
Problem 1 solution 
Solution 
 

a)  

𝐻" =
𝑌
𝑌"
=

𝐺&𝐺'
1 + 𝐺&𝐺'

 

𝐻" =
𝐾 +1 + 1

𝜏-𝑠
+ 𝜏/𝑠0

𝑠 + 2 + 𝐾 +1 + 1
𝜏-𝑠

+ 𝜏/𝑠0
 

𝐻" =
𝐾(𝜏-𝜏/𝑠3 + 𝜏-𝑠 + 1)

(𝜏- + 𝜏-𝜏/𝐾)𝑠3 + (2𝜏- + 𝐾𝜏-)𝑠 + 𝐾
 

 
 

b) Fastest aperiodic poles are determined by 
𝛥 = (2𝜏- + 𝐾𝜏-)3 − 4𝐾(𝜏- + 𝜏-𝜏/𝐾) = 0 

Since 𝜏- ≠ 0, 
𝜏-(2 + 𝐾)3 − 4𝐾(1 + 𝜏/𝐾) = 0 

 
c) First, let’s simplify the looped 𝐺:: 

 
The equivalent transfer function 𝑙(𝑠) of this is: 

𝐻:(𝑠) =
𝐺:(𝑠)

1 + 𝐺:(𝑠)
 

𝐻:(𝑠) =
1

𝑠3 + 2𝑠 − 1
1 + 1

𝑠3 + 2𝑠 − 1

 

𝐻:(𝑠) =
1

𝑠(𝑠 + 2) 

From there we calculate <
/
: 

𝑌 = 𝐻:𝐷 + 𝐺'𝐺& ∗ (−𝑌) 
 

𝑌
𝐷 =

𝐻:
1 + 𝐺'𝐺&

 

 
𝑌
𝐷 =

1

𝑠(𝑠 + 2) + 𝑠(𝑠 + 2) ∗ 𝐾
+1 + 1

𝜏-𝑠
+ 𝜏/𝑠0 ∗ 1

𝑠 + 2

 

 



𝑌
𝐷 =

1

𝑠(𝑠 + 2) + 𝐾 +𝜏/𝑠3 + 𝑠 +
1
𝜏-
0

 

 
𝑌
𝐷 =

1

(𝐾𝜏/ + 1)𝑠3 + (2 + 𝐾)𝑠 +
𝐾
𝜏-

 

d) The step disturbance d(𝑡) = 𝐷A𝑒(𝑡) at 𝑡 → ∞ can be calculated: 

𝑙𝑖𝑚
G→H

𝑌(𝑡) = 𝑙𝑖𝑚
I→A

𝑠 ⋅
𝑌
𝐷 ⋅

𝐷A
𝑠 =

𝜏-
𝐾 𝐷A 

e)  
𝑦H − 𝐷A
𝐷A

≤ 0.1 ⇔
𝜏-
𝐾 ≤ 1.1 

f) The cheapest 𝜏- is the largest, and since 𝐾 = 10 and 𝜏- ≤ 1.1𝐾, we have 𝜏- = 11[𝑠] 
From b),  
 

𝜏-(2 + 𝐾)3 − 4𝐾(1 + 𝜏/𝐾) = 0 
 

𝜏/ = 𝜏- Q
2 + 𝐾
2𝐾 R

3

−
1
𝐾 = 3.86[𝑠] 

 
 
Problem 2 solution 

We assume the derivatives to be zero.  
In the Laplace domain, the equation becomes: 

𝑠V𝑌(𝑠) + 2𝑠W𝑌(𝑠) + 2𝑠3𝑌(𝑠) + 4𝑠𝑌(𝑠) + 4𝑌(𝑠) = 2𝑠𝑈(𝑠) + 𝑈(𝑠) 
From there, 

𝐺(𝑠) =
𝑌(𝑠)
𝑈(𝑠)

=
2𝑠 + 1

𝑠V + 2𝑠W + 2𝑠3 + 4𝑠 + 4
 

 
The static gain 𝐾 is given by: 

𝐾 = 	 lim
I→A

𝑌(𝑠)
𝑈(𝑠)

 

Hence 𝐾 = ]
V
 

We can then use the Routh-Hurwitz criterion to study the stability of this system 
𝒔𝟒 1 2 4 
𝒔𝟑 2 4  
𝒔𝟐 0→ 𝜖 4  
𝒔𝟏 4𝜖 − 8

𝜖
   

𝒔𝟎	 4	 	 	
 
 

If 𝜖 > 0: If 𝜖 < 0: 
4𝜖 − 8 < 0	
(4𝜖 − 8)

𝜖
< 0 

4𝜖 − 8 < 0	
(4𝜖 − 8)

𝜖
> 0 

 
In any case there are two sign changes, hence two poles with a positive real part.  
 

2pts 

4pts 

1pt 

2pts 

2pts 



If we loop the system with a P regulator 𝐺&(𝑠) = 𝐾& , we get the new transfer function: 
 

𝐻(𝑠) =
𝐺&(𝑠)𝐺(𝑠)

1 + 𝐺&(𝑠)𝐺(𝑠)
 

 

𝐻(𝑠) =
(2𝑠 + 1)𝐾&

𝑠V + 2𝑠W + 2𝑠3 + (4 + 2𝐾&)𝑠 + 4 + 𝐾&
 

 
We can use again the Routh-Hurwitz criterion to study the stability of the system: 

 
𝒔𝟒 1 2 4 + 𝐾&  
𝒔𝟑 2 4 + 2𝐾&   
𝒔𝟐 −𝐾&  4 + 𝐾&  

 
 

𝒔𝟏 2
𝐾&
(𝐾&3 + 3𝐾& + 4) 

  

𝒔𝟎	 4 + 𝐾&	 	 	
 
From 𝑠3 we get: 𝐾& < 0 
From 𝑠] we get: 𝐾& > 0  
From 𝑠A we get: 𝐾& > −4 
Hence, the system cannot be stabilized by any value of 𝐾&  
 

Problem 3 solution 
a) We need to study g(I)

<h(I)
= i<h(I)j<(I)k

<"(I)
: 

 
𝐸(𝑠)
𝑌"(𝑠)

=
𝑌"(𝑠) − 𝑌(𝑠)

𝑌"(𝑠)
= 1 − 𝐺mn(𝑠) 

 
𝐸(𝑠)
𝑌"(𝑠)

=
𝑠3 + 2𝜉𝜔A𝑠 + 𝜔A3 − 𝐾q𝜔A3

𝑠3 + 2𝜉𝜔A𝑠 + 𝜔A3
 

 
We want to determine the static error: 

lim
G→rH

𝑒(𝑡) = lim
I→A

𝑠𝐸(𝑠) = lim
I→A

𝑠 ∗
𝐸(𝑠)
𝑌"(𝑠)

∗ 𝑌"(𝑠) , 𝑤𝑖𝑡ℎ	𝑌"(𝑠) =
1
𝑠
	(𝑠𝑡𝑒𝑝	𝑟𝑒𝑠𝑝𝑜𝑛𝑠𝑒) 

 

lim
G→rH

𝑒(𝑡) = lim
I→A

𝐸(𝑠)
𝑌"(𝑠)

=
𝜔A3 − 𝐾q𝜔A3

𝜔A3
 

The condition for the static error to be nil is :  

lim
G→rH

𝑒(𝑡) = 0 ⇔
𝜔A3 − 𝐾q𝜔A3

𝜔A3
= 0 

	
lim
G→rH

𝑒(𝑡) = 0 ⇔ 𝐾q = 1 
 
b)  

𝐺mn(𝑠) =
𝐺&(𝑠)𝐺'(𝑠)

1 + 𝐺&(𝑠)𝐺'(𝑠)
 

 

2pts 

4pts 

3pts 

3pts 

2pts 

3pts 



𝐺&(𝑠) =
𝐺mn(𝑠)

𝐺'(𝑠) − 𝐺'(𝑠)𝐺mn(𝑠)
 

𝐺&(𝑠) =
𝑠 + 1
𝐾𝑠

 

From the course (p200, 5.9.5) we get: 

𝐺&(𝑠) =
𝜏]𝜏3𝑠3 + (𝜏] + 𝜏3)𝑠 + 1

𝐾𝜏mn𝑠
 

 

z
𝜏mn = 1

𝜏] + 𝜏3 = 1
𝜏]𝜏3 = 0

⇔ z
𝜏mn = 1
𝜏] = 0

𝜏3 = 1 = 𝜏-
 

And 𝐾& =
{|r{}
~{��

= ]
~

 

 
c) We need to study g(I)

/(I)
: 

 
𝐸(𝑠)
𝐷(𝑠)

= 	
−𝐺:(𝑠)

1 + 𝐺'(𝑠)𝐺&(𝑠)
 

 
𝐸(𝑠)
𝐷(𝑠)

=
−1

𝑠3(𝑠 + 1) Q1 + 𝐾
(𝑠 + 1)(𝑠 + 1.4) .

𝑠 + 1
𝐾𝑠 	R

 

 
𝐸(𝑠)
𝐷(𝑠)

=
−(𝑠 + 1.4)

𝑠(𝑠 + 1)(𝑠3 + 1.4𝑠 + 1)
 

 
We want to determine the static error in perturbation: 

lim
G→rH

𝑒(𝑡) = lim
I→A

𝑠𝐸(𝑠) = lim
I→A

𝑠 ∗
𝐸(𝑠)
𝐷(𝑠)

∗ 𝐷(𝑠) , 𝑤𝑖𝑡ℎ	𝐷(𝑠) =
1
𝑠
	(𝑠𝑡𝑒𝑝	𝑝𝑒𝑟𝑡𝑢𝑟𝑏𝑎𝑡𝑖𝑜𝑛) 

lim
G→rH

𝑒(𝑡) = lim
I→A�

𝐸(𝑠)
𝐷(𝑠)

= −∞ 

The corrector in b) cannot eliminate the influence of the perturbation. Since the perturbation 
has a double integrator, it would take at least a double integrator to rectify the perturbation to a 
non-divergent error, and a triple integrator to get it to 0. Other means of control might be 
considered at that point, at the level of the perturbation. 

 
  

3pts 

3pts 

3pts 

3pts 



 
Problem 4 solution 
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Problem 5 solution 
 

 


