Structural Mechanics Exercises week 7 Prof. G. Fantner

Exercise 1
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Figure 1: Cross section through a bar and tube system under torsion.

The torsion bar system in figure 2 consists of a hollow tube and two different
bars connected in the middle with a stiff plate. The system is being twisted in
the middle with an external torque Tf.

a) Find the twist at point B and the reaction torques at the walls A and ¢
with the displacement stiffness method.

b) Calculate the reaction torque of the wall against the tube for Tp = 1 Nm,
G = 10 MPa and lengths Lyp = Lpc = 1 m. Assume axially symmetric
cross sections with a diameter d; = 3cm for the bar inside the tube, an
outer tube diameter of dz , = 10 cm and a tube wall thickness of o = 5mm,
as well as a diameter d3 = 5cm for the bar on the right.

Exercise solution 1

Given: Geometry, applied torque. Values to enter in part b).
Asked: Twist in the middle of the structure, reaction torques.

Relevant relationships:

Torsion formula

GJ -
L (p

Second moment of area for a circle

wd*

Je= 35
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Figure 2: Torsion bar system with isolated parts and local torques and angles.

a)

1. We find the local stiffness matrices as

[k —ka] [&]
_t_ |~k k| _<p_
B Tk —k| [
5 R ke | |oB]
o _ | ks —ks o
5 ks ks | o)

The mapping of local to global variables is

o1 = Ty =1
2 = ¢ T = i}
03 = =B = 7 Ty = 5+ 65+ 17
01 =5 Ty =13

2. We derive the global stiffness matrix by either writing out the matrix
directly line-by—line as

Ty i k1 0 —k1 0 1
T t _ 0 ko —ky 0 2
T3 R —ki —ke ki+kat+ks —k3| |3
Ty t 0 0 —ks3 ks | |4

or by first expanding the local stiffness matrices by finding the proper
lines for the t and filling the rest with zeroes. In the same manner we fill
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the columns for the ¢, that do not appear in the local matrix with zeros.

~ ~ _ _ _t i kl 0 —kl O_ _(pl_
[k —k] [er O 0 o 0 o e
B |k R | s 1 —k1 0 ki |0] |¢s3
o] Lo o o0 0] [
i i i i (0] 0, 0 0 0] [
t _ ]{32 —]{32 Y2 — t _ 0 k‘g —kQ 0 ©2
B ke k2| |es) 2 0 —ky Ky (0] |3
1 0] 0 O 0 0] |4
0] 0 0 0 07 [e
t ks —k3| |3 0 0 0 0 0 | |2
— e =
{2 [—k:& ks | |pa 7 0 0 ks —ks| |ps3
2] 0 0 —ks k3 | |p4]

3. The global stiffness equation can be rewritten using the boundary condi-
tions (all twists except the one in the middle are zero) as

T i ki 0 —k 0170
Ty 2 10 ke —ky 0110
Tk D BB~k —ky ki + ke + ks —ks| g3
T e 0 0 ks ks | |0
4. We solve for 3 using the third line to get the unknown twist
$3= k14 ko + ks

5. Finally we find the reaction torques from the remaining lines of the matrix
as
ki1-Tg ko - Tg ks - Tg

T:—i = —-— = -
! ki + ko + k3 2 ki + ko + ks 4 ki + ko + k3

b)

Using the previous result, we put in the second moment of area formulas

G wd! G w(d3, — (d2o — 2t2)*) G wdi
k= —. 21 =2 v g=——. %
L 32 L 32 L 32
and find that, quite conveniently, the factor 3G2—7£ falls away and we get
di
T, — — -Tgp ~ —0.02Nm
LT df+df,— (doy—2t) ]
d3 , — (da,, — 2t2)*
Ty = — - : -Tp ~ —0.83Nm
T A dy, — (dao —2t2) ) T
d;
T4: ‘TE%—0.15NH1

df+di, — (dzo — 202)1 + dj
We check our calculation by verifying that > T =11+ 1o+ T + T4, = 0 as we
are at equilibrium.
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Exercise 2

Two torques are applied to the structure defined figure 3. We want to determine
the torques applied to the structure by the wall as well as the angles of twist in
the structure. The structure is made of a homogeneous material with a modulus
of rigidity G.

a) Define the nodes and elements. Reminder : each node corresponds to a
unique torque and a unique angle.

b) Write the local stiffness matrices as a function of k = %.

¢) Assemble the local stiffness matrices into the global stiffness equation in
which you will also incorporate the boundary conditions.

d) Solve the global stiffness equation and express the unknown variables as a
function of k, T4, Tg.

e) Plot the angle of twist of the tube and the cylinder along the x axis if
Ta=Tp=T.

R/8 ¢

Figure 3: Cross section through a bar and tube system under torsion.

Exercise solution 2

Given: Geometry, applied torques.
Asked: Twist in the structure, reaction torques.

Relevant relationships:

Torsion formula T = G—‘é‘e =k-p

. 4
Second moment of area for a circle J.= "5~

Second moment of area for a thin tube J; = 2mr3t
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a)

node 2
node 3

\ element 1 element 2

node 4 \ @ @ @ @

element 3
node 1
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Figure 4: Definition of the nodes and the elements

We need to define four nodes for this system. Node 1 and node 4 cannot be
merged as the torque applied by the wall to node 1 is different from the one
applied to node 4.

b)
The torsionnal stiffnesses are :

. 4 4
e ki =G with Jo = T so ky = G =k

o ko =k (same method)

o k= % with J, = 2m(2R)*R/8 = wR" s0 ky = 2971 = 2k

We find the local stifflness matrices as

L R
L5 I N B
B[ 1] [
L R
(2 2] [
B2 2] [6F)

c)

The mapping of local to global variables is

o1 = T =4
P2 =3 =g T =15+ 4
3 = B =g T3 = 2+ 15
o1 = Ty =
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We derive the global stiffness matrix by either writing out the matrix directly
line—by-line

T o k1 —k1 0 0 1
Ia| t—‘r t | =k kit ke —ko 0 ©2
T 2480 —ky ko tks —ks| |p3
Ty 2 0 0 —ks ks | |4

The global stiffness equation can be rewritten using the boundary conditions
@1:0, 904:0, TQZTA, T3:TB as

T 1 -1 0 0770
Tal _,|-1 2 —1 0|]e
Ty 0 —1 3 =2||gs
T, 0 0 -2 2]]0

d)

We solve for the angles o and 3 using the second and third line to get the
unknown twist

Ta = k(202 — ¢3) Tp = k(—p2 + 3p3)
3T + Tp = 5kpa Ty + 2Tp = bkps
3 1 1 2
= " Ty+—T, = —Ty+ =T,
P2 5k A+5kB P3 5k A+5kB

Finally we find the reaction torques from the remaining lines of the matrix as

3 1 2 4
TN =—kpys=—=-Ty — =T Ty = —2kps = —=Ty4 — =T,
1 2 5A 5B 4 ¥3 5A 53

We check our calculation by verifying that > T =11 +Tx + 1T + T4 =0 as we
are at equilibrium.
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Figure 5: Angle of twist as a function of x in the cylinder and in the tube




Structural Mechanics Exercises week 7 Prof. G. Fantner

Exercise 3

You have just learned that you got a great mark on your Structural Mechanics
exam. Your friend Santiago however has a red face and upon asking, you find
out that he failed miserably. Since you both have ample reason to drink, you
decide to open a bottle of wine.

a) In his frustration, Santiago puts too much torque on his vintage corkscrew
and it breaks at point A (fig. 6a). Calculate the maximum torque that
he should not have exceeded. Use di = 1mm, do = 1.5mm, r = 0.05mm.
The ultimate shear strength of the material is 7y = 200N /mm?.

b) You take the bottle and use your patented Swiss army knife. Without
surprise, you have no trouble opening the bottle. Knowing that driving
a corkscrew into a cork results in a maximal torque of 0.1 Nm, calculate
the safety factor that the manufacturer used on the army knife. The
dimensions are d; = 1.5mm, ds = 3mm, r = 0.35mm. The material is
steel, with 77 = 360N /mm?.

2.00

\ 1.5 Tmax = KTnom Tnom = lgg
. \ !

1.50 n
/.\ \ &=2
N |
D, =D, +2R \
S —
——

1.00

(b) Torsional stress concentration factor as a function of the geometry.

Figure 6: Illustration of the corkscrew and stress concentration factor graph.
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Exercise solution 3

Given: Geometries, ultimate strength, maximum torque on the cork.

Asked: Maximum torque for the vintage corkscrew, safety factor on the Swiss
army knife.

Relevant relationships:

Mazximum shear stress (stress concentration)

Tmaz = K -

J

Second moment of interia for a circle

a)
First, we need to find K using the stress concentration table (fig.6a). We have

dy/dy = 1.5 and r/d; = 0.05. Thus we find that K ~ 1.7.
The maximum shear stress that the screw can withstand is thus given by:

TmaxC Tmax
— 9K -
J med

Tmaz = K -

We can now isolate the torque:

T Tmae 7+ (0.5-1073)3[m?] - 200 - 105[N/m2]
Trmaz = = = 0.023N
57 B 0.023Nm

b)

In this case, we are looking for the safety factor that was used by the manufac-
turer: S = 0y /0maz- The ultimate shear strength is a given material property.
The maximum stress can be calculated similarly to part (a). First, we again
find K for our geometry. We have dy/d; = 2 and r/d; = 0.23. Thus we find
that K ~ 1.2.

The maximum shear stress that can be applied is thus:

Toaz _ o 1 5. 0.1[N'm]

=1.8-10°N/m?
3 (075 10)5my] L8 10 N/m

Tmaz = 2K -

The safety factor is therefore:

oy 360[N/mm?]

S e~ 180N mm?)

=2




Structural Mechanics Exercises week 7 Prof. G. Fantner

A-A

E T2 : T3 Q
I — !
1 L a

Figure 7: Bar system under torsion and associated cross-sections

Exercise 4

When bars under torsion have a non—circular cross—section, one can use correction
factors to find the maximum shear stress Tmax and the twist ¢ in those beams.
The bar system under torsion shown in figure 7 consists of one bar with rectan-
gular cross-section that is fixed to a wall, as well as a round bar attached to
the rectangular bar. Both bars are made out of aluminium (Young’s modulus
E = 70 GPa, Poisson ratio v = 0.35). The bars have a length of L = 40 cm each.
The other dimensions are a = 2.4cm, b = 2cm and D = 1.8cm. The torques
applied are T = 1.0Nm and 73 = 2.0 Nm.

a) What is the internal torque in the cylinder? And in the rectangular bar?
b) Find the maximum shear stress in the whole system.

¢) What is the value of the shear modulus G for aluminium ? Find the angle
of twist in point 2 and in point 3.

Exercise solution 4

a) We use the method of sections to find the internal torques in the bars.

The internal torque in the rectangular member is a sum of the two applied
torques:

T(l‘):TQ-f—Tg, 0<z<L
The internal torque in the round member is simply T5:

T(x)=T3, L<xz<2L

b) Let’s now find the maximum shear stress in the structure. We have to
calculate the maximum stress for each bar separately and then chose the
higher one.
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Global maximum shear stress (Rectangular member)

Ratio of side lengths:

2.4
G2 _ 9 5 0;=0219, Cp=0.1661
b 2cm

Maximum shear stress in point B directly from the formulas:

To 4+ T3 3Nm
T, = =
TETCr a2 0.219-24em - (2cm)

5 = 1.43MPa

Global maximum shear stress (Round member)

The polar second moment of area is given by:

4
J = 7r204 _ TIem) (().92(3111) =1.03 cm*

The maximum shear stress (formula sheet) is:

E _ 2Nm-0.9cm

« = — 1.75MP
Tmax = 77 1.03 cm? &

which is also the global maximum.

We are given Young’s modulus, but we need shear modulus for torsion:

G:L:25,9GP3
2-(14+v)

In the rectangular member we get the twist at point 2:

(T +1T3) - L
Cy-a-b3 -G
3Nm-40cm
0.1661 - 2.4cm - (2cm)? - 25.9 GPa

=1.45 x 103 rad = 0.083°

Y2 =1+

The twist in point 3 is the sum of the twist in point 2 and the additional

twist from the round member:

Ts5L _3 2Nm - 40cm
— oy b 3T 145 % 103 rad
=2ty At g em? - 95.9GPa

=1.45 x 103 rad + 3.00 x 103 rad
=4.45 x 103 rad = 0.26°

10



	
	
	
	
	
	
	
	
	

