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Most flows are unstable...

Saffman-Taylor

Rayleigh-Taylor

Taylor-Couette

Kelvin-Helmholtz

Lift-up and Streaks

Tollmien-Schlichting

Gravito-capillary waves

Rayleigh-Plateau

Rayleigh-Benard

Tearing instability

Meandering instability

Traffic waves

Benard-Marangoni

Coiling instability

Vortex shedding
Flow separation
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Instability analysis:

1. Physical mechanism

2. Equations and boundary conditions

3. Base state

4. Linearized equations

5. Normal mode expansion

6. Dispersion relation

7. Analysis of the dispersion relation
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Rayleigh Benard
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Rayleigh Benard
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Rayleigh Benard

Buoyancy (Archimedes) force

Drag force
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Rayleigh Benard

Buoyancy (Archimedes) force
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Rayleigh Benard

Buoyancy (Archimedes) force

δρ=αpδT
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Rayleigh Benard

Stokes Drag
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Rayleigh Benard

Stokes Drag
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Rayleigh Benard

Buoyancy (Archimedes) force

Stokes Drag

δρ=αpδT

μ



11

Rayleigh Benard

Buoyancy (Archimedes) force

Stokes Drag

Diffusive time scale

(damps the instability)

δz

δT/δz=(Ta-Tb)/d

δz/v
Advective time

(regenerates the instability)
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Rayleigh Benard

Diffusive time scale

(damps the instability)

a~d/2

Advective time

(regenerates the instability)

Ra

Rac=72

STABLE UNSTABLE

Diffusive time scale

Advective time scale
=
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Rayleigh Benard
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Navier Stokes equations

Oberbeck boussinesq equations

+2μ/ρ* D:D

H1: the density is constant except in the buoyancy term

H2: the heat release by viscous dissipation is neglected

H3: viscosity and thermal conductivity are assumed constant
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Base flow solution

Pure conduction solution
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Perturbation expansion
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Perturbation expansion
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Perturbation expansion

Non dimensionalisation
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Perturbation expansion

Non dimensionalisation
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Linearisation
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Linearisation



Change of variables
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Change of variables



Change of variables



25

Change of variables
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Change of variables
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Reduction to two equations

Normal mode expansion

s=-iω
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Normal mode expansion

s=-iω
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Normal mode expansion

s=-iω
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Thermal boundary conditions
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Rigid boundary conditions



Stress free boundary conditions



Stress free boundary conditions



Stress free boundary conditions
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Free stress boundary conditions

2

2

2
2

2 2



Solution ansatz (which satisfies the b.c.)



Solution ansatz (which satisfies the b.c.)



Dispersion relation

Condition for instability

<0



Condition for instability

Raneut(k): neutral curve



Ra=2000

n=1

k

Re(s)

Ra=50000

n=2

n=3

k

Re(s)

n=1

n=2

n=3



Marginal curve for instability

Minimum minimorum



Rigid boundary conditions

Stress-free boundary conditions

Experimentally verified only in 69 by Goldstein and Graham

Hot quicksilver

Liquid helium

silicone oil

Calculated in ‘40 by Pellew and Southwell



s=-iω

With rigid boundary conditions

1. Solve Rayleigh-Benard eigenvalue problem
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How to solve Rayleigh-Benard’s equation?

Method 1: Finite differences of order 1.

+1
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Method 1: Finite differences

Sparse matrix but low order!

How to solve Rayleigh-Benard’s equation?



Finite difference scheme 

Central finite difference scheme second order

Finite difference formulas for second derivatives

Finite difference formulas for fourth derivatives

Finite difference formulas for first derivatives



(3)

Rigid boundary condition

4u(4)



D2 =

-2     1     0     0     0

1    -2     1     0     0

0     1    -2     1     0

0     0     1    -2     1

0     0     0     1    -2

D4 =

7 -4     1     0     0

-4     6    -4     1     0

1    -4     6    -4     1

0     1    -4     6    -4

0     0     1    -4     7







Rigid boundary condition



Free stress boundary condition

u(4)

u(3)



Free stress boundary condition



Typical structures : looking at eigenmodes

x

z

ky=0

Rolls



Squares and hexagons

x

kx=ky=kc;Ax=Ay

Rolls

x

y y

x

Asin(πz)[cos(kcx)+cos(kc(-x/2+3y/2))+cos(kc(x/2+3y/2))]Asin(πz)[cos(kcx)+cos(kcy)]



Typical structures : looking at eigenmodes



57

Marangoni effect

2 movies
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Marangoni effect

Normal stress
1 2
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Marangoni effect

Normal stress
1 2

Inviscid flow 

CurvatureStress tensor
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Marangoni effect

Normal stress
1 2

Inviscid flow 

CurvatureStress tensor

2 1
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Marangoni effect

Normal stress
1 2

Inviscid flow 

CurvatureStress tensor

Laplace law
2 1
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Marangoni effect

Normal stress
1

1 2
Tangential stress

Rayleigh Benard flow with 

stress free B.C. (constant σ)

When the surface tension σ varies in space: Marangoni effect



Benard-Marangoni instability
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Marangoni effect

(following J.W. Bush, MIT)
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Marangoni effect

(following J.W. Bush, MIT)
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Marangoni effect

(following J.W. Bush, MIT)



Benard-Marangoni instability

defect



Benard-Marangoni instability



Benard-Marangoni instability

T-δTT+δT



Benard-Marangoni instability

T-δTT+δT



Benard-Marangoni instability

T-δTT+δT



Benard-Marangoni instability

T-δTT+δT

Marangoni number


