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Nonlinearities: bifurcations and amplitude equations



Agenda

The gravitational pendulum : a poor watch
First use of Multiple scale weakly nonlinear approach

A simple example of bifurcation
First use of Multiple scale weakly nonlinear approach

Classical bifurcations

Hopf bifurcation and Stuart-Landau equation




Period of a gravitational pendulum
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Period of a gravitational pendulum
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-_Reaction
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Gravity: P=-mg



Bifurcations and amplitude equations




Bifurcations and amplitude equations

mRIGI:-mgsin(e)




Governing equations

B=-wzsin(6) w§=g/R
Pendulum frequency

Small perturbations
6=¢ '

Linearized eguations

0'=-w2e’




Governing equations

B=-wzsin(6) w§=g/R
Pendulum frequency

Small perturbations
6=¢ '

Linearized equations

0'=-w2e’

Period seems independant of amplitude.
Can this be true? Effect of nonlinearity on period?



Multiple time scale expansion
Weakly nonlinear approach

0 = 90 -+ 691 -+ 6292 -+ 6393 -+ ...

T = €%t o _" 9 _f
| ot oT

0i(t,T)

'é:—wgsin(e)

Order €° 6,=0 = 6,=0



Order €9
Order €1

Multiple time scale expansion
Weakly nonlinear approach

0 = 90 -+ 691 -+ 6292 -+ 6393 -+ ...

T = €t 9_" 08 _°
| ot oT
6.(t,T)
'é:—wgsin(e)
-9.020 C> eo:O

0,=-wB, = 8,=A(T)cos(w,t+¢(T))
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Multiple time scale expansion
Weakly nonlinear approach

0 = 90 -+ 691 -+ 6292 -+ 6393 -+ ...

| ot oT
o.(t,T)
B=-wZsin(B)
er €0 8,0 = 8,=0
er ! 0,=-wB, = 8,=A(T)cos(w,t+¢(T))

er €2 0,=-wh8, = 8,=B(T)cos(w,t+y(T))
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Multiple time scale expansion
Weakly nonlinear approach

0 = 90 -+ 691 -+ 6292 -+ 6393 -+ ...

T = €t 9_" 08 _°
| ot oT

6.(t,T)

'é:—wgsin(e)

-6.020 I:> eo:O

0,=-wB, = 8,=A(T)cos(w,t+¢(T))
0,=-wi0, = B8,=B(T)cos(wyt+y(T))

6,=-020,- 26, + 8/6



Non-resonance condition

Order €3 0,=-w30,- 26, + w266

8= -A(T)W,SIN(Wet+P(T))+WeA(T)o(T)cos(wot+p(T))
CoS3(Wot+@(T))=3/4 cos(wyt+@(T))+ 1/4cos(3 wyt+@(T))

03 =A(T)cos3(wt+¢(T))



Non-resonance condition

Order €3 .9.3:-(»%93- 29’1. + wé 9f/6
0;= -A(T)wSin(W,t+(T))+wA(T)P(T)cos(wet+(T))
CoS3(Wot+@(T))=3/4 cos(wyt+@(T))+ 1/4cos(3 wyt+@(T))

03 =A(T)cos3(wt+¢(T))

Attention! What happens if you force a linear system at its natural frequency?
Example: '9'3 + 05063: cos(wgt)

The particular solution is 65 = tsin(w,t) / 2w,
It grows linearly in time and diverges! This should be avoided




Non-resonance condition

Order €3 .9.3:-(»2093- 29’1. + wé 9f/6
0;= -A(T)weSin(W,t+e(T))-weA(T)G(T)cos(Wet+(T))
CoS3(Wot+@(T))=3/4 cos(wyt+@(T))+ 1/4cos(3 wyt+@(T))

03 =A(T)cos3(wt+¢(T))

Attention! What happens if you force a linear system at its natural frequency?
Example: '9'3 + 05063: cos(wgt)

The particular solution is 64 = tsin(w,t) / 2w,
It grows linearly in time and diverges! This should be avoided

Therefore the resonant RHS should be zero
A(T)W,SIN(Wot+@(T))+wA(T)P(T)cos(wot+(T))+ i, A(T)cos(wat+e(T))/16=0




Nonlinear frequency correction

Therefore the resonant RHS should be zero
A’(T)wosin(w0t+cp(T))+wOA(T)Ep(T)cos(wot+cp(T))+ u, A(T)cos(w0t+cp(T))/16:O



Nonlinear frequency correction

Therefore the resonant RHS should be zero
A’(T)wosin(w0t+cp(T))+wOA(T)Ep(T)cos(wot+cp(T))+ u, A(T)cos(w0t+cp(T))/16:O

+w AMP(T) + W3, A(T)/16=0
A(T)wy=0



Nonlinea frequency correction

Therefore the resonant RHS should be zero
A’(T)wosin(w0t+cp(T))+wOA(T)Ep(T)cos(wot+cp(T))+ u, A(T)cos(w0t+cp(T))/16:O

+w AMP(T) + W3, A(T)/16=0
A(T)wy=0

O(T)= oA T/16
A(T):Ao



Nonlinea frequency correction

Therefore the resonant RHS should be zero
A’(T)wosin(w0t+cp(T))+w0A(T)Zp(T)cos(wot+cp(T))+ u, A(T)cos(w0t+cp(T))/16:O

+w AMP(T) + W3, A(T)/16=0
A(T)wy=0

2
Q(T)= @y-WA,T/16
A(T)=A,

The oscillation frequency depends on the amplitude

w :wo(l—Af)/16) Borda’'s Formula

A gravitational pendulum is not a good oscillator for a watch!
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Bifurcations and amplitude equations
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Bifurcations and amplitude equations

e

!\ Reaction
Centrifugal force:
C=mRsin(B)w?

Gravity: P=-mg



Bifurcations and amplitude equations
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Bifurcations and amplitude equations

Centrifugal force
C=mRsin(8)w?cos(0)

I \
»;/ Gravity: P=-mg sin(6)

mRO=-mgsin(8)+mRsin(8)w2cos(8)




Governing equations

'é:-wgsin(e)+wzsin(e)cos(e) w§=g/R
Pendulum frequency
Base flow
0=0

Small perturbations
6=0+¢ ©

Linearized equations

0'=-w?20'+w?20’




Linearized equations

0'=-w20'+w2e’

Normal mode
0'=A exp (st)

Dispersion relation

2— 2 2
S - (D 'wo

2 2 2
w2 <wyg W* >Wg

s==i( W2 -w? )2 s={w? -wg)1?

STABLE UNSTABLE



Important concept: critical slowing

When w2~w; , the characteristic time 1=1/|s| diverges

Period or relaxation time T—

Growth rate T =«




What about nonlinearities?

Weakly nonlinear theory : multiscale expansion

Slow time scale T = €t

Close to threshold  w? = wj + €A

Asymptotic expansion 6 = 0y + €0y + €205 + €305 + ...

0i(t,T)

'6":-00(2,6’+w29’

Order O 0o = 0 Base state
2
Order 1 "-gf'gl — 0

; st
= 91 — Al(T) Constant 15t order

perturbation



What about nonlinearities?

0'=-w20'+w2e’

Order O 0o = 0 Base state
2
Order 1 oL =0
' Constant (in t!) 15t order
= 6, = A (T) perturbation
Order 2 5??92 — 0 Constant (in t!) 2nd order
Ot= perturbation
Order 3 %05 1 243
otz — | (5“‘-"0‘41 B AAl)
= S Secularity condition

If not, 6; would grow like t?2 and ruin the
ordering in the expansion

= Non-resonance condition
= Compatilibity condition



What about nonlinearities?

0'=-w20'+w2e’

Order 0 0o = 0
Order 1 =0
= th = A(T)
Order 2 = =0
= 0o = Ax(T)
Order3 2% _ _(L,243_ A4y



What about nonlinearities?

€A = S
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What about nonlinearities?

But recall the full nonlinear equation

B=-wzsin(B)+w?sin(6)cos(0)

It has another 2 steady solutions



Physical interpretation (Potential)

mO=F’(0)




What about nonlinearities?

It has another 2 steady solutions

0= arcos((mp/®)?)
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Stabllity of these bifurcated branches?

B=-wZsin(6)+w?2sin(6)cos(0)

we=w2cos(d,)

0 =0+ 0’

9':-w§cos(es) 0’ -w?sin?(8,) B’ +w?cos?(8,) ©’

'e":—wzyszéé{e" -w?2sin?(6,) ©’ +w2W’

0'=-w?sin2(8,) '

STABLE!



Supercritical fork bifurcation
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Supercritical fork bifurcation
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Subcritical bifurcation



What about nonlinearities?
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Hysteresis cycle!
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Saddle Node bifurcation



Transcritical bifurcation



What about nonlinearities?

Transcritical bifurcation



Hopf bifurcation
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Natural oscillators

lintner/teaching.html

rutgers.edu/~

http://envsci.

Vortex-stre'ét-l.jpg

en.wikipedia.org/wiki/File



Cylinder wake

Cylinder wake
Oscillator, intrinsic dynamics, absolutely unstable (Triantafyllou 86,
Monkewitz 88)

Globally unstable Re>47 axial velocity

E>—-

— C—

vorticity

Power spectral density

0+ Dominant frequency

I i i 1
T T T T




Canonical example of Hopf bifurcation
Bénard-von Karman street

Supercritical Hopf Bifurcation

Re = 26 < Re. Re = 140 > Re.

Threshold



Nonlinear Saturation

t=0 INITIAL ﬁszP_ =80 SNAPSHOT -04-02 0 0204]
- OR— | | O




Saturation

50 100



Saturation...preceded by exponential growth

growth rate
log(A)
10’
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10

10

50 100



Linear stability analysis

Perturbation expansion
(w,p) =(U,P)}+ (u.p)
Stationary base flow

Base flow equations

Base flow 0 05 1 |

VU -U = —-VP+ Re VU, | s
- ORI

V.-U=0

perturbation equations
E)t'u,f LVU -u +Vu U+ Vi-u = —fo -+ Re_lvzu:
V.u =0



Global stability analysis

/ !

(w,p)(x,y,t) = (4,p)(z,y) exp|ot]

o= A+ 1w St =
Global mode T T

W

2T

Growth-ratefrequenc
Y

Singular generalized eigenvalue problem
o0l + Vi -U+VU - -i4=—-Vp+ Re V24,
V.14 =0,




Global stability analysis solvers

For a given value of Re, numerically solve

* Non linear equations,
VU . -U = -VP+ Re 'V?U.

(Newton method)
- Eigenvalue problem
o+ Vi -U+VU-4=—-Vp+ Re V24,

(Krylov-Arnoldi method)
Spatial discretization = finite element methods

(FreeFem++ freeware)

Taylor-Hood finite elements (P2,P2 ,P1)
— number of degrees of freedom~ O(109)




Dominant eigenvalue

(i, p)explot] o= AN+ iw  Spectrum at Re = 50

Dominant ' e 5
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Jackson (1987), Zebib (1987), Ding & Kawahara (1999), Barkley (2006), Giannetti & Luchini (2003, 2007),
Sipp & Lebedev (2007), Marquet, Sipp & Jacquin (2009)...



Saturation...preceded by exponential growth

growth rate

log(A)
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Frequency correction

t=—0-l

INITIAL

0o 05 1
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St

0.22
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012
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0.08

Frequency correction

= DNS
— Expe (Williamson ‘88)
* Linear base flow (Pier 2002) _




Frequency

The mean flow is
neutrally (marginally) stable

0.2 1:' '''' [Ty L 02 g I T 17' P—p———
: o : -
el
© 51k Base flow _
ean flow &
0.15 — '
| % 0 AL DD D o
Base flow | — Mean flow
I @) _
0.1 S 12{]' B - o =01 AL e | I | T Y Y
R 60 120 R 180

Barkley (2006), Malkus (1956)

Two limitations:
A posteriori prediction: need mean flow
No information on amplitude



Mean ﬂoW distortion

| BASE FLOW == ] |  MEANFLOW os 1
EIGENMODE <= o o8| [ oNAPSHOT = “reoee
Ol o - - 1 | O
o TN
5 il
1.1+ 'hl l i
| |
| 'l ]
09 il
| VWV lc “




Transient mean flow correction

@) SC == | ) DNS
- x10-a— B x10-3—
- QD Tiee— F QT ee——
(©) SC === [d)’ DG ———
I = - | - | o—
- Qo O_
C— | —

(C)I SC02-01 0 01 (f) | | DNS 5201 0 o.1

o o™

0 5 10 15 20 25




Stuart-Landau amplitude equation

dA

T = = \0A — ;uA\A\ 5 : distance from thresholc

Experimental
Sreenivasan, Strykowsky & Olinger (1986)
Provansal, Mathis & Boyer (1987)

Numeric
Dusek, Le Gal & Fraunié (1994)

Analytic
Sipp & Lebedev (2007)



Bifurcation theory

Stuart (1960) , Sipp & Lebedev (2007)

Departure from threshold: 1 1 _ 52y (25
Re  Re,

slow time scale T = €2t

Expbansion:

base flow,

leading order perturbation @, = A(T)g; ¢+ + c.c..
"A(T) unknown |
second order perturbation, no secular ferms with frequencyw,

~ 2 A ~ 1w
Go = 0Gos + |Al o a2 + (A% Ggaee®" + c.c.)

BF diffusion | Base flow
modifications

harmonics |




Bifurcation theory

second order perturbation, no secular terms with frequencyw,

~ 2 ~ A 1w
> = 0Gos + |Al g a2 + (A% Ggp2e®" + c.c.)

BF diffusion Base flow

modifications

(0L + M) gy = F. + |APF + (A%2 FF 4+ cc)




Resonance at third order
Third order secular forcing terms

Batq?) -+ L*qS — (ﬁ?ﬂ’eiw*t + F3n?’ + C.C., O)T .

dA

By, = - dT

——y 4 + 6AFy 4 + A|A\2F3A\A\2 ;

Fi =

( Vuf‘ Vuz ué'Vuf‘ —Au‘f)
0 1

FAAP _ (—Vuf‘ ' Vu'z' — u'zA' Vu‘f)
‘.; - 1
‘ 0

FAAT _ (—Vuf‘ Vuy —uy - Vui )
3 B 0 ‘



Resonance at third order
Third order secular forcing terms

Batq?) -+ L*qS — (ﬁ?ﬂ’eiw*t + F3n?’ + C.C., O)T .

A dA
Fs, = dT’“qA +6AFy, + A|A\2F3A\A\2 ;

= The Fredholm alternative F;. orthogonal to the adjoint of §; 4
v.at=o0, Sat +vU -af - val .U +Vpl —Re'V2af =0,

» 9

Giannetti & Luchini (2003), Sipp & Lebedev (2007), Marquet, Sipp & Jacquin (2009)...
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Compatibility condition
yields closure and the normal form
Ae leading order determined by resonant terms at &’

dA

— \0A — uAlA
T HA|A]%,

A :/ fﬂA - Fy ydady,
)
H :L Gip - Fyppap2dady .

/ (ﬂA -Gy pdady=1
)

Sipp & Lebedev (2007)



Normal form

dA

T NSA — uAlAlP
T pAAI",

A0
fr

tr >0 = predicts saturation |A]* =

= nonlinear frequency correction dw = A6 — p;| Al

Sipp & Lebedev (2007)



