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@ Observability

© Principle of duality

© PBH test
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Section 1

Observability

o = = E A
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Observability

xT = Ax + Bu (1)
y =Cx+ Du (2)
x(0) = xo (3)

xeR"ueR™ yecRP

Is it possible to reconstruct the initial state x(0) from a finite number of
free output samples?
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Observability - Example

% h

. Damping coef h =1
I M 4 M =1
% = Output y =velocity of M
7 —
Setting x2 = X1
X1 = X2

Mx> = —hxo +u

Yy=X= wlgc,;{j
Discretization:
4
x; =x1+0.1x2
dx  x(k+1) — x(k) - i
T T , T=01 = {x3 =09x +0.1u
Yy =x2

@ The output does not depend on x;. Impossible to reconstruct x1(0) by observing
y(k), k> 0.

@ Does anything change if y = x17

1h¢3 ‘]/ 4
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Observability

Definition

xT = Ax + Bu (4)
y = Cx+ Du (5)

xeR"ueR™ yecRP

Definition

A state X # 0 is'unobservable if, Yk > 0, the free output
Jr(k) = Co(k,0,%,0) + DO

verifies J¢(k) = 0.
A system ‘without unobservable states is observable.
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Observability

Definition

Remarks

o x(0) =0 = yr(k) =0, Vk > 0. Hence, if x(0) =X # 0 is
unobservable, it cannot be distinguished from x(0) = 0 by only
observing the free output — one cannot reconstruct unambiguously
the initial state from the free output

@ Observability: property of the pair (A, C) only

Problem

Difficult to check if a system is observable using the definition (infinitely
many X should be tested)
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Observability test

Definition

The observability matrix is defined as

Mo — [CT ATCT . (AT)nflcT] c RPN
0
Theorem o
I
@ X # 0 is unobservable only if it belongs to c
' ng] Q < 2
Xno = Ker(MoT) g C.'n
ﬂ'l:jl

where Ker(M[) is the nullspace of M]
@ |If the free output y¢(-) generated by X is non-identically null, then

Ik <7'such that ye(k) #0
© The system is observable if and only if rank(M,) = n
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Observability test

Remarks
@ point 3 = For LTI systems, observability is a finitely determined
property
o The orthogonal subspace X:- is termed the ‘« observable subspace »
@ Careful: x € X, is not enough to say that x is observable, as it might
contain a component lying in X,

v

nxa

—

I\ bl sy
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Observability test

Proof
The unobservable initial state x(0) = X must veri’fy the equations
yr(0)=C%=0 T
yf(l) = CAX =0 CA
= . | x=0

. -
ye(k) = CAK% = 0 A

From the theorem of Cayley-Hamilton (c.f. proof of reachability test), the
rows of CA" are linear combinations of the rows of CA',i =0,1,...,n— 1.
Hence,

ye(k) = CA*X =0,k =0,...,n—1 = (ys(k) = CA*s =0,k = n
L? M%JMM
d%zn st g Rl40 = Frelo,n-F st wod4o
EEE—yE




Observability test

The previous implication shows that
% € Ker(M]) = % unobservable
It also shows point (2). Point (3) follows from the fact that

rank(M,) = n < Ker(M]) = {0}
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Unobservable systems

If the system is unobservable, the unobservable part can be isolated.

Theorem

Let n, = rank(M,) > 1. There is a suitable and non-unique change of state coordinates
X(k) = Tox(k), det(To) #0

such that xT = Ax, y = Cx is equivalent to

=A%, y=C&

where
A A %
AA:|:A2 9:| X 2 [fé] AAaGRnoxno
Aba  Ap *
=& (o & R
rank ([C]  AIET  (AD)ye=*C]]) = no (6)

Terminology: (A, €) is called the « observability form » of (A, C)
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Unobservable systems

Remarks

The zero blocks in (A7 é) reveal the unobservable part. Setting
%= [&] )?bT]T,f(a € R™ we have

~

=A% ()
% = Apafa + Anke (8)
y = CA.a)A(a (9)

Free outputs generated by %,(0) = 0 and arbitrary %,(0) are null.
Eq. (7) is the observable part: since (A,, C,) is observable (c.f. eq. (6)), £:(0) can be
always reconstructed observing the output for, at most, ng steps.

Terminology

The eigenvalues of A, are termed « observable ».
Those of Ap, «‘unobservable ».
The same applies to the corresponding modes.

v
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How to build T,7

e Build M, = [CT ATCT ... (AT)”_lCT] and let viyeeey Vipen,
be linearly independent column vectors such that

M[ vi=0

[—wm >
(v; fopms basis for X,).
e Build T*1 = [zl e Zpy | v e Ve ,,o] where z; are
arbitrary vectors guaranteeing that det( ) #0.

xs Ty [‘l (2. ,lolw-»v;-na][%

X
b
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Example (ctd)

L 1ot
X _[0 0.9]X
y:[O 1]x

Remark: swapping x; and x, gives the matrices A, ¢. . ..

=] 5 = = DA
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Blind computations

0 0

Mo =[CT ATCT] = [1 0

To_l = [21 | Vl]

01
10

],é:cro—l:p 0]

Pick z; = [ﬂ and obtain T ;! = [

09 0

A=TAT;! = [o L1

T 0 1 _ : 1
M vi=0 = [0 0‘9] v1—0—>p|ckv1—[o]

]. One has T, = [0

} . no =rank(M,) =1

] and
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Section 2

Principle of duality
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Principle of duality

5. xt = Ax+ Bu $D. xt =ATx+C'u
. y = Cx+ Du ' y =BT"x + Du

Note the correspondences A— AT, B — CT, C — BT.
Definition
¥ D is the dual of the system ¥

Main property

Y is reachable [resp. observable] iff ¥ is observable [resp. reachable]

v

Check: Assume X reachable: M, = [B AB .- A”_lB]. Observability
matrix of ¥2: M, = [(BT)T (AHY(BTHT ... ((AT)T)"f1 (BT)T]
=[B AB --- A"™!B]. We will see more on duality when discussing

controllers and state estimators.
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Section 3

PBH test
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PBH (Popov, Belevitch, Hautus) Lemmas
xT = Ax + Bu
y = Cx+ Du
o Let A € Spec(A). Is A a reachable/observable eigenvalue?

Lemma
The eigenvalue X is

@ reachable if and only if

rank[]\| —A | Bl =n (10)
@ observable if and only if
rank [/\IE A] = (11)
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PBH (Popov, Belevitch, Hautus) lemma

Proof of "(10)=- A is reachable"

By contradiction, assume (10) true but X is unreachable. We know that

3T : det(T) # 0 such that
B,
0
A, identifies the unreachable part and thus \ € Spec(f\b).

— A AAa Aab o
TAT '=A= A B =
v &) el
Since A, and A] have the same eigenvalues, this means that

3R #£0: ALRp = AR (12)
Let
x=T" {9 ,and hencex’ =[0 %]] T
Xb
Therefore T

~
x"[M—A Bl=x"T'[AT-TAT'T TB]

i A A1
_ oT -1 _ A Awp 27
-oaaigz pr— [y 57

€ b
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PBH (Popov, Belevitch, Hautus) lemma

Proof cont.

- o= ean 5] e o]

[

[[0 MIT =0 #7A] T|O]
R Ceo.T
:[0 fq,T[,\/—A,,]yo]T

:[o ([,\/—Z\,,T]fq,)T yo]T

=0

where the last equality follows from (12). Since x” [\ — A | B] = 0, we have shown that
rank[Al — A | B] < n, which contradicts (10). O

v

For the observability test (11), one can give a similar proof.
prwde

Giancarlo Ferrari Trecate Multivariable control EPFL 22/23



Example (ctd)

L+ |1 10
e
y:[O 1]x

Is the eigenvalue A =1 unobservabIF?

~57) | 31

rank [AIC_.A] =rank |0 10 | =1<2 =(YES

0 1
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