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Problem 1.
/21

When there are multiple choices in the following, select all statements that are true.

1. Consider the SISO system xk+1 = Axk + Buk , xk 2 R2.

○ If all modes of the system go to zero as k ! +1, then the system is stable but

not asymptotically stable.

○ Assume that x̂ =


2
1

�
, û = 1 is an unstable equilibrium. Then, also x̄ =


0
0

�
,

ū = 0 is unstable.

○ If all free states are bounded, then the system is asymptotically stable.

2. Consider the SISO system xk+1 = Axk + Buk , xk 2 Rn.

○ For every constant input uk = ū 2 R there is an equilibrium state.

○ If x(k) = �(k, 0, x0, 0) and x̃(k) = �(k, 0, 3x0, u), then �(k, 0, 2x0, u) = x̃(k) �
x(k).

○ If A = 0 the system is controllable.

3. Let ⌃1 and ⌃2 be two equivalent LTI systems.

○ If ⌃1 is stable, then also ⌃2 is stable.

○ If ⌃1 is asymptotically stable, then ⌃2 is exponentially stable.

○ If ⌃1 is reachable, then ⌃2 is controllable.

4. Consider the system xk+1 = Axk + Buk , yk = Cxk , xk 2 Rn, uk 2 Rm, yk 2 Rp.

○ A state x̄ 2 Rn is unobservable if there is an input such that �(k, 0, x̄ , u) = 0,
8k � 0.

○ If the states x̄ and x̃ are unobservable, then also x̄ + x̃ is unobservable.

○ Assume that the observability matrix has full rank and uk = 0, 8k � 0. Then

yk = 0, k = 0, 1, . . . , n implies that x(0) = 0.
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5. Consider the continuous-time system ẋ = Ax , x 2 Rn.

○ If � < 0 is an eigenvalue of A, then, for any sampling period T > 0, the discrete-

time system obtained through exact discretization has an eigenvalue �̃ < 0.

○ If all eigenvalues of A are distinct, then also the eigenvalues of Â = eAT have the

same property, 8T > 0.
○ If all eigenvalues of A have real part strictly less than �2, there is T > 0 such that

the discrete-time system obtained through forward Euler discretization is asymp-

totically stable.

6. Let x =


x1
x2

�
⇠ N

✓
�1
0

�
,


1 0
0 2

�◆
and y = x1 � 1. Provide the probability density of

z =


x
y

�
.

7. Consider the first-order system xk+1 = xk +2uk and the cost J = x22 +
P1
k=0 x

2
k +2u

2
k .

Compute the gain K1 2 R defining the optimal control u1 = �K1x1.
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Problem 2.
/24

Consider the system xk+1 = Axk + Buk where

A =

2

4
1� a 0 0
c 1� b b
a c a + c

3

5 , B =

2

4
1
0
�1

3

5

i) For a = 0, b = 0, and c = 1 study the stability of the system.

3

A  = [ !§§ )

be
2 with algebraic multiplicity n :3

↳ the system can be either stable or
unstable

Computation of the geometric multiplicity of da

v
.

-

- to : La-no -

- o ) : Lv : %) I -

-
o ) -

= { v -

- [ § ) ,
dear } → Us = dim CVs ) = I

Sure na e if the system is unstable
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ii) For a = 0, c = 0 and b 2 R the system has an eigenvalue � = 1. Find the values of b such

that � is reachable.

iii) For a = 0, b = 0, and c = 0 compute a change of state coordinates T�1x̂ = x such that the

system x̂k+1 = Âx̂k + B̂ûk is in reachability form. Give the block structure of Â and B̂, and

specify the dimension of the zero blocks (do not compute the entries of other blocks).

4

A -

- [ tooIbob )
O O

P B H test : t is reachable if rank ( D2 - A B ) ) =3

rank ( Go

Fg?g
I ) ) = run k ) .

Since let 14 = b
,

my
A is reachable for b t o

.

A -

- [ 2gI} ) → A B = ( I ] ,

A
'

B -

- [ I ]
Mr = ( B AB A

'

B ) = [ I
,

too ¥ ] → rank ( Mr 1=2

it
.

charge of coordinatesTE( vz , y , us ] where
^

vz manes Turner title ( e . g . Vz = Co 2 O I
' )

. Block structure

* ¥:3 a I
i. i I

scalar
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Problem 3.
/20

Consider the system

x+1 = 0.5x1 + x2 + u

x+2 = x2

y = x1 + x2

Design a reduced-order observer with zero eigenvalues.

5

A-  . [
"

o

' } ) B -
- C :] c -

. Cs a ]

Observability matrix Mo :[ ! Ks ) → full oak

Transformation in the state - space
I -

-

Tx

T = ( {
,

] such that dot CT ) to
.

This is on

for I . cos ] → T = [
'

o's ]
.

T
-

:[
'

o ? ]

Equivalent system At = TAT
" B- -

- TB E-  

e5
'

a- = to i] ca :: It . I :[
'

II ]

B- =L : :X :3 :C :]

c- = Cz o ] ( by construction )
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6

EE LI! I ' + to ] n

y = Ez -

Setting E- . [ I ] we have

{ 5k '

z y t I wt u → I w = get
WE w

measures output 5 Cau )

{
WE Eau Eu - a

5 Creil = AI w
At

iz
= I

Full - order observer Laith no delay I fr w

It = I
- L ( 5 Cute ) - I w )

Since ( Ate
,

E. a ) = C i
, I ) is observable

,

then

2 can be designed such that I Fast L Feel =

= lit L I 1--2

↳ Fer L = - } the observer eigenvalue is eh the

origin
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Problem 4.
/20

Consider the system

x+1 = �x2

x+2 = �x1 �
1

2
x2 + u + d

y = x1

where d(k) 2 R is a constant but unknown disturbance. Assume that both states are

measured. After verifying the necessary assumptions, design a controller for tracking perfectly

a constant reference yo(k) 2 R after a finite number of steps. For simplicity, do not solve

any subproblem requiring eigenvalue assignment: just state the subproblem and discuss if it

can be solved.

7

LIZ model

XI Axe BuenaA  = [ IIz ) B -

- ( q ] or B

y = C Xt Nd C = Cc o ] N -
-

0

We want do design a controller with integral action

. A first necessary
condition is

at the o E . CA I? ]
cheon : E- . [ :?%) → mics on

. The second necessary
condition is that CA

,

B ) is

reachable

Mr -
- ( B

, ABI = [ I I'
z ) → full rank

.
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8

Design of the controller

Add an integrator
✓ I rt ( yo - y ) = v t yo - ex - Nd = Vt go - c x

w -
- v

.

BID
the extended system with state n

? Cx
. , te o ]

and output w

n : f? E) a I : ) nel : ) del :] s
.

w W

- 5 a
A

w = [ o o I ] M t o d

-
w

c-
b-

. We must find u = Ky such that C E t B- k ) has

all eigenvalues equal to zero → deadbeat be honor

→ the error go - g
will go

to see us 3 steps

. The problem can be solved because Ca
,

B ) reachable

and E full rank comply that ¥5 ) is reachable
.
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Problem 5.
/15

Consider the first-order system

xk+1 = 2xk � uk + wk w ⇠WGN(0, 1)

yk = xk + vk w ⇠WGN(0, 2)

x0 ⇠ N(2, 0.1)

1. Assuming that the noise terms are zero, compute the LQ regulator minimizing the cost

J =
+1X

k=0

Qx2k + Ru
2
k , Q = 2, R = 1.

and the corresponding closed-loop eigenvalue.

9

I

✓

System matrices i A -

- e B = - I G- I

Competition of the LQ regulator

D. ARE

F- AT PA  t Q -
AT PB C BTPBTRJ

'

BTP A

P = 4 P + 2 - EPI
p t I

( Ptc ) P = k¥2p the p t 2-4¥ → PZ - Sp - 2=0

p = 5It =
SII = 5.3223

2 T

The LQ controller is
Pdo

u -

-
- K Xu

ke ( BTP Ber )
- '

BT p A I - I 2 = - 1.6861
Pt I

Closed - loop eigenvalue i A - B K -

- O . 3139
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2. Compute the steady-state Kalman predictor.

3. Compute the overall output feedback LQG control law minimizing the cost

J = lim
N!+1

1

N
E
"
N�1X

k=0

Qx2k + Ru
2
k

#

, Q = 2, R = 1.

and provide the eigenvalues of the closed-loop system.

10

DARE ( VV =L
,

V=z )

E = A 2 Att W - A Z d C CE Cctv ]
- '

c E A

E = 4 Z + I -
HI ( Etz ) ⇐Fez+8 Et2-55

Z t 2

z
'

? y E - z = 0

E =
7  I

It is

2- =p
2-

= 2
. 2263

22 O

Kalman gun ↳ AT Ect ( C ECT TV ) ! I
= 1.5682

Ze 2

Predictor : Ire
. we

= A Inca
,

t Buu t L ( be
- C tiene )

= ( A - LC)In he . ,
t B un

t LS k
-

o . 4313

The LQG law is we
= - re In hey ,

together with the

Kalman predictor .

From the separation principle ,theclosed
- loop eigenvalues we 0

.
313 I 2nd 0.6313
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4. Assume, as in point 1, that the noise terms are zero. Explain how to modify the optimal

control problem in point 1 for guaranteeing that the closed-loop eigenvalue � verifies

|�|  1
4 .

5. Assume that y0 = 2, y1 = 3, and u0 = u1 = 0. Compute E[x2|y0, y1].

13

As seen in the lecture
,

by defining E -

-
LA

,

B -

- a B and by minimizing
the cost fur the system

II Axe Bu
,

one obtains a controller gun ka

Such that I A - B ka I E I .

It is therefore enough to set a -

- E .

The problem can be solved using the tone - varying
K F

,

For k = O

Iot ,

= Be C to ] = 2 Zo I - ,
= Vw Cto ) = to

Iolo = Iot
- i

t Zo , . ,

CT ( c
'

Ea . .

C t v )
"

C go - C Ion ) =

-

= 2 =  o

Z o lo
= Loi

- i

- Zoe ,

I ( c Eon at VT
'

c Eon =

= to - to ( to e a )
- -

to = To - LTO = O . 0952
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14

I
, co

= A Iolo = 4

[
, o

= A LocoAtt W = h . o
- 0 952+1 =L

. 381

At k -

- I

In
= Eco t Ecco I CCZ.co Itv )

- '

( sa
- Cto ) ,

= 4 t I
.

381 ( 1.381+2 )
-

'

( 3 - E ) =3
.

5915

~

Xzgz

=
A Iii ,

= 2 . 3
.

5915 = 2
.

1831


