOg6lnQ0p7AlnvyCNSCBlpD2Gs6KRs6HPm2o6C1UbWQeO6HPjl4PGmVLnP2yqAc3ABrkAAbkEFVEEN1AEBCryCN/DuvDgfzqfztbBuOHnmDCyN8/0HTgSfUg==</latexit><latexit sha1_base64="fMZKO2elnn+d4gMY06yeVuWeqq8=">AAACFHicbVDLSgMxFM34rOOr6tJNsAiuOjMi6LLopssK9gGdtiRp2oYmkyHJFMswvyFu9TvciVv3foZ/YNrOpq0XAofz4N4cHHOmje//OBubW9s7u4U9d//g8Oi4eHLa0DJRhNaJ5FK1MNKUs4jWDTOctmJFkcCcNvH4YaY3J1RpJqMnM41pR6BhxAaMIGOpbiiQGWGcVrNuqrJeseSX/fnAdRDkoATyqfWKv2FfkkTQyBCOtG4Hfmw6KVKGEU4zN0w0jREZoyFN57dm8NJSfTiQyr7IwDm75ENC66nA1jm7Ta9qM/I/rZ2YwV0nZVGcGBqRxaJBwqGRcPZx2GeKEsOnFiCimL0QkhFSiBhbjxvOg6lnQ0p7AlnvyCNSCBlpD2Gs6KRs6HPm2o6C1UbWQeO6HPjl4PGmVLnP2yqAc3ABrkAAbkEFVEEN1AEBCryCN/DuvDgfzqfztbBuOHnmDCyN8/0HTgSfUg==</latexit><latexit sha1_base64="SfpUSJvVG6Gfn5SIVwN19WUWRGw="></latexit><latexit sha1_base64="SfpUSJvVG6Gfn5SIVwN19WUWRGw="></latexit>

is constant

€ 

Hr Ar Br 0
ArT 0 0 0
BrT 0 0 −2Isr

0 0 Isr Iµ r

# 

$ 

% 
% 
% 
% 
% 

& 

' 

( 
( 
( 
( 
( 

ΔXr+1
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Industrial Process and 

Energy Systems Engineering

Successive Quadratic Programming

•Quadratic approximation of the Langrangian
– Quadratic Approximation of the objective function

– Linearised constraints
– Defines

–the direction
–step lenght

– Penality when the points is infeasible
– Iterative procedure

€ 

∇ f x 0( )[ ]T Δx + Δx( )T QΔx

Avec Q approximation quadratique de 

∇2L =∇2( f − λTh − µT g)
BFGS ou autre pour mise à jour de Q

Q is the quadratic approximation of

or other method to update Q
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IPESE
Industrial Process and 

Energy Systems Engineering

Mixed Integer Problems

•MILP
– Mixed Integer Linear Programming problems

•Linear constraints & objective
•continuous and integer variables

•MINLP
– Mixed Integer Non Linear Programming 

problems
•Non linear constraints & objective
•continuous and integer variables
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IPESE
Industrial Process and 

Energy Systems Engineering

MINLP : outer approximation
•Decomposition theorem

– Partition variables in 2 sets
•complicating set (integer)
•continuous variables

– Solve 2 problems
•NLP with fixed integer (lower 

bound)
•MILP : outer-approximate the 

objective function (upper bound)
– Lower = upper => convergence

•integer cut to avoid looping
• Problems :

– NLP converge ?
– Calculation time ?
– Initial set feasible ?
– Derivatives for MILP

•outer approximation

initial integer set

NLP with fixed integers value

optimum ?

yes
reference set=integer set 

no

MILP with linearized system
at NLP solution.

new feasible set
yes

no

solution = reference set
 


