Solutions of Written Exercise 1

Control Systems

Solution of Exercise 1:

Compute the transfer function of the system :
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Eliminating I (s) and I,(s) gives:
Vi(s) = Va(s) = LCs*[Va(s) + Va(s)]
Va(s) — Va(s) = LCOs*Vy(s)

Then eliminating V,(s) gives the transfer function:

Va(s) 1

Vi(s) 1+3LCs2+ L2C2%s*

Solution of Exercise 2:

Consider the application of Newton’s law (3 F' = m#). From the mass
m, we obtain

myi1 = F — k(21 — 29) — bl(il - .'.‘I:‘Q).
Taking the Laplace transform, and solving for Xi(s) yields

bis+ k1

X](S) =, A]_(.S’)

F(s)+ Xs(s),

1
Ax(s)
where

Ay i=mys® +bs+ k.
From the mass m, we obtain
Myt = —ko®y — bada + ki (21 — 32) + by (&) — &9).
Taking the Laplace transform, and solving for Xa(s) yields

blS i kl
Hy(s)

Xo(s) = Xy(s),

where
Az = m;32 + (bl + bz)s + k‘l + kg

Substituting X,(s) above into the relationship fpr X, (s) yields the trans-
fer funetion

XI(S) = A2{S)

F(s)  Ai(s)Ay(s) — (brs +k1)?

Solution of Exercise 3:
The Kirchhoff’s voltage law for the DC motor gives:
U (t) = Ry (t) + K O(t)
The electrical generated torque is equal to the mechanical torque:

U (1) — K 6(t)

JO(t) = Kpim(t) = K, =



Taking the Laplace transform from the above equations gives:
JR,,5%°0(s) = K;Up(s) — K2,50(s)
Which leads to %
O = TR+ 1)
On the other hand the dynamic equation of the tank is:
Ah(t) = af(t) — Bh(t)
Taking the Laplace transform gives:

AsH(s) = aO(s) — fH(s)

Therefore: 5
Qls) = BH(5) = 5 500s)

So the the transfer function between the motor voltage and the output flow rate

- Q) _ B
Un(s)  s(As+ B)(JRpms + K2,)

Solution of Exercise 4:

Assume the motor torque is proportional to the input current
Fi=ki

Then, the equation of motion of the beam is
Job = ki,

where J is the moment of inertia of the beam and shaft (neglecting the
inertia of the ball). We assume that forces acting on the ball are due to
gravity and friction. Hence, the motion of the ball is described by

mi = mgd — b

where m is the mass of the ball, b is the coefficient of friction, and we
have assumed small angles, so that sin ¢ = ¢. Taking the Laplace transfor
of both equations of motion and solving for X (s) yields

k/J
X(8)(I(s) = sz(sg-ib/m} ’

Note: The above solution is wrong. The correct response is:

X(s) _ _ gk/J

I(s)  $3(s+b/m)




Solution of Exercise 5:

For an ideal op-amp, at node a we have

Vin — Vg Vo — U

R, R,

=0,

and at node b
Vin — U «
=
R -
from it follows that
1 1
|:_F22 +CS:| %= R—zp’gn i

Also, for an ideal op-amp, Vi, — V, = 0. Then solving for 1}, in the above
equation and substituting the result into the node a equation for V, yields

B B[S e
Vin 5 +Cs | R 2
or

Vo(s} b _RQCS -1
Vi)~ RpCs+1’

Solution of Exercise 6:
{a) The equations of motion for the two masses are
oy Ly? L
ML“0, + MgL6, + k 3 (6 —8)= Ef(t}

4
MEL?0; + MgLoy + k (%) (8:—8,)=0.

With §, = w; and f, = w,, we have

e s, SR koo S
w1 = (L+4M) 91+4M92+21WL

k q k
= (L+4M) B

(b) Define a = g/L + k/4M and b= k/4M. Then

W

0i(s) 1 2 +a
F(s)  2ML(s2+a)2—82 "




Solution of Exercise 7:

1. The nonlinear equations of the system are given by:
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2. The second term of the above equation is nonlinear and can be linearized
by a Taylor series approximation:
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Then we define new variables Ai(t) = i(t) — ig, Ax(t) = z(t) — zp and
Av(t) = v(t) — vo. With these new variables, the first equation becomes:

’L:io s L=

dAi(t
Av(t) + vo = L% + RAI(t) + Rio
Since in equilibrium, we have vy = Rig, we obtain:
Ai
Au(t) = de—’t(t) + RA(1)

In the same way, for the second equation we have:

N ; .
i0 2kig . —2ki2 _ dPAa(t)
mg — k (ﬂfo) = Ai(t) — = Az(t)=m 2

In equilibrium we have mg = ki%/z% which leads to the following linear

equation:
2kig 2ki3 d*Ax(t)
———Ai(t) + —=Azx(t) =
po i(t) o x(t) =m 2

3. Let’s define the Laplace transform of Ai(t), Az(t) and Av(t) respectively
I(s),X(s) and V(s). Therefore, by taking the Laplace transform of the
linearized equations, we obtain:

V(s) = LsI(s) + RI(s)

2ki 2ki2
- #I(s) + %X(s) =ms>X(s)
Lo T
From the first equation we compute I(s) = L‘;fk and replace it in the
second equation to find:
X(S) —Qk’iQIQ

_ . .2
2kioV (s) (m32 3 2k:;0) X(s) = _

w3(Ls+ R) z3

V(s) (Ls+ R)(z3ms? — 2ki?)



