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What about stable flows (no inflexion point)?
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c=w/k

Plane poiseulille flow; Re=10000; a=1, =0
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Neutral curve for plane poiseulille flow

R€C:5772 Re

— Allure de la courbe de stabilité marginale dans le plan Re — k pour
['écoulement de Poiseuille plan.



Boundary layer at increasing Reynolds number




Boundary layers are destabilized by viscosity
Reynolds Orr equation

Perturbation kinetic energy: €e = g(ug +v? + 'u-*z)

d Yz
— 2)d

Production term Dissipation term



Local parallel flow approximation

(u,p) = (u(y), p(y)) oot +ilaw+p2)

=QOrr-Sommerfeld-Squire equation

9 |
B L Uy)Vu+uVU(y) = —Vp + —V2u

ot Re
V.au=0



Tollmien Schlichting waves

Schmid and Hennlngson 2002
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Neutral curve

300

Schmid and Henningson 2002
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Boundary layer at Re; =1500

=

Growth-rate

0.3

0.0+

103 P,

0.3

0.9

1.2 s — — — — = tan(B/a
T 5 & 4 w=tan(Bla)
U (degrés)

Tauz de croissance temporel (s71) de Uinstabilité dune couche limite, en
fonction de Uangle 1 de la perturbation avec la direction de l'écoulement de base.

Rsy = 1500, wr/U2 = 0.3 x 107* (caleul G. Casalis, ONERA).

The most unstable perturbation is oblique!



Hagen Poiseuille < % Q

Couette ;/

Flow type Reexp | Rejiy

Pipe flow ~ 2000 00
Plane Poiseuille flow || ~ 1000 | 5772
Plane Couette flow ~ 360 00
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3.3. Spectrum of plane Couette and pipe flow. (a) Plane Couette flow
3 = 1,Re = 1000; (b) Pipe flow for @ = 1,n = 1, Re = 5000.
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FIGURE 3.12. Contours of constant growth rate (a) and phase speed (b) for pipe
Poiseuille flow.
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What about nonlinearities?

\~
§~
L T

—
_—
" o e .
— e e .

—-— o w—
_———_—_—
— -
N
—
-
-

Edge states



Transient growth and bye pass transition
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Conditional stability — subcritical bifurcation
Trefethen 1993
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Definition of optimal gain of a linear system

Linear system @ = Lg

dt

Initial condition ¢(t = 0) = ¢q

Optimal gain G(f) = max 4! 7

q0 ‘QO \

Norm




Definition of optimal gain of a linear system

dq

1T,
ar 1
Q(tZO):QO

Matrix exponential

q(t) = exp(Lt)qo



Definition of optimal gain of a linear system

Optimal gain  G(¢r) = max 4!
q0 QO‘

B exp(rL)qo|
— IMN4ax
4o lg0]]

= ||exp(t.L)]




How to compute a matrix 2-norm?

Optimal gain ~ G(1) = [|exp(t£)|

unitary sphere rotated ellipsoid



Optimal gain is associated to a norm

Kinetic energy written in v,n form
lau=Dv-IBw and n=1Bu-iaw

1 ) 712
E@) = 5 /ﬂ 1DV + 2P+ ] d©



Optimal gain is associated to a norm

Kinetic energy written in v,n form
lau=Dv-IBw and n=1Bu-iaw

1 : j
EW) = 5z [ [DF+EM+F] a0

I W7 =D+ 0\ (v
— 2 _
— =5 [ (7) (7% 0) () e

I

_ )

energy matrix




Definition of optimal gain of a linear system

Cholevski dec. M=F"F

1
R H roH H
F"FqdQ=— /F FgdQ
lall* = 55 [ "FFad@= 5 [ (Fa)'Fq
Optimal gain
r Fexp(tL
G(r) = max |q||£ — max ” q” ma){” exp( )9’0||2
o llgolle a0 [[Fqollz w0 [|Fqoll2
F tL )
_ max' exp(tL)F~ |2=||Fexp(rL)F_l ’
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Plane Poiseuillle flow

normal

!

U(y)

>

I

longitudinal, e’

i)ransverse eifz

Linearly stable until Re=5772, but the transition is
observed experimentally close to Re=1000-2000!



Plane Poisedille flow - stability
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Orr mechanism (2D)

15

Amplification G(¢) for Poiseuille flow with Re = 1000,o0 = 1 (solid line)

« By-pass transition »
Trefethen et al (1993), Buttler & Farrell (1993) , Schmid & Henningson (2001)



Optimal perturbation (here in boundary layer)
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Plane Poiseullle flow
Lift-up mechanism (3D)

5000
4000
3000¢
G(t)

2000 ¢

1000+

0 500 1000 t 1500

Re=5000, a=0, =1

« By-pass transition »
Trefethen et al (1993), Buttler & Farrell (1993) , Schmid & Henningson (2001)



to streaks
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Lift-up mechanism

Streamwise vortices

Schmid & Henningson.(2001)



Lift-up mechanism

Optimal transformation of vortices into streaks

Alfredson & Matsubara (1996), streaky structures in the boudary layer
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Isolines of maximum transient amplification

p=0

a
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« By-pass transition »
Trefethen et al (1993), Buttler & Farrell (1993) , Schmid & Henningson (2001)



Gmax (10—3) tm-a;r « 5}

Plane Poiseuille 0.20 Re? 0.076 Re 0 2.04
Couette 1.18 Re? 0.117Re 35/Re 1.6
Pipe 0.07 Re? 0.048 Re 0 1

Boundary layer 1.50 Re? 0.778 Re 0 0.65




Lift up mechanism in a square duct in the stable regime

Bye-pass transition to turbulence

fully developed turbulence
0.05 |

0.04

0.03r

0.02r
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0 5 10 15 20

Bottaro et al. (2008)



5.1 — Osborne Reynolds en 1883 derriére son expérience a Manchester.



Transition in Cylindrical Pipe Poiseuille flow

Mullin (2008)



Transition in Cylindrical Pipe Poiseuille flow

Disturbance amplitude
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Transition in Cylindrical Pipe Poiseuille flow

Numerical study

Kerswell (2008)



Tourbillon de Lamb-Oseen

Stable lineairement!



43



TOWARDS AN ELLIPTICAL
STATE

Nonlinear evolution of the optimal perturbation
with initial amplitude below a given threshold...

o C

Re = 1000



TOWARDS AN ELLIPTICAL
STATE

... and now ABOVE the
threshold
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Re = 1000
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TOWARDS AN ELLIPTICAL
STATE

Reconstructed flow

@ o o

Re = 1000
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Tripolar vortices?
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BASIN OF ATTRACTION’S trip
SH RI N KAG 3 Subcritical
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What about nonlinearities?

Supercritical fork bifurcation



What about nonlinearities?

Hopf bifurcation



What about nonlinearities?
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Subcritical fork bifurcation



What about nonlinearities?
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Subcritical bifurcation



What about nonlinearities?
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Hysteresis cycle!



What about nonlinearities?
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Saddle Node bifurcation



What about nonlinearities?

Transcritical bifurcation



