
Multivariable Control (ME-422) - Exercise session 3

SOLUTIONS

Prof. G. Ferrari Trecate

1. Stability analysis
Consider the mass-spring-damper system

Md

K
F

with M > 0, K ≥ 0, and d ≥ 0.

As seen in the lecture, a discrete-time model of the system is[
x+1
x+2

]
=

[
1 T

−K
M T 1− d

M T

] [
x1
x2

]
+

[
0
T
M

]
u,

where T > 0 is the sampling time, u = F , and x1 and x2 are, respectively, the position and velocity
of the mass. Set T = 1, M = 1, and, for each one of the following cases, analyze the stability of
the system and compute the modes.

• K = 0, d = 0

• K = 0, d ∈ (0, 1)

• K ∈ (0, 1), d = 0

In each case, check if the results match the physical intuition about the motion of the system.

Solution:

• K = 0, d = 0:

A =

[
1 1
0 1

]
→ eigenvalue 1 with algebraic multiplcity 2

The system can be either stable or unstable. For deciding, one has to compute the geometric
multiplicity of the eigenvalue 1.

V1 = ker(A− I) = ker

([
0 1
0 0

])
=

{
x ∈ R2 :

x2 = 0

0 = 0

}
=

{[
α
0

]
, α ∈ R

}
→ dim(V1) = 1

Since dim(V1) < 2, the system is unstable.
For computing the modes, we use the table seen in the lecture. The integer η verifies 1 ≤ η ≤ 2
and η = 1 ⇐⇒ n = ν. Hence, η = 2. From the table, we have two modes indexed by p = 0, 1
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m1(k) = 1k = 1 (corresponding to p = 0 )

m2(k) =

{
0, for k = 0

k1(k−1), for k > 0
(corresponding to p = 1 )

The modes are in agreement with the physical intuition: in absence of damping and elastic
forces, if the initial velocity is positive and F = 0, the position of the mass diverges. This
behavior of the free state is captured by m2(k).

• K = 0, d ∈ (0, 1):

A =

[
1 1
0 1− d

]
→ λ1 = 1, λ2 = 1− d

The system is stable. The eigenvalues are real and distinct. From the table, the modes are

m1(k) = 1k = 1, m2(k) = (1− d)k.

Physical intuition: under the effect of damping only, the free state starting from x1 = 0,
x2 6= 0 is expected to converge to a position x̄1 6= 0. However, this should happen for any
d > 0 and not only for d ∈ (0, 1). This discrepancy between the mathematical analysis and
physical intuition is due to the fact that discrete-time model is just an approximation of the
continuous-time one. This phenomenon will be analyzed later in the lectures.

• K ∈ (0, 1), d = 0:

A =

[
1 1
−K 1

]
Compute the eigenvalues as

det(λI −A) = det

([
λ− 1 −1
K λ− 1

])
= (λ− 1)2 +K = λ2 − 2λ+ 1 +K

λ1,2 = 1±
√

1− 1−K = 1± j
√
K.

Since |λ1| = |λ2| > 1, the system is unstable.

This does not match the physical intuition on the continuous-time system: the free state
starting from x1 6= 0, x2 = 0 is expected to be bounded, as the mass will oscillate around
x̄1 = 0 under the effect of the elastic force. The mismatch is due to the fact that the discretized
system is just an approximation of the continuous-time model.

2. Stability analysis
Analyze by hand the stability of the system x+ = Ax where

A =


0 0 0 0
−1 1 0 0
0 0 0 2
0 0 0 1

 .

Hint: The eigenvalues of a block-diagonal matrix are the union of the eigenvalues of the blocks
on the main diagonal.
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Solution: The eigenvalues of A are λ1 = 0, λ2 = 1, λ3 = 0, and λ4 = 1. Then, the system cannot
be asymptotically stable. It can be stable or unstable. To decide, let us compute the eigenspace

V1 = ker(A− 1I) = ker



−1 0 0 0
−1 0 0 0
0 0 −1 2
0 0 0 0


︸ ︷︷ ︸

Ã


=
{
x ∈ R4 : Ãx = 0

}

=

x ∈ R4 :

− x1 = 0

− x1 = 0

− x3 + 2x4 = 0

 =




0
α
2β
β

 , α, β ∈ R

 .

Since the geometric multiplicity of the eigenvalue 1 is dim(V1) = 2, and it coincides with the
algebraic multiplicity, the system is simply stable.

3. Invariance of reachability
Consider the LTI system

x+ = Ax+Bu x ∈ Rn, u ∈ Rm.

Show that the rank of the reachability matrix is invariant with respect to the change of coordinate
x̂ = Tx, det(T ) 6= 0.

This means that the reachability properties of the equivalent LTI systems are the same.

Solution: As seen in the lectures, the system dynamics in the x̂-coordinates is

x̂+ = Âx̂+ B̂u Â = TAT−1, B̂ = TB. (1)

The reachability matrix of the system (1) is

M̂r =
[
B̂ ÂB̂ . . . Ân−1B̂

]
.

Since ÂkB̂ = TAT−1 . . . TAT−1︸ ︷︷ ︸
k times

TB = TAkB, one has

M̂r =
[
TB TAB . . . TAn−1B

]
= T

[
B AB · · · An−1B

]︸ ︷︷ ︸
Mr

whereMr is the reachability matrix of (A,B). Since T is nonsingular, one has rank(M̂r) = rank(Mr).

4. Consider the multi-compartment system describing the discrete-time dynamics of a drug on various
parts of the body, given in the figure, where the state xi(k) of each compartment is the mass of
the drug measured in mg in compartment i, and arrows represent mass transfer. The mass transfer
rates are k12 = k13 = k23 = k3 = 0.5h−1. Inputs are mass flows measured in mg/h.

A discrete-time model describing the mass transfer between compartments is

x+1 = −(k12 + k13)x1 + x1 + u1

x+2 = k12x1 − k23x2 + x2 + u2

x+3 = k13x1 + k23x2 − k3x3 + x3.
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Compartment 1 
(stomach)

Compartment 2 
(blood)

Compartment 3 
(intestine)

ingestion

u1(k)
<latexit sha1_base64="W17NRwvTzoST3fQm4RXbgES4XfI="></latexit><latexit sha1_base64="W17NRwvTzoST3fQm4RXbgES4XfI="></latexit><latexit sha1_base64="W17NRwvTzoST3fQm4RXbgES4XfI="></latexit><latexit sha1_base64="W17NRwvTzoST3fQm4RXbgES4XfI="></latexit>

injection

u2(k)
<latexit sha1_base64="aAmpQoSbMUyOsn09dJpG5G8w71A="></latexit><latexit sha1_base64="aAmpQoSbMUyOsn09dJpG5G8w71A="></latexit><latexit sha1_base64="aAmpQoSbMUyOsn09dJpG5G8w71A="></latexit><latexit sha1_base64="aAmpQoSbMUyOsn09dJpG5G8w71A="></latexit>

k12
<latexit sha1_base64="VwyfrwGOfxBx4xRQSvshiF0wwX8=">AAACL3icbVDLSgMxFM34rPWtSzeDRXBRykwR7FJw41LBPqAdSiZzp43NY8ijUIb+g1v9C79G3Ihb/8JM7cK2Hkg4OfeRe0+cMapNEHx4a+sbm1vbpZ3y7t7+weHR8UlLS6sINIlkUnVirIFRAU1DDYNOpgDzmEE7Ht0W8fYYlKZSPJpJBhHHA0FTSrBxUmvUz8P6tH9UCWrBDP4qCeekgua47x97p71EEstBGMKw1t0wyEyUY2UoYTAt96yGDJMRHkDXUYE56CifjTv1L5yS+KlU7gjjz9S/FTnmWk947DI5NkO9HCvE/2Jda9JGlFORWQOC/H6UWuYb6Re7+wlVQAybOIKJom5WnwyxwsQ4hxY6KcsgqY4LV5NqcWtheQzKvYRUoMEQaUWxMRtI12nI61DYGC6btkpa9VoY1MKHq8pNY25oCZ2hc3SJQnSNbtAdukdNRNATekYv6NV78969T+/rN3XNm9ecogV43z+ItqmZ</latexit><latexit sha1_base64="VwyfrwGOfxBx4xRQSvshiF0wwX8=">AAACL3icbVDLSgMxFM34rPWtSzeDRXBRykwR7FJw41LBPqAdSiZzp43NY8ijUIb+g1v9C79G3Ihb/8JM7cK2Hkg4OfeRe0+cMapNEHx4a+sbm1vbpZ3y7t7+weHR8UlLS6sINIlkUnVirIFRAU1DDYNOpgDzmEE7Ht0W8fYYlKZSPJpJBhHHA0FTSrBxUmvUz8P6tH9UCWrBDP4qCeekgua47x97p71EEstBGMKw1t0wyEyUY2UoYTAt96yGDJMRHkDXUYE56CifjTv1L5yS+KlU7gjjz9S/FTnmWk947DI5NkO9HCvE/2Jda9JGlFORWQOC/H6UWuYb6Re7+wlVQAybOIKJom5WnwyxwsQ4hxY6KcsgqY4LV5NqcWtheQzKvYRUoMEQaUWxMRtI12nI61DYGC6btkpa9VoY1MKHq8pNY25oCZ2hc3SJQnSNbtAdukdNRNATekYv6NV78969T+/rN3XNm9ecogV43z+ItqmZ</latexit><latexit sha1_base64="VwyfrwGOfxBx4xRQSvshiF0wwX8=">AAACL3icbVDLSgMxFM34rPWtSzeDRXBRykwR7FJw41LBPqAdSiZzp43NY8ijUIb+g1v9C79G3Ihb/8JM7cK2Hkg4OfeRe0+cMapNEHx4a+sbm1vbpZ3y7t7+weHR8UlLS6sINIlkUnVirIFRAU1DDYNOpgDzmEE7Ht0W8fYYlKZSPJpJBhHHA0FTSrBxUmvUz8P6tH9UCWrBDP4qCeekgua47x97p71EEstBGMKw1t0wyEyUY2UoYTAt96yGDJMRHkDXUYE56CifjTv1L5yS+KlU7gjjz9S/FTnmWk947DI5NkO9HCvE/2Jda9JGlFORWQOC/H6UWuYb6Re7+wlVQAybOIKJom5WnwyxwsQ4hxY6KcsgqY4LV5NqcWtheQzKvYRUoMEQaUWxMRtI12nI61DYGC6btkpa9VoY1MKHq8pNY25oCZ2hc3SJQnSNbtAdukdNRNATekYv6NV78969T+/rN3XNm9ecogV43z+ItqmZ</latexit><latexit sha1_base64="VwyfrwGOfxBx4xRQSvshiF0wwX8=">AAACL3icbVDLSgMxFM34rPWtSzeDRXBRykwR7FJw41LBPqAdSiZzp43NY8ijUIb+g1v9C79G3Ihb/8JM7cK2Hkg4OfeRe0+cMapNEHx4a+sbm1vbpZ3y7t7+weHR8UlLS6sINIlkUnVirIFRAU1DDYNOpgDzmEE7Ht0W8fYYlKZSPJpJBhHHA0FTSrBxUmvUz8P6tH9UCWrBDP4qCeekgua47x97p71EEstBGMKw1t0wyEyUY2UoYTAt96yGDJMRHkDXUYE56CifjTv1L5yS+KlU7gjjz9S/FTnmWk947DI5NkO9HCvE/2Jda9JGlFORWQOC/H6UWuYb6Re7+wlVQAybOIKJom5WnwyxwsQ4hxY6KcsgqY4LV5NqcWtheQzKvYRUoMEQaUWxMRtI12nI61DYGC6btkpa9VoY1MKHq8pNY25oCZ2hc3SJQnSNbtAdukdNRNATekYv6NV78969T+/rN3XNm9ecogV43z+ItqmZ</latexit>

k13
<latexit sha1_base64="nVLxPbSbh6fTl3SorPvDcqYC+m8=">AAACL3icbVDLSgMxFM3UV62vqks3g0VwUcpMFexScOOygq1CO5RM5raNzWPIo1CG/oNb/Qu/RtyIW//CTJ2FVQ8knJz7yL0nThnVJgjevNLK6tr6RnmzsrW9s7tX3T/oamkVgQ6RTKr7GGtgVEDHUMPgPlWAeczgLp5c5fG7KShNpbg1sxQijkeCDinBxkndySALz+aDai1oBAv4f0lYkBoq0B7se4f9RBLLQRjCsNa9MEhNlGFlKGEwr/SthhSTCR5Bz1GBOegoW4w790+ckvhDqdwRxl+oPysyzLWe8dhlcmzG+ncsF/+L9awZtqKMitQaEOT7o6FlvpF+vrufUAXEsJkjmCjqZvXJGCtMjHNoqZOyDJL6NHc1qee3FpbHoNxLSAUaDJFW5BuzkXSdxrwJuY3hb9P+km6zEQaN8Oa8dtkqDC2jI3SMTlGILtAlukZt1EEEPaBH9ISevRfv1Xv3Pr5TS15Rc4iW4H1+AYp9qZo=</latexit><latexit sha1_base64="nVLxPbSbh6fTl3SorPvDcqYC+m8=">AAACL3icbVDLSgMxFM3UV62vqks3g0VwUcpMFexScOOygq1CO5RM5raNzWPIo1CG/oNb/Qu/RtyIW//CTJ2FVQ8knJz7yL0nThnVJgjevNLK6tr6RnmzsrW9s7tX3T/oamkVgQ6RTKr7GGtgVEDHUMPgPlWAeczgLp5c5fG7KShNpbg1sxQijkeCDinBxkndySALz+aDai1oBAv4f0lYkBoq0B7se4f9RBLLQRjCsNa9MEhNlGFlKGEwr/SthhSTCR5Bz1GBOegoW4w790+ckvhDqdwRxl+oPysyzLWe8dhlcmzG+ncsF/+L9awZtqKMitQaEOT7o6FlvpF+vrufUAXEsJkjmCjqZvXJGCtMjHNoqZOyDJL6NHc1qee3FpbHoNxLSAUaDJFW5BuzkXSdxrwJuY3hb9P+km6zEQaN8Oa8dtkqDC2jI3SMTlGILtAlukZt1EEEPaBH9ISevRfv1Xv3Pr5TS15Rc4iW4H1+AYp9qZo=</latexit><latexit sha1_base64="nVLxPbSbh6fTl3SorPvDcqYC+m8=">AAACL3icbVDLSgMxFM3UV62vqks3g0VwUcpMFexScOOygq1CO5RM5raNzWPIo1CG/oNb/Qu/RtyIW//CTJ2FVQ8knJz7yL0nThnVJgjevNLK6tr6RnmzsrW9s7tX3T/oamkVgQ6RTKr7GGtgVEDHUMPgPlWAeczgLp5c5fG7KShNpbg1sxQijkeCDinBxkndySALz+aDai1oBAv4f0lYkBoq0B7se4f9RBLLQRjCsNa9MEhNlGFlKGEwr/SthhSTCR5Bz1GBOegoW4w790+ckvhDqdwRxl+oPysyzLWe8dhlcmzG+ncsF/+L9awZtqKMitQaEOT7o6FlvpF+vrufUAXEsJkjmCjqZvXJGCtMjHNoqZOyDJL6NHc1qee3FpbHoNxLSAUaDJFW5BuzkXSdxrwJuY3hb9P+km6zEQaN8Oa8dtkqDC2jI3SMTlGILtAlukZt1EEEPaBH9ISevRfv1Xv3Pr5TS15Rc4iW4H1+AYp9qZo=</latexit><latexit sha1_base64="nVLxPbSbh6fTl3SorPvDcqYC+m8=">AAACL3icbVDLSgMxFM3UV62vqks3g0VwUcpMFexScOOygq1CO5RM5raNzWPIo1CG/oNb/Qu/RtyIW//CTJ2FVQ8knJz7yL0nThnVJgjevNLK6tr6RnmzsrW9s7tX3T/oamkVgQ6RTKr7GGtgVEDHUMPgPlWAeczgLp5c5fG7KShNpbg1sxQijkeCDinBxkndySALz+aDai1oBAv4f0lYkBoq0B7se4f9RBLLQRjCsNa9MEhNlGFlKGEwr/SthhSTCR5Bz1GBOegoW4w790+ckvhDqdwRxl+oPysyzLWe8dhlcmzG+ncsF/+L9awZtqKMitQaEOT7o6FlvpF+vrufUAXEsJkjmCjqZvXJGCtMjHNoqZOyDJL6NHc1qee3FpbHoNxLSAUaDJFW5BuzkXSdxrwJuY3hb9P+km6zEQaN8Oa8dtkqDC2jI3SMTlGILtAlukZt1EEEPaBH9ISevRfv1Xv3Pr5TS15Rc4iW4H1+AYp9qZo=</latexit>

k23
<latexit sha1_base64="0cpDdTYiYAVBvlBCuADgoZsUkLA=">AAACL3icbVDLSgMxFM34rPXV2qWbwSK4KGWmCroU3LisYGuhDiWTuW1j8xjyKJSh/+BW/8KvETfi1r8wU2eh1gMJJ+c+cu+JU0a1CYI3b2V1bX1js7RV3t7Z3duvVA+6WlpFoEMkk6oXYw2MCugYahj0UgWYxwzu4slVHr+bgtJUilszSyHieCTokBJsnNSdDLLW6XxQqQfNYAF/mYQFqaMC7UHVq90nklgOwhCGte6HQWqiDCtDCYN5+d5qSDGZ4BH0HRWYg46yxbhz/9gpiT+Uyh1h/IX6syLDXOsZj10mx2as/8Zy8b9Y35rhRZRRkVoDgnx/NLTMN9LPd/cTqoAYNnMEE0XdrD4ZY4WJcQ796qQsg6QxzV1NGvmtheUxKPcSUoEGQ6QV+cZsJF2nMW9BbmP417Rl0m01w6AZ3pzVLy8KQ0voEB2hExSic3SJrlEbdRBBD+gRPaFn78V79d69j+/UFa+oqaFf8D6/AIxFqZs=</latexit><latexit sha1_base64="0cpDdTYiYAVBvlBCuADgoZsUkLA=">AAACL3icbVDLSgMxFM34rPXV2qWbwSK4KGWmCroU3LisYGuhDiWTuW1j8xjyKJSh/+BW/8KvETfi1r8wU2eh1gMJJ+c+cu+JU0a1CYI3b2V1bX1js7RV3t7Z3duvVA+6WlpFoEMkk6oXYw2MCugYahj0UgWYxwzu4slVHr+bgtJUilszSyHieCTokBJsnNSdDLLW6XxQqQfNYAF/mYQFqaMC7UHVq90nklgOwhCGte6HQWqiDCtDCYN5+d5qSDGZ4BH0HRWYg46yxbhz/9gpiT+Uyh1h/IX6syLDXOsZj10mx2as/8Zy8b9Y35rhRZRRkVoDgnx/NLTMN9LPd/cTqoAYNnMEE0XdrD4ZY4WJcQ796qQsg6QxzV1NGvmtheUxKPcSUoEGQ6QV+cZsJF2nMW9BbmP417Rl0m01w6AZ3pzVLy8KQ0voEB2hExSic3SJrlEbdRBBD+gRPaFn78V79d69j+/UFa+oqaFf8D6/AIxFqZs=</latexit><latexit sha1_base64="0cpDdTYiYAVBvlBCuADgoZsUkLA=">AAACL3icbVDLSgMxFM34rPXV2qWbwSK4KGWmCroU3LisYGuhDiWTuW1j8xjyKJSh/+BW/8KvETfi1r8wU2eh1gMJJ+c+cu+JU0a1CYI3b2V1bX1js7RV3t7Z3duvVA+6WlpFoEMkk6oXYw2MCugYahj0UgWYxwzu4slVHr+bgtJUilszSyHieCTokBJsnNSdDLLW6XxQqQfNYAF/mYQFqaMC7UHVq90nklgOwhCGte6HQWqiDCtDCYN5+d5qSDGZ4BH0HRWYg46yxbhz/9gpiT+Uyh1h/IX6syLDXOsZj10mx2as/8Zy8b9Y35rhRZRRkVoDgnx/NLTMN9LPd/cTqoAYNnMEE0XdrD4ZY4WJcQ796qQsg6QxzV1NGvmtheUxKPcSUoEGQ6QV+cZsJF2nMW9BbmP417Rl0m01w6AZ3pzVLy8KQ0voEB2hExSic3SJrlEbdRBBD+gRPaFn78V79d69j+/UFa+oqaFf8D6/AIxFqZs=</latexit><latexit sha1_base64="0cpDdTYiYAVBvlBCuADgoZsUkLA=">AAACL3icbVDLSgMxFM34rPXV2qWbwSK4KGWmCroU3LisYGuhDiWTuW1j8xjyKJSh/+BW/8KvETfi1r8wU2eh1gMJJ+c+cu+JU0a1CYI3b2V1bX1js7RV3t7Z3duvVA+6WlpFoEMkk6oXYw2MCugYahj0UgWYxwzu4slVHr+bgtJUilszSyHieCTokBJsnNSdDLLW6XxQqQfNYAF/mYQFqaMC7UHVq90nklgOwhCGte6HQWqiDCtDCYN5+d5qSDGZ4BH0HRWYg46yxbhz/9gpiT+Uyh1h/IX6syLDXOsZj10mx2as/8Zy8b9Y35rhRZRRkVoDgnx/NLTMN9LPd/cTqoAYNnMEE0XdrD4ZY4WJcQ796qQsg6QxzV1NGvmtheUxKPcSUoEGQ6QV+cZsJF2nMW9BbmP417Rl0m01w6AZ3pzVLy8KQ0voEB2hExSic3SJrlEbdRBBD+gRPaFn78V79d69j+/UFa+oqaFf8D6/AIxFqZs=</latexit>

k3
<latexit sha1_base64="J2/FBMCj5YlXuXCiyeM2Ugd8EIM=">AAACLnicbVDLSgMxFE181rfVpZtgEVxImVFBlwU3Lis4KtShZDK3bWgeQx6FMvQb3Opf+DWCC3HrZ5ipXfg6kHBy7iP3nqwQ3LooesVz8wuLS8u1ldW19Y3Nre36zo3V3jBImBba3GXUguAKEsedgLvCAJWZgNtseFHFb0dgLNfq2o0LSCXtK97jjLogJcNueTLpbjeiZjQF+UviGWmgGdrdOt69zzXzEpRjglrbiaPCpSU1jjMBk9V7b6GgbEj70AlUUQk2LafTTshBUHLS0yYc5chU/V5RUmntWGYhU1I3sL9jlfhfrONd7zwtuSq8A8W+Pup5QZwm1eok5waYE+NAKDM8zErYgBrKXDDoRyfjBeRHo8rU/Ki6rfIyAxNeShuw4Jj2qtpY9HXoNJDHUNkY/zbtL7k5bsZRM746bbTOZ4bW0B7aR4coRmeohS5RGyWIIY4e0CN6ws/4Bb/h96/UOTyr2UU/gD8+AQzCqV8=</latexit><latexit sha1_base64="J2/FBMCj5YlXuXCiyeM2Ugd8EIM=">AAACLnicbVDLSgMxFE181rfVpZtgEVxImVFBlwU3Lis4KtShZDK3bWgeQx6FMvQb3Opf+DWCC3HrZ5ipXfg6kHBy7iP3nqwQ3LooesVz8wuLS8u1ldW19Y3Nre36zo3V3jBImBba3GXUguAKEsedgLvCAJWZgNtseFHFb0dgLNfq2o0LSCXtK97jjLogJcNueTLpbjeiZjQF+UviGWmgGdrdOt69zzXzEpRjglrbiaPCpSU1jjMBk9V7b6GgbEj70AlUUQk2LafTTshBUHLS0yYc5chU/V5RUmntWGYhU1I3sL9jlfhfrONd7zwtuSq8A8W+Pup5QZwm1eok5waYE+NAKDM8zErYgBrKXDDoRyfjBeRHo8rU/Ki6rfIyAxNeShuw4Jj2qtpY9HXoNJDHUNkY/zbtL7k5bsZRM746bbTOZ4bW0B7aR4coRmeohS5RGyWIIY4e0CN6ws/4Bb/h96/UOTyr2UU/gD8+AQzCqV8=</latexit><latexit sha1_base64="J2/FBMCj5YlXuXCiyeM2Ugd8EIM=">AAACLnicbVDLSgMxFE181rfVpZtgEVxImVFBlwU3Lis4KtShZDK3bWgeQx6FMvQb3Opf+DWCC3HrZ5ipXfg6kHBy7iP3nqwQ3LooesVz8wuLS8u1ldW19Y3Nre36zo3V3jBImBba3GXUguAKEsedgLvCAJWZgNtseFHFb0dgLNfq2o0LSCXtK97jjLogJcNueTLpbjeiZjQF+UviGWmgGdrdOt69zzXzEpRjglrbiaPCpSU1jjMBk9V7b6GgbEj70AlUUQk2LafTTshBUHLS0yYc5chU/V5RUmntWGYhU1I3sL9jlfhfrONd7zwtuSq8A8W+Pup5QZwm1eok5waYE+NAKDM8zErYgBrKXDDoRyfjBeRHo8rU/Ki6rfIyAxNeShuw4Jj2qtpY9HXoNJDHUNkY/zbtL7k5bsZRM746bbTOZ4bW0B7aR4coRmeohS5RGyWIIY4e0CN6ws/4Bb/h96/UOTyr2UU/gD8+AQzCqV8=</latexit><latexit sha1_base64="J2/FBMCj5YlXuXCiyeM2Ugd8EIM=">AAACLnicbVDLSgMxFE181rfVpZtgEVxImVFBlwU3Lis4KtShZDK3bWgeQx6FMvQb3Opf+DWCC3HrZ5ipXfg6kHBy7iP3nqwQ3LooesVz8wuLS8u1ldW19Y3Nre36zo3V3jBImBba3GXUguAKEsedgLvCAJWZgNtseFHFb0dgLNfq2o0LSCXtK97jjLogJcNueTLpbjeiZjQF+UviGWmgGdrdOt69zzXzEpRjglrbiaPCpSU1jjMBk9V7b6GgbEj70AlUUQk2LafTTshBUHLS0yYc5chU/V5RUmntWGYhU1I3sL9jlfhfrONd7zwtuSq8A8W+Pup5QZwm1eok5waYE+NAKDM8zErYgBrKXDDoRyfjBeRHo8rU/Ki6rfIyAxNeShuw4Jj2qtpY9HXoNJDHUNkY/zbtL7k5bsZRM746bbTOZ4bW0B7aR4coRmeohS5RGyWIIY4e0CN6ws/4Bb/h96/UOTyr2UU/gD8+AQzCqV8=</latexit>

(a) • Remove the input u1 from the model. Using MATLAB, check that the system is unreach-
able.

• Can you compute an unreachable state just by looking at the system structure? (Hint:
Think about an experiment starting without drug in the body.)

Build the reachability form of the system and verify your result.

(b) Add back the input u1 and check if the system is reachable, using MATLAB. If yes, compute
a control law u(k), k = 0, 1, 2 that, starting without drug in the body, produces x1(3) = 0.5,
x2(3) = 1, and x3(3) = 1.

Solution: See the MATLAB file Ex3.m.
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