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Surface tension




Surface tension
Spherical drop or bubble

P,

P,— P,=2y/R

v: surface tension



Surface tension

Soap bubble
Pl
air
soap
P,— P,=4y/R

v. surface tension



Surface tension
Laplace Law




Rayleigh Taylor instability

Dense fluid (p,) above

Light fluid (p,) below

Tz

surface tension
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Rayleigh Taylor instability
Simplify to 2D : two semi-infinite domains
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Rayleigh Taylor instability
Simplify to 2D : two semi-infinite domains
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Dynamic boundary conditions

Kinematic boundary conditions

Potential flow
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Instablility analysis:

Equations and boundary conditions
Base state

Linearized equations

Normal mode expansion
Dispersion relation

Analysis of the dispersion relation



1. Equations

A(I)l = ()
Potential flow
Aq)z = (
0D, 0P,
Ul — %’ Vl - @ Velocity field
6(1)2 8@2
Uy=—= Vo= —=
T ox E




1. Boundary conditions

(I)l:O‘dltZ:—OO
Gy =0at z =40

at z =mn-

far-field



1. Kinematic boundary condition

n(x,t)

Kinematic condition : impermeability (no penetration)
No fluid particles going across the interface through the normal direction

V,=adnlét cos(a)



1. Kinematic boundary condition

Vv

VJ_ s UJ_:L\
u n(x,t)

Kinematic condition : impermeability (no penetration)
No fluid particles going across the interface through the normal direction

V,=adnlét cos(a)

u,,=Vv, cos(a)+



1. Kinematic boundary condition

u n(x,t)

Kinematic condition : impermeability (no penetration)
No fluid particles going across the interface through the normal direction

V,=adnlét cos(a)

} onlot=v - u, tan(a) = | anlot=v - u,onlox
u,,= Vv, cos(a)-u, sin(a)



1. Kinematic boundary conditions

(I)l:O‘dltZ:—OO

far-field
Gy =0at z =40
9, 0
Ul—n — Vl — —?7
0 0
Uyt — Vo = =



1. Dynamic boundary conditions

0
P — D= o at z =
| 2 = —7 9 al < =17J
On )3/2
O
n:(—&cn,l)
1+ 02

C=V.n




1. More equations

00, Ui +VP P

Y | > | o -z =
00, U;+Vy P

| | gz =
(% 2 P2

2nd Bernouilli relations



2. Base state



3. Perturb and linearize
perturbation expansion

R = () Hepy
b, = Heo
Uy = Heuq
Vi =0 TEV] |
0, _ Hews e 1
Vs =0 Hevs
Py |=—p1gz Hem
Py |= —pagz Hepo
i = Heo

Variables Base state Small perturbation



3. Linearized equations

A@l — O
perturbed potential flow
Ay = 0
Uy = % U1 = %
or 07
U9y = % Vg = %
or 0z




3. Perturbed kinematic boundary conditions

o =0at z = -

0y =0at z =+
) 80 do t
—€ U EV1 = €e— adl 2 = €0
gy =
6’0 0o t
—E U €EVo = €e— adl 2 = €0
25, T =,




3. Perturbed kinematic boundary conditions

o =0at z = -

0y =0at z =+




3. Flattened kinematic boundary conditions

on_or
0. ot 7Y
o _or
0. o oY
0o do 926
Taylor expansion around 0: | 5. 5 (o) = 9~ (0)‘|‘656Z (0) + ...
(9@1 _60' B
%— " at z =10
6@2 _80' B
E—Eatz—O

=transforms a b.c. at an unkwown interface into a fixed place!



3. Perturbed dynamic boundary conditions

(P +ep

— Py —epy)|.,

82

AT

TRRE]

Replace P,=-gp,z, ... ﬂ and linearize
0%0
—p)o+ (=)l

g (ps

flatten

d

Rz

(p2 = p1)go + (p1 = pa2)l,

0%

! 012




3. Perturbed and linearized Bernouilli

Perturbed 2" Bernouilli relations

dp1r  p1
4B _
8t+p1
062 P2 _



4. Normal mode expansion

Fourier transform in x and t

o1 = filz)exp(i(kr — wi)),
02 = falz)exp(i(kr — wi)),
o = Cexp(i(kr — wt)),

k is the wavenumber and w the frequency (in rad

A =2r/k T =2m/w
f=w/(27)




4. Normal mode expansion

Solution to Laplace equation:



4. Normal mode expansion

Solution to Laplace equation:

¢ = (aexp(kz) + fexp(—kz))exp(i(kx — wt))

1

¢ = (aexp(kz) + Bexp(—kz))exp(i(kx — wt))



4. Normal mode expansion

Solution to Laplace equation:

01
02

Aexp(kz)exp(i(kr — wt)),
Bexp(—kz)exp(i(kx — wt)),
Cexp(i(kx — wt)).




4. Normal mode expansion

Replace in boundary conditions

9(/02 — /01)0 +iwp A —iwpe B = f)/kQC
kA = —iwC
—kB = —w(C

This is an eigenvalue problem iwX=MX!

kg(ps — p1)C +w’pC 4w pC = k°C



5. Dispersion relation

2 _ Zhglps = pr) + o
P11 P2

‘Unstable if there exists one w, Im(w)>0

*Neutral if for all w, Im(w)=0:

-Stable (or damped) if for all w, Im(w)<O:




5. Dispersion relation

2 _ Zhglps = pr) + o
P11 P2

sUnstable if there exists one w, Im(w)>0 )02 > )01

Neutral if for all w, Im(w)=0: P1 > P2

-Stable (or damped) if for all w, Im(w)<O:

The flow considered is not damped, we have
neglected dissipation by neglecting viscosity



4. Dispersion relation

Large wavelengths Small wave

05! lengths
w, U NS
(0 :

\

\ Ik
~ 4

_0.5 i -~ - ~

"-'I'l--"'..‘I

c

large wave
_numbers

0 0.5 1 15 K
ki

C

ke = \/glps — 1|/

Small wavenumbers

[ = \/7/(9’/02 — Pl’) capillary length: 2.7mm for air/water
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Instablility analysis:

Equations and boundary conditions
Base state

Linearized equations

Normal mode expansion
Dispersion relation

Analysis of the dispersion relation



Rayleigh Taylor instability

Dense fluid (p,) above Py, @,

Light fluid (p,) below P @




Flat Interface at z=0 =

Base state

h(x,y)=0

No flow = ¢@,(X,y)=0, @,(x,y)=0

1+ (5))

oy

02 ; 02
S _ 90898 %S

/4

y €«

2 .
L4 (2)7) 28
Ox Oy dxdy oy O

C=

(1o (5))
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Global instablility analysis:

Equations and boundary conditions

Base state

Linearized equations

Fourier series expansion

Countable number of admissible frequencies: discretized
dispersion relation

Analysis of the linear stability conditions

40



Rayleigh-Taylor instability

This is just the linear part of the story!

Jones & Jacobs 1997



Rayleigh-Taylor instability

This is just the linear part of the story!

DNS

B o]
AN Ny /._f o Y \,\// WL/
& 2% &,@ J @@
(a) ®)

T~ ‘\\__ y T~ gE‘“‘w @’g

| L |

- Ha 2l L _
FJ\ e j/( ;@<\ ; ‘:l/ @‘“ ﬁ _—f @ (:

| j

(c)

(d)

Aref & Tryggvason 1989

Model



Rayleigh-Taylor instability

This is just the linear part of the story!
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Model
DNS Aref & Tryggvason 1989



Rayleigh-Taylor instability

This is just the linear part of the story!

www.LBmethod.orqg

Jonas Latt, EPFL


http://www.lbmethod.org/

Rayleigh-Taylor instability

A nonlinear paradox: pooring syrup

Unstable but not mixed

Stable but mixed

45



Instability of suspended thin films

F1G. 2.6 — Une couche mince d’huile est déposée sur une plaque plane, puis la plaque

est retournée. le film d’huile est instable et ['instabilité se manifeste par Uapparition
de gouttes pendantes disposées sur un réseau ici hexagonal (Fermigier et al. 1990).



Instablility analysis:

A physical mechanism (handwaving arguments)

Scaling laws

A dispersion relation that links wavelengths and frequencies
An experimental validation



