Most flows are unstable...

Vortex shedding Saffman-Taylor

Flow separation
Tollmien- Schllchtlng P

o Rayleigh-Taylor

Lift-up and Streaks Traffic waves

........

Meandering instability
Gravito-capillary waves

'v
fy~
(¢S
=

(7

L))

..f(('( s
»

ﬁ p Taylor-Couette

D))
2) ))
‘W2
//)))))//

(e
«s

e
s

C
) @
WG

L7

(e,

Rayleigh-Plateau Tearing instability

Rayleigh-Benard Coiling instability

Benard-Marangoni kelvin-Helmholtz



SPATIALLY DEVELOPING SHEAR FLOWS

Flat plate boundary layer
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SPATIALLY DEVELOPING SHEAR FLOWS
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Holmboe’'s tube
(Film A. Garcia)



Holmboe’s tube

Inviscid assumption

—

—




1. Equations
Inviscid assumption

(7
(7

0
ot

o 0
+liz+ V) ay)m’l =

0,

o 9 0
o Tl T 83;) Al =
oV, oV,
U= —, Vj=-—t
1 ay 9 1 (% )
IV OV
Uy=—=, Vh=-—"

"o T

Streamfunction
formulation

Velocity field



1. Kinematic boundary condition

> <
\)<

u n(x,t)

Kinematic condition : impermeability (no penetration)
No fluid particles going across the interface through the normal direction

V,=oadnlét cos(a)

} onlot=v - u, tan(a) = | anlot=v - u,onlox
u,,= Vv, cos(a)-u, sin(a)



1. Kinematic boundary conditions

U, =Wy at y=—o0
vy = Wyy at y = 400.
on on
—U -V = —
183: )
on on
—U FVo = —
or 0 Ot

far-field

at 2 =1



1. Dynamic boundary conditions
—
P—P=—x 85”2 at 2 =1
(1 O )3/2
" Ox




2. Base state

U =y
Uy = Wyy
n=>0
Py = —p1gz
Py = —pyq2



3. Perturb and linearize
perturbation expansion

Uy | =Wy ey

Wy | =Way  Hewy

U, - W, Heuy
Vi — eV |
Uy | =Wy  Heus e 1
Vs — +HEV

n = Heo

Variables Base state Small perturbation



2D PARALLEL FLOW CONCEPTS
Dispersion relation

2D vorticity equation
((‘) N ov o oV o
ot  dy Or  dx Jy

) VAW = 0
Basic flow + perturbation

W(z,t) = fU(y)der’a/ﬂ(I,y’t)

Linear vorticity equation

o, 9, 2 y O
U
(af+U( )ar>v” W5y = 0



3. Linearized equations

Ay = 0, | . |
linear vorticity equation
AwQ — S
877/)1 877/)1
U = -, U1 = :
a”y 82? velocity
field
877/)2 877/)2
Uy = ——, (i :
dy 0x




3. Perturbed kinematic boundary conditions

v =0at 2= -0
wgantz:Jroo.

W@U ) 80+ do t

—eW— —€uy— +evy=c— aty=¢o

r My T Ty YT
0 0 0

—EWQa—;—guga—;Jrevg:ea—j at y = €0,




3. Perturbed kinematic boundary conditions

v =0at 2= -0
wgantz:Jroo.

at 1 = €0,

at y = €0,




3. Flattened kinematic boundary conditions

Taylor expansion around 0:  1)(egr) = 1)(0) +(60)% ;
ng—i% = %aty()
—Wga—i—% = a—jaty:O

=transforms a b.c. at an unkwown interface into a fixed place!



3. Perturbed and linearized Euler

@ul @ul | 6}?1

- W
ot Yor n 01
8u2 | 6u2 | 8p2
ot i Or  py O




4. Normal mode expansion

Fourier transform in x and t

o1 = fily)expli(ke — wt)),

o = foly)explilhe —wt)).
o = Cexpli(kxr —wt)),

k is the wavenumber and w the frequency (in rad/s)

A =2n/k T =21/w

f=w/(2n)




4. Normal mode expansion

Solution to Laplace equation:



4. Normal mode expansion

Solution to Laplace equation:

Uy
Vs

= Aexp(ky)exp(i(kx — wt)),
= Bexp(—ky)exp(i(kx — wt)),
= Cexp(i(kr — wt)).




4. Perturbed and linearized Euler

(—iw + Whik)kAexp(ky)exp(i(kx — wt)),

= —(—iw + Waik)kBexp(—ky)exp(i(kx — wt)),

,01((,0 — Wllf)A,
—,OQ(UJ — WQ]{)B

p1(0)
pa(0)




4. Normal mode expansion

Replace in boundary conditions

9(/02—/01)C—|-p1(w—Wlk)A+p2(w_W2k)B — W/kQC
—@kVVlC — ’bkA = —w(
—1kWyC —1kB = —iwC.

This is an eigenvalue problem iwX=MX!

/k—U +}Ozw/k—Ug +JJ02 pl/k—"fzo




5. Dispersion relation

oWt Wy W+ pa el (W2 + pal73 — g1 — pa) k= 1K) (1 + o)
wlk = +
P+ P2 P1 T P2

‘Unstable if there exists one w, Im(w)>0
*Neutral if for all w, Im(w)=0:

-Stable (or damped) if for all w, Im(w)<O:

The flow considered is not damped, we have
neglected dissipation by neglecting viscosity




5. Dispersion relation

ofk = ply/ﬂ)z%' \/p 1+pﬁ @/Wﬁpy% g(p1 = p2) [k = 7k)(p1 + po)

ﬁl % /01 T )2

If W,=W,=0, Rayleigh-Taylor instability

o _ Zhglpr = pr) £0K
P11 P2




Kelvin-Helmholz instability of a vortex sheet

A v=0 P~ Py

Im(w)




2D PARALLEL FLOW CONCEPTS
Inviscid instabilities

Vortex sheet

Instability mechanism

S N W WA W W
xS S S

(a)




2D PARALLEL FLOW CONCEPTS
Inviscid instabilities

Vortex sheet

Instability mechanism

S W WA WA W W
xS S S

(a)




2D PARALLEL FLOW CONCEPTS
Inviscid instabilities

Vortex sheet

Instability mechanism

S W WA WA W W
xS S S

(a)
4 4
D5 =

y
(b)




Interpretation "Bernoulli”



Interpretation "Bernoulli”

R ey oS S S
U+u
:_—;F{———p;-o———‘h—:;————::————f

:___—__'_,._‘-—_ ______ _—:2_-1_;—_ —_—— e — — — o ———
U-u
:_::_:—-—";————:-————1'_—1_— —————— = ————




Influence of stratification

14

12

10+

Im(w) destatiilizing
P1< Py

P1~ P>
stabilizing

I L 1 L | 1 | 1 1
0 1 2 3 4 5 6 7 8 9 10

Buoyancy stabilizes large wavelengths!



Influence of surface tension

P1= Py

Im(w)

L | | | | L L
0 1 2 3 4 5 6 7 8 9 10

K

surface tension creates a cut off
high wavenumbers create large curvatures!



Joint influence of surface tension and stratification

v > 0!

Im(w) osr destabilizing

P1< Py

08

0.7
06

0.5

041

P1~ P>
stabilizing

03
0.2

0.1

: 4 b, I I 2
0 05 1 15 2 T 3

Stratification and surface tension can
restabilize the flow



SPATIALLY DEVELOPING SHEAR FLOWS

Flat plate boundary layer
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Mixing layer

Cylinder wake
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Plane channel flow
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Kelvin Helmholtz in geophysics

Rio Negro
(slow and clean) meets
amazon (quick and dirty)




Round jet

Moteur

/\

LASER CW 5W

Jet tournant

Pulse: 4ms Obturateur

Dt: 60 ms

Acousto—optique

Fibre optique

h P
* "
Ordinateur R
¢ .

g

Vmmmmmmat

Arrivée d’'eau

Cylindre
L—" tournant

| Nid d'abeille

Zone de
contraction

Cuve remplie
d'eau
1280%1024* 12 bits
double frame - 4Hz
1ére ouverture: 4ms (=pulse)
2iéme ouverture; 125ms

Evacuation

=P.Billant
=T.Loiseleux



Toroidal vortices — vortex rings




Vorticity field measured by PIV

1 point de vitesse sur 4 est représenté

Sinuous mode




Cylinder wake

Re=0
Eclt symétrique

Re=1.5
Eclt attaché

Re=26
Eclt décollé

Re=10000

Eclt turbulent Couche limite turbulente

C. L. turb. décoléé



Allée de von Karman

(Perry, Chong & Lim (1982)

Sinuous mode

41



PARALLEL FLOW CONCEPTS

Inviscid 3D instabilities

Basic flow
y
Y
- U(y)
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PARALLEL FLOW CONCEPTS
Inviscid 3D instabilities

3D Euler equations
; V-U=0
" v v

Basic flow + perturbation
U(x,t) = U(y)er + u(x,t)
P(x,t) = Py + p(x.t)

Linear Euler equations

0 (a U(y)i)U+U'(y)vex=—Vp

E-I- 0z



PARALLEL FLOW CONCEPTS
Inviscid 3D instabilities

Normal mode decomposition
u(x,t) = Re {u(y) expli(kzz + k;2 — wi)]}
p(x,t) = Re {p(y) exp(i{kzz + k.2 — wt)]}

k =k.e. + ke, c=w/kz
Linear o.d.e.’s 3D dispersion relation
dv
ik + tk,w +— =20
dy
ik [U(y) — cJa+ U'(y)o = —ikzp
47
ikz[U()—c]v——E;—’, D(k,U)ZO

itk [U(y) — c]w = =ik, p
o(y1) = 0(y2) = 0



PARALLEL FLOW CONCEPTS
Inviscid 3D instabilities

Squire’s transformation
72 _ 1.2 2
k2 = k2 + k2,

Ei= ka4 ko, o=0, plk=plks.

c=c,

Linear o.d.e.’s

2D dispersion relation
- dy
Fir 2o
zku+dy
FU(y) - i+ U'(y)o = —ikp, =7
ik {U{y) ~] & (k,w) — ()
ik[U(y) —clov=—=



PARALLEL FLOW CONCEPTS
Inviscid 3D nstabilities

Squire’s transformation
- 1/2 1/2
D(k,w) = D [(kg +E), ( (k2 + 2) /k,,) u] =

to each oblique mode (k,w) of temporal growth rate w; is associated
a two-dimensional mode (k,@) of larger temporal growth rate @; =

\/kg + kz wi/k; > w;. The wave of mazimum growth rate is therefore
two-dimensional



2D PARALLEL FLOW CONCEPTS
Dispersion relation

2D vorticity equation
((‘) N ov o oV o
ot OJdy dr  Jdx Oy

) VAW = 0
Basic flow + perturbation

W(x,t) = /U(y)der*w(I,y,t)
u=0yv et v=—0x

Linear vorticity equation

o, 9, 2 y O
U
(af+U( )ar)v‘ W5y = 0



Rayleigh equation
Dispersion relation

Normal mode decomposition

(z,y,t) = Re {@(’y) ei(ka:—wt)}

U(y) — ] [¢" — k*¢] —U"(y) ¢ =0

o(y) =0 at y = +00

Dispersion relation

D(k,w) =20




PARALLEL FLOW CONCEPTS
Inviscid instabilities

Rayleigh’s inflection point criterion

In order for the basic flow U(y) to be unstable, it should have an inflection
point, say aty =y, such that U”(y,) =0

or, in other words Q(y) has an extremum



Rayleigh theorem (1916)

(s -

2o, U
/yl ((dy - R - )dy—o

[ (G o - = =

W [P e U
G [ (5t - =) a0

(U~ ) = U'(y) =0




Rayleigh theorem

0
L W E R P
[y¢]y1+/yl dy dy ww ’U—CP( C) ! !
real real real

take the imaginary part

Y2 Ul/(y)|w|2
dy =0
/y U_cp

1






stable

Unstable?

Unstable?



Fjorthoft criterion (1950)

For monotonous velocity profiles with only one inflection point, |Q(y); should
have a maximum for instability to be possible



stable

Stable

Unstable?



Tangent hyperbolic mixing layer




Tangent hyperbolic shear layer

Us(y) = tanh y



Tangent hyperbolic shear layer

o2y
growth-rate
W,
0.1
’ Kmax * k !
1
w, /K phase velocity

0




Wake instabillity

U(y) = Uso + (U — Usy) sech? %

Velocity ratio

R = (Uc - Uoo)/(Uc + Uoo)

y

Y




Wake instabllity

Wi w, /K

sinuous mode
0.10 -

1.0 varicose mode

05| .
sinuous mode
k k
| |

0.05 varicose mode

0 1 2 0 1 2

Betchov & Criminale (1966)



How to solve Rayleigh equation?

We fix k, we need to find all c and g such that

2 2
U d— — k) =U"(y) |v= d— — k|
iy dy?

W(=L) = Y(L) =0

Formally,

Aty = c &

Discretize

AV = cEV

Generalized eigenvalue problem




How to solve Rayleigh equation?

Method 1: Finite differences of order 1.

1/21 1/32 — e e a N+
AN YUN+1
[v) [ U [ 0" (m)
0(3) 0 0" (y2)
U = ° | P = :

o || o o)
\ U(yn1) / \ VN1 / \ V" (yvi1) )




Method 1: Finite differences

[0

How to solve Rayleigh equation?

9 1

,l/)ll /1 _2

%/J” |
1/) |0
0
\ 0

\w

Sparse matrix but low order!

—2

o O O

wN—g
UN -9

\ Y-t



Imag(w)
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PARALLEL FLOW CONCEPTS
Viscous 3D instabilities

3D Navier - Stokes equations

V.U=40,
oU

= +(U-V)U=-VP+

2
Rev U

Basic flow + perturbation
U(x,t) = U(y)es + u(x,1)
P(x,t) = B(z) + p(x, t)

y

/ﬁ:ﬁi:f‘/
+1
Basic flow 0 i Y

-1
L G
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PARALLEL FLOW CONCEPTS
Viscous 3D 1nstabilities

Squire’s transformation

l}zzkg-f-kz, c=2¢C,

ki =k i+ k0, 0=10, plk=plks.
kRe = kz Re
3D dispersion relation
2 | 1.2\1/2
Re) = F n1/2 (kz + k)5 ks -
D(k,w;Re) = D | (k2 + k2) e =

To each oblique mode (k,w) of temporal growth rate w;, at Reynolds
number Re, corresponds a two-dimensional mode (k,&) of larger

growth rate &; = wi\/k2 + k2/kg, at a lower Reynolds number Re =
Rek,/\/k2 + k2.



2D PARALLEL FLOW CONCEPTS
Dispersion relation
2D vorticity equation

9 OV 9 OU |
— - V2 = — V4w
(815 L ay) Re

Basic flow + perturbation

W(x,t) = /U(y)d:y +Y(r,y,t)
Linear vorticity equation

J J 2 /" df'v/)_ |
(()f+U( )a.r)vd VW gr =RV Y



2D PARALLEL FLOW CONCEPTS
Dispersion relation

Normal mode decomposition
Ui, t) = Re {o(y) e Er=0 ]

Orr-Sommerfeld equation

R 7
I 2 L] T _ 1.2
o(y) =0 at y = oo

Dispersion relation

D(k,w; Re) =0



Viscosity has limited stabilizing influence on K-H instability

Re:=AU/v

0 0,2
Wimar s N
WIEEAU 1 +@/0,2Re

constant




Viscosity has stabilizing influence on K-H instability
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PARALLEL FLOW CONCEPTS
Viscous instabilities

Hyperbolic tangent mixing layer

stable unstable

;>0

Re



What about stable flows (no inflexion point)?

U

'y
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