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Flow potential and stream function
Elementary potential flows
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Magnus effect

Conformal mapping

Joukowski theory



Potential flow

when is flow a potential flow?
definition of flow potential
definition of stream function
Laplace equations
(Cauchy-Riemann equations

circulation and vorticity
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vector identity: V2ZA= V(V 1A) =V x (V x A)

FAQ

Is a potential flow inviscid?

A potential flow is irrotational & incompressible



P 00
FAQ e
vxﬁ:(O,OJ%[w_%D

Can there be vortices in a potential flow?

Solid body rotation vs free vortex
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streamlines and equi-y) lines . O

Potential flow



equi-v lines and equipotential lines | O

Potential flow



Bernoulli O

Potential flow



definition of complex potential O

Potential flow

dw_, dw_, di
dz dg dg

dw
dz

Complex potential and it’s properties

w+w=? w—w=7



Elementary potential flows

Uniform parallel flow



Elementary potential flows

streamlines
equipotential lines

Uniform parallel flow




Elementary potential flows L2 _10%
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Elementary potential flows

streamlines
equipotential lines

Potential vortex




Elementary potential flows

Point source or sink



Elementary potential flows

streamlines
equipotential lines

Point source or sink




Elementary potential flows

Source-sink doublet



Elementary potential flows

streamlines
equipotential lines

Source-sink doublet




Elementary potential flows

equipotential lines

Summary
a. Uniform parallel flow U, e %z Uy (xcosa+ ysina) | Uy (ycosa— xsina)
b. Potential vortex _r Inz e _r Inr
T 27 27
c. Point source or sink Q Inz Q Inr g9
27 27 27
d. Source-sink doublet K L cos(6 —a) _k sin(6 —a)
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Elementary potential flows

equipotential lines

Summary
a. Uniform parallel flow U, e %z Uy (xcosa+ ysina) | Uy (ycosa— xsina)
b. Potential vortex _r Inz e _r Inr
T 27 27
c. Point source or sink Q Inz Q Inr g9
27 27 27
d. Source-sink doublet K L cos(6 —a) _k sin(6 —a)
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Combination of elementary potential flows

Source-sink dipole in free stream — flow around cylinder




Combination of elementary potential flows

Source-sink dipole in free stream — flow around cylinder




Combination of elementary potential flows

Milne-Thomson circle theorem
Consider a flow field represented by the complex potential w(g). If a circle |z| =a is

placed into this flow field, the new complex potential g(z) of this flow field equals:




Combination of elementary potential flows

Flow around cylinder
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surface pressure distribution = O

Combination of elementary potential flows

Flow around cylinder




Combination of elementary potential flows

Flow around cylinder
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surface pressure distribution = O
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surface pressure distribution | O

Combination of elementary potential flows i o

Flow around cylinder




potential flow vs real life ' O

Combination of elementary potential flows

Flow around cylinder
3
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Combination of elementary potential flows

Flow around cylinder with lift



stagnation points = O

Combination of elementary potential flows

Flow around cylinder with lift
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surface pressure distribution | O

Combination of elementary potential flows

Flow around cylinder with lift



Combination of elementary potential flows

Flow around cylinder with lift
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Combination of elementary potential flows

Flow around cylinder with lift



DAlembert O

Combination of elementary potential flows

Flow around cylinder with lift



Flettner rotor O

Flow around cylinder with lift

Magnus effect

DIE NATURWISSENSCHAFTEN

Heft 6

Dreizehnter Jahrgang 6. Februar 1925

Magnuseffekt und Windkraftschiff?),

Von L. Pranpti, Géttingen.

Fig. 16. Zwei gegenlaufig rotierende Zylinder.
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. 7. Zitkulationsstromungen, aus Fig. 3 . 4
durch Uberlagerung entstanden.

Fig. 17. Ein rotierender Zylinder.



Flow around cylinder with lift -

Magnus effect

Flettner rotor with Thom-disks
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https://youtu.be/crKwlbwvr88?feature=shared
https://youtu.be/QtP_bh2lMXc?t=23

Flow around cylinder with lift

Magnus effect

% POPULAR SCIENCE MONTHLY Novestuen, 1930

Whlrlmg Spools Lift This Plane

New mystery airplane, built hy three
American inventors on barge in Long
Island Sound. is tested in secret and
is said to have made short flights.

mrLAE e
A0 5 BLADES
RovLLER

o Impreve i
aalitien, s bere busm |-|-1-t o u ekl Sigha

POOLS of metal two feet thick,
whitl on spindles to life 3 strange

new aprplane withowt wings The
rn?vslrry craft, secmu%; being tested near
5 reported 1o have

maile shart I'bghl: aver Long Tsland Sound.
Iis three inventors have isolatal them-
sclves amd their machine on 4 barge unil
they are ready for a public demonstration.
metal “rotor airplanc” can lift

ten times the load of any other plane of
equal weight, they declare. They call it
specdier tham existing types, and. because
of lts smaller span. more economical to

T matars drive it. A stand
plane engine and its three-bladed propel
jull the wingless craft forward. Me:
while an ausliary metor whirls the three
T:I-Im: cylinders.  Upward  pressure

produced i a h-mHn hrrccwc is the
lifting force.

Theugh it scems radical in an airplane,
there is nothing new abawt this principle.
It is the same thing that makes a spinning

T

At tow, wrint’s kim of dhe rater pims in Bgie boed

il & voter airplane

Congressman Ames
wven years siter the Wrig

ha Beother

baseball curve. Known
since 1853 by the
name of the “Magnus
effect,” after its German

“ discoverer, it can be simply

ated: A cylinder  (or

# sphere) spinning i a

breeze tends to move at

right angles to the brecsc

because of the unbalaneed
pressure {1 creates.

Anten Flettner, German ea-
gineer, applied the idea when
be sailed a “rotor ship” across
the Atlantic to New York usder

# the power of twe tall cylinders,
tevolved in a crosswise wind by
dectric. motors,  When  they
spum, they whirled away the aic

sbowt I front of the stacks, lowering

5 A — pressure. By piling up air

o i
gy e By WA K salling ship.

in the face of the breese behind the stacks,
they increased the pressure at this point.
The combined effect of a partial vacwum
in front amd increased pressuee in back
was sufficient to propel the ship forwand,
As Im:g ago as 1910, o United States
Butler Ames, of Massa.
wlln |pmpuud 1o apply the same &lea
to aircraft. He even built a model and
mounted it on a torpedo boat to test its
lift. The rotors, turmed to horisantal posi-
thon, ereated vacuum above and prese
sure beneath in a beeeze, just as does am
asirplane’s wings. How they compare i
shown in the small disgram, in which
light arcas indicate suction and the dark-
est show pressure; & broese fs assumed 1o
be moving from left to bt
In 1924 the National Adwisory Com-
mittee for Aeronautics studied roler air-
eralt but eveolved mo proctical machine,




Source-sink doublet in free stream

witha =

Source-sink doublet in free stream + vortex
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Conformal mapping

A conformal mapping function is an analytical function that preserves the local an-

gle (but not necessarily lengths) and whose derivative is non-zero everywhere

see Matlab live script ConformalMappingExamples.mlx
for examples of conformal mappings



Conformal mapping

A conformal mapping function is an analytical function that preserves the local an-
gle (but not necessarily lengths) and whose derivative is non-zero everywhere

Y
g

see Matlab live script
ConformalMappingJoukowski.mlx




Joukowski airfoils

are airfoils that results from transforming a circle using a conformal mapping of the form:
a2

Z=C+?

2z = Xx +1iy is the complex coordinate in the airfoil plane, { = & + in is the complex coordinate in the circle plane.

1/2

: 1 1 1)
The inverse transformation is: ¢ = Ez + [(EZ) —az]



Joukowski airfoils

2
are airfoils that result from transforming a circle using a conformal mapping of the form: z = +%
n y
(04R)
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Joukowski transformation of the flow field

U, le ™+ U,

w(z) =w(l(2))
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Kutta condition

dw d¢
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dw
dz
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Kutta condition






Joukowski airfoils with camber

Now consider a circle with radius R that is shifted along the imaginary axis such that the centre of the circle is
now at ¢y = (0, A). The circle coordinates are {,,. = Ai +Re'? = r(y)e!
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Joukowski airfoils with camber

n

&o=1(0, )L)(

% ° X
(—2a,0) (2a,0)




Joukowski airfoils with camber

The complex potential of the flow around a cylinder with origin in {, and radius R in a uniform inflow with an
angle of attack a can be written as:

R i Ding—gy)

w({) =Uoo(§—§o)€_la+Uoome 3=



Joukowski airfoils with camber

R
$o=1(0,2) v > a+il
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