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Rayleigh Bénard convection
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Lessons learned from linear stability analysis

The pure conductive solution becomes unstable above a threshold,
which for fixed depth h and fluid properties is simply proportional to
the temperature gradient.

We therefore introduced a control parameter which equals O at
threshold AT — AT,
T TATL

Close to threshold, when linearity can be assumed, the perturbation
writes

v, = X(t)fo(2)sin(kx), k=2m/\
Temperature and vertical velocity are in phase

The unstable wavelength at threshold is roughly 2h



Heuristic equation for an unstable system

d
EX:O'X

o=r/Ty

1. We retrieve the critical slowing at threshold
2. The system is stable (damped in fact!) for r<O and unstable for r>0



Heuristic equation for an unstable system

Since for r>0, there is exponential growth, X cannot assumed to
remain small for long...
Nonlinear effects have to be introduced

d _
EX — Oe'ﬁX

where o is now a function of X!

By symmetry, there is no reason that a positive velocity anomaly
would behave differently than a negative one...

TOOoff =T — gX2
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Stability of the bifurcated state?

oK+ X)) = mgX = (X X) - (X + X
= [rX; —gXP] 4+ (r—3gX?) X'+ 0 (X'Q)

Stable since r>0!



Now we include more physics

X: vertical velocity
Y : temperature anomaly
P: Prandtl number

Driving force Viscous
Archimedes resistance

/

X =P(Y — X)



Now we include more physics

X: vertical velocity

| | Driving force Viscous
Y . temperature anomaly Archimedes resistance
P: Prandtl number

R: Rayleigh number / /

X =P(Y — X)
Y = RX — Y

dt a Heat

Heat

transport diffusion



Stability of equilibrium state (X=0,Y=0)

X = Xpexp(st), Y =Yyexp(st).
sXo = P(Yy—Xp),
sYo = RXog—Yp,

(s+P)(s+1)— RP =0

s =L (—(P+1)+ [(P—1)2+4PR]"?)



Stability of equilibrium state (X=0,Y=0)
X = Xpexp(st), Y =Yyexp(st).

s =L (—(P+1)+ [(P-1)2+4PR]"*)
>0

Unstable if [(P —1)% + 4PR] >(P +1)?
A4PR > 4P.
R > 1



There Is also a mean temperature correction Z



Lorentz model
X: vertical velocity
Y . temperature anomaly
Z. mean temperature correction

Driving force Viscous
Archimedes resistance

Heat

/
X P Y}) transport

iy — (R—Z)X—Y\
Hea
Z XY — b/~ diﬁutsion

Relaxation to linear
Mean effect on temperature temperature profile



Limiting equation for R close to 1 and X=Y

7 = XY/[b
X =(R—1)X — X°/b



Now consider Lorentz system at large R
and b=8/3, P=10

LX =PY - X)
LY =(R-Z)X-Y
L7 =XY —bZ

One can show that the steady convection
roll solution becomes unstable for R>24.74
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This Is chaotic!
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Here R=28, h=8/3, P=10
This Is chaotic!
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What happens?

Lorentz plot the successive maxima of Z, Z,
In fact he plots Z,,, as a function of Z,
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What happens?

Lorentz plot the successive maxima of Z, Z,
In fact he plots Z,,, as a function of Z,
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Discrete time iterations
Zk+1:f(zk)

Consider Z,/'=Z,+0Z

Zvoi' =2, +0f1dZ(Z,)8Z

The divergence depends on the the sign of |df/dZ|-1



Here |df/dZ|>1 everywhere!
Small initial differences get exponentially amplified
Loss of memory of initial condition
Butterfly effect

48 -

421

Z'k+ |

30 | | |
30 36 42 48



Beware, this is not a function
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Figure 6.14: Spectres du signal de vitesse mesuré en un point de la cellule. En régime bipériodique (en haut), le
spectre est composé de deux raies principales et de leurs combinaisons simples. Le régime chaotique est caracterise
par des raies au pied élargi et par la présence de bruit de basse fréquence (w == 0) dans le spectre (d’aprés Berge et

Dubois, 1951).
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Logistic map

Xk+1 — FT Xk - 4?"Xk 1 —X;f
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Logistic map

Xk+1 = FT(X;,J) — 4?"Xk(1 — Xk)

| r=3/4
r=1/2
r=1/4




Logistic map

Xk+1 = FT(X;,J) — 4?"Xk(1 — Xk)

X k+2

r=(1+6%2)/4
r=(1+5%2)/4
r=3/4




Logistic map

critical bifrucation parameters for period
doubling
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Periodic window

Xk+1 = FT Xk — 4?"Xk 1 —X;f
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Logistic map
Periodic window

Xp4+1 = Fr(Xg) = 4rXp(l — Xg
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Very very sensitive system
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Subharmonic cascade In convection

Libchaber and Maurer ‘80
Liquid Helium
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