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AEROELASTICITY AND 
FLUID-STRUCTURE INTERACTION

Chapter 8: Sloshing Dynamics
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• Definition: Sloshing is the oscillating motion of the free surface of a 
liquid within a partially filled container

• Main causes: Acceleration of the container, air flow (wind), …
• Variety of examples: 

• Liquid transportation (trucks and tankers)
• Ballast, or fuel tanks of large ships
• Aircraft and rocket fuel tanks
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• Variety of examples: 
• Large waves in oceans, lakes, harbors and storage tanks due to 

earthquakes (Seiche and tsunamis)

“Seiche is a Swiss French dialect word meaning to sway back and forth and is used by 
hydrologists to describe an oscillating wave form found in enclosed or partially enclosed 
bodies of water. The term was picked up and promoted by François-Alphonse Forel, who 
made the first scientific observations of them on Switzerland's Lake Geneva in the 1890s”
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• Variety of examples: 
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• Variety of examples: 
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• Variety of examples: 
• Damping for large civil structures

Tuned liquid “sloshing” mass damper 
Highcliff Apartments, Hong Kong, 1995.
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• Variety of examples: 
• Orbital sloshing as a tool to improve mixing and gas exchange

• Bioreactors for cell cultivation 
• Food processing
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• Variety of examples: Wine swirling
• M. Reclari, EPFL 2011
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• Linear sloshing dynamics in a 2D container - Assumptions :
• 2D rectangular rigid container (𝒍𝒍 ≫ 𝑳𝑳)
• Incompressible, inviscid and irrotational liquid flow 

• Equations of motion (Euler): 

�
𝛁𝛁𝛁𝛁 = 𝟎𝟎

𝝏𝝏𝝏𝝏
𝝏𝝏𝝏𝝏

+ 𝒖𝒖.𝛁𝛁 𝒖𝒖 = −
𝟏𝟏
𝝆𝝆
𝛁𝛁𝛁𝛁 − 𝛁𝛁(𝒈𝒈𝒈𝒈)

 𝒖𝒖.𝛁𝛁 𝒖𝒖 = 𝟏𝟏
𝟐𝟐
𝛁𝛁𝒖𝒖𝟐𝟐 − 𝒖𝒖 × 𝛁𝛁 × 𝒖𝒖 = 𝟏𝟏

𝟐𝟐
𝛁𝛁𝒖𝒖𝟐𝟐

Irrotational 𝛁𝛁 × 𝒖𝒖 = 𝟎𝟎  𝒖𝒖 = −𝛁𝛁𝝋𝝋 (𝝋𝝋 : velocity potential function)
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𝝆𝝆

+
𝒖𝒖𝟐𝟐

𝟐𝟐
+ 𝒈𝒈𝒈𝒈 −

𝝏𝝏𝝏𝝏
𝝏𝝏𝝏𝝏

= 𝟎𝟎
𝒑𝒑
𝝆𝝆

+
𝒖𝒖𝟐𝟐

𝟐𝟐
+ 𝒈𝒈𝒈𝒈 −

𝝏𝝏𝝏𝝏
𝝏𝝏𝝏𝝏

= 𝑪𝑪(𝒕𝒕)

C(t) is an arbitrary function of time

Incompressible  𝛁𝛁𝛁𝛁 = 𝟎𝟎 𝛁𝛁𝟐𝟐𝝋𝝋 = 𝟎𝟎 (Laplace equation)

integration
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• Linear sloshing dynamics in a 2D container:
• A Laplace problem: 

with the boundary conditions:

• … The solution reads: 

where 𝒌𝒌𝒎𝒎 = (𝟐𝟐𝟐𝟐− 𝟏𝟏)𝝅𝝅/𝑳𝑳 for asymmetric modes 
and 𝒌𝒌𝒎𝒎 = 𝟐𝟐𝟐𝟐𝝅𝝅/𝑳𝑳 for symmetric modes

𝛁𝛁𝟐𝟐𝝋𝝋 = 𝟎𝟎

�
𝝏𝝏𝝏𝝏
𝝏𝝏𝝏𝝏 𝒙𝒙=±𝑳𝑳/𝟐𝟐

= 𝟎𝟎 �
𝝏𝝏𝝏𝝏
𝝏𝝏𝒛𝒛 𝒛𝒛=−𝒉𝒉

= 𝟎𝟎

𝝋𝝋 𝒙𝒙,𝒚𝒚, 𝒛𝒛, 𝒕𝒕 = �
𝒎𝒎=𝟏𝟏

∞

𝜶𝜶𝒎𝒎 𝒕𝒕 𝒄𝒄𝒄𝒄𝒄𝒄 𝒌𝒌𝒎𝒎𝒙𝒙 + 𝜷𝜷𝒎𝒎 𝒕𝒕 𝒔𝒔𝒔𝒔𝒔𝒔(𝒌𝒌𝒎𝒎𝒙𝒙) 𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄 𝒌𝒌𝒎𝒎(𝒛𝒛 + 𝒉𝒉)
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• Linear sloshing dynamics in a 2D container:
• The natural frequencies of the free surface are given by : 

• For deep liquids 𝒉𝒉 ≫ 𝟐𝟐𝟐𝟐 : 𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕(𝒌𝒌𝒎𝒎𝒉𝒉)~𝟏𝟏  𝝎𝝎𝒎𝒎
𝟐𝟐 ≈ 𝒈𝒈𝒌𝒌𝒎𝒎

𝝎𝝎𝒎𝒎
𝟐𝟐 = 𝒈𝒈𝒌𝒌𝒎𝒎𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕(𝒌𝒌𝒎𝒎𝒉𝒉)

where km=(2m-1)π/L for asymmetric modes and km=2mπ/L for symmetric modes

First asymmetric mode 𝒎𝒎 = 𝟏𝟏 : 𝝎𝝎𝟏𝟏
𝟐𝟐 ≈ 2𝝅𝝅g

L
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• Linear sloshing dynamics in a large container:
• Liquid motion due to a non-breaking wave : Stokes drift 

𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕(𝒌𝒌𝒎𝒎𝒉𝒉)~𝟏𝟏  𝝎𝝎𝒎𝒎
𝟐𝟐 = 𝒈𝒈𝒌𝒌𝒎𝒎

Linear wave velocity fields and trajectories followed by groups of particles released at
x0=0 and various depths (z0) during 3 periods, for waves with different characteristics.

The free surface height and the velocity fields are depicted at t =3T . 
a: H0=10m, k =0.5, a =0.7m. b: H0 =10m, k =0.2, a =0.7m. 

c: H0 =2m, k =0.5, a =0.7m. (k =2π/λ) is the wave number, λ being the wavelength)
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• Linear sloshing dynamics in a 2D container:

1st symmetric modes (m=1, 2, 3) 1st asymmetric modes (n=1, 2, 3)

Produces no drift, no lateral forces, no torque Produces drift, lateral forces and torque
Maximum drift due to 1st mode (n=1)
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• Linear sloshing dynamics in a cylindrical container - Assumptions :
• Cylindrical rigid container 
• Incompressible, inviscid and irrotational flow 

• Equations of motion: Derivation of the sloshing velocity potential is similar 
to the rectangular container. The main difference is that the sines & cosines 
are replaced by Bessel functions J1(r) of the 1st kind (relevant solutions of 
Bernoulli Eq. in cylindrical coordinates). 

• The eigen solutions and eigenvalues are:  

a
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• Orbital sloshing dynamics in a cylindrical container - Assumptions :
• Upright rigid cylinder 

• Diameter: D, liquid height at rest:H0 , Eccentricity: ds,
Rotational speed: Ω , Interface position: ξ

• Incompressible, inviscid and irrotational liquid flow 
• Small oscillation amplitude of the interface

• Non-dimensional numbers: 

�𝒅𝒅𝒔𝒔 =
𝒅𝒅𝒔𝒔
𝑫𝑫

�𝑯𝑯𝟎𝟎 =
𝑯𝑯𝟎𝟎

𝑫𝑫

𝑭𝑭𝑭𝑭 =
𝒅𝒅𝒔𝒔𝛀𝛀𝟐𝟐

𝒈𝒈

�𝝃𝝃 =
𝝃𝝃
𝑫𝑫
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• Orbital sloshing dynamics in a cylindrical container :
• Motion of the container (anywhere in the solid): 

• Fluid motion:  

Displacement  Velocity  

𝑿𝑿𝟎𝟎(𝒓𝒓,𝜽𝜽, 𝒕𝒕) =

𝒅𝒅𝒔𝒔
𝟐𝟐
𝒄𝒄𝒄𝒄𝒄𝒄 𝛀𝛀𝛀𝛀 − 𝜽𝜽 𝒆𝒆𝒓𝒓

𝒅𝒅𝒔𝒔
𝟐𝟐
𝒔𝒔𝒔𝒔𝒔𝒔 𝛀𝛀𝛀𝛀 − 𝜽𝜽 𝒆𝒆𝜽𝜽

𝑿̇𝑿𝟎𝟎(𝒓𝒓,𝜽𝜽, 𝒕𝒕) =
−
𝒅𝒅𝒔𝒔𝛀𝛀
𝟐𝟐

𝒔𝒔𝒔𝒔𝒔𝒔 𝛀𝛀𝛀𝛀 − 𝜽𝜽 𝒆𝒆𝒓𝒓
𝒅𝒅𝒔𝒔𝛀𝛀
𝟐𝟐

𝒄𝒄𝒄𝒄𝒄𝒄 𝛀𝛀𝛀𝛀 − 𝜽𝜽 𝒆𝒆𝜽𝜽

�
𝝏𝝏𝝏𝝏
𝝏𝝏𝝏𝝏 𝒓𝒓=𝑫𝑫/𝟐𝟐

= 𝟎𝟎 �
𝝏𝝏𝝏𝝏
𝝏𝝏𝝏𝝏 𝒛𝒛=𝝃𝝃

=
𝝏𝝏𝝏𝝏
𝝏𝝏𝝏𝝏

𝛁𝛁𝟐𝟐𝝋𝝋 = 𝟎𝟎 �
𝝏𝝏𝝏𝝏
𝝏𝝏𝝏𝝏 𝒛𝒛=−𝑯𝑯𝟎𝟎

= 𝟎𝟎

𝝏𝝏𝝏𝝏
𝝏𝝏𝝏𝝏 −

𝒅𝒅𝒔𝒔𝛀𝛀𝟐𝟐𝒓𝒓
𝟐𝟐 𝒄𝒄𝒄𝒄𝒄𝒄 𝛀𝛀𝛀𝛀 − 𝜽𝜽 + 𝒈𝒈𝒈𝒈

𝒛𝒛=𝝃𝝃
= 𝟎𝟎

For more information, refer to M. Reclari, Hydrodynamics of orbital shaken bioreactors, EPFL Thesis 2014 
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• Orbital sloshing dynamics in a cylindrical container :
• The solution of Laplace’s equation is obtained by a variables 

separation and by assuming exponential, harmonic and Bessel’s 
functions, respectively for axial, tangential and radial directions. 

• The solution reads:

Where: αmn and βmn are time dependent functions, Jm are the Bessel’s function 
of the first kind of order m, λmn= εmn / (D/2) are the roots of ∂Jm(λmnr)/∂r=0 at r=D/2

For more information, refer to M. Reclari, Hydrodynamics of orbital shaken bioreactors, EPFL Thesis 2014 
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• Orbital sloshing dynamics in a cylindrical container :
• The natural frequencies of the free surface oscillations are found 

for non forcing case (Ω=0) and assuming 

m=0
m=1
m=2
m=3
m=4
m=5
m=6
m=7
m=8
m=9
m=10

αmn=amncosωmnt and βmn=bmnsinωmnt

For more information, refer to M. Reclari, Hydrodynamics of orbital shaken bioreactors, EPFL Thesis 2014 
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• Orbital sloshing dynamics in a cylindrical container :
• Mode shapes of the free surface oscillations

ωmn [rad/s]

ωmn are given in [rad/s] for D=0.287 m and H0=0.15 m



Sloshing Dynamics

Aeroelasticity & FSI: Chap 8 6th & 8th Semester Fall 2024 EPFL - LMH - M. FarhatPage 20

• Orbital sloshing dynamics in a cylindrical container :
• The free surface elevation ξ , under forcing:   

• Rotation speed Ω and eccentricity ds
• Modes (m=1, n) are the most likely to be excited

• Non dimensional form: 

• The free surface height increases radially as a combination of a 
linear function of r and of a Bessel’s function 

• The free surface height evolves tangentially as a sine function
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• Orbital sloshing dynamics in a cylindrical container :
• Experimental investigations (M. Reclari, PhD 2015): 

• A Shaking table and cylindrical containers with different radii
• High speed visualization  Shape & amplitude of the interface

• Automated procedure Wide parameters space (>6000)
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• Orbital sloshing dynamics in a cylindrical container :
• Experimental investigations: 

• Stereo PIV setup Measurement of the 3D velocity field 
• LDV setup  time resolved measurement of local velocities
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• Orbital sloshing dynamics in a cylindrical container :
• Experimental observation: Wave patterns

Wave patterns reconstructed from high speed movies, depicted for two 
revolutions of the vessel. All waves are travelling from right to left. 
• a: single crested wave (the most usually observed). 
• b: double crested wave. 
• c: triple crested wave. 
• d: quadruple crested wave. 
• e: wave drying a portion of the vessel bottom. 
• f: breaking single crested wave. 
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• Orbital sloshing dynamics in a cylindrical container :
• Experimental results - Wave amplitude:

𝑚𝑚𝑚𝑚𝑚𝑚 𝛿𝛿 − 𝑚𝑚𝑚𝑚𝑚𝑚 𝛿𝛿

�𝜹𝜹 = �𝝃𝝃 𝒓𝒓 = 𝑫𝑫
𝟐𝟐

,𝜽𝜽, 𝒛𝒛, 𝒕𝒕 Free surface elevation at the wall

Solid lines: potential theory

• Fair agreement with potential theory for small eccentricities and outside resonance
• Multiple crested waves, likely excited by subharmonics of the forcing frequency
• Multiple crested waves tend to break for large eccentricities
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� 𝒅𝒅 𝒔𝒔
=0

.1

� 𝒅𝒅 𝒔𝒔
=0

.2
• Orbital sloshing dynamics in a cylindrical container :

• Mixing performances - Effect of shaking velocity and eccentricity: 
• Motion of particles released in a plane close to the container bottom

derived from SPIV measurements
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• Orbital sloshing dynamics in a cylindrical container :
• Scale-up (dimensionless numbers): 

Comparison of water level for different operating conditions

Comparison of LDV velocity 
profiles for two container scales

�𝒅𝒅𝒔𝒔 = 𝟎𝟎.𝟏𝟏𝟏𝟏,𝑭𝑭𝑭𝑭 = 𝟎𝟎.𝟓𝟓𝟓𝟓𝟓𝟓
�𝑯𝑯𝟎𝟎 = 𝟎𝟎.𝟔𝟔𝟔𝟔𝟔𝟔,𝛀𝛀/𝝎𝝎𝟏𝟏𝟏𝟏 = 𝟎𝟎.𝟕𝟕𝟕𝟕
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• Orbital sloshing dynamics in a cylindrical container 
• Effect of container shape ? 

• Semester projects, M. Mosavi 2015, S. Eghbali 2016

Bump profiles for the container bottom
2 velocity thresholds

(3D printing)

Contour of major velocity component
(Potential theory)

Existence of a low velocity area (low mixing)
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• Orbital sloshing dynamics in a cylindrical container 
• Effect of container shape ? 

• Semester projects, M. Mosavi 2015, S. Eghbali 2016

Visualisation of mixing improvements with the bump bottom
using solid particles in suspension

Ω=135 rpm, ds=44 mm, H0=84 mm Ω=135 rpm, ds=44 mm, H0=84 mm
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• Orbital sloshing dynamics in a cylindrical container 
• Effect of container shape ? 

• Semester projects, M. Mosavi 2015, S. Eghbali 2016

Visualisation of mixing improvements with the bump bottom
using solid particles in suspension

No significant improvement in the case of breaking waves
Ω=175 rpm, ds=44 mm, H0=84 mm
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• Orbital sloshing dynamics in a cylindrical container 
• Sloshing in Francis turbines and pump turbines in synchronous condenser mode

• Condenser mode is used to supply reactive power to the grid to cope with 
the fluctuations due to the intermittent renewable energies

PhD thesis, E. Vagnoni, 2018
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• Orbital sloshing dynamics in a cylindrical container 
• Sloshing in Francis turbines and pump turbines in synchronous condenser mode

• Condenser mode is used to supply reactive power to the grid to cope with 
the fluctuations due to the intermittent renewable energies

• The water column in the diffuser is excited by the runner induced air 
flow and develops a sloshing at the 1st resonance frequency

• Problem: Enhanced gas diffusion  increase of water level
 Air supply is needed to maintain the water column
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• Orbital sloshing dynamics in a cylindrical container 
• Sloshing in Francis turbines and pump turbines in synchronous condenser mode

• Condenser mode is used to supply reactive power to the grid to cope with 
the fluctuations due to the intermittent renewable energies

• The water column in the diffuser is excited by the runner induced air 
flow and develops a sloshing at the 1st resonance frequency

• Problem: Enhanced gas diffusion  increase of water level
 Air supply is needed to maintain the water column

PhD thesis, E. Vagnoni, 2018
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• Orbital sloshing dynamics in a cylindrical container 
• Damping of sloshing using foam - Semester project, C. Daguet, 2016

• Promising results for liquid transportation applications 
• Open issues: Improve the foam stability over time

ds = 8 [mm], H0 = 20 [cm], Ω = 195 [rpm], h0 = 3 [cm]
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• Orbital sloshing dynamics in a cylindrical container 

• Additional open questions: 
• Characterization of gas exchange vs operating conditions
• Effects of viscosity
• Orbital sloshing of non Newtonian fluids
• Precise measurement of the free surface shape
• Unsteady motion of the container
• Sloshing of bubbly fluids and foams
• Damping
• ….
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