
-OGY& BASE CHANGE I:

Definition:Letf: xey be a morphism of schemes, FCQCohIX we say F is flat
or flatover 4 if Ex is a flatOy, fix module for all XeX.

Remark:If 7:SpecA theabove is equivalentto, XSpecBCX, FIspecB =M with

MeFlatMod (Al.

Setup:f:XeY proper mapofNorth. Schemes.FtCohlX) flat overY, Aa Noethlion
ring, Xy:=fiber, Fy:=FxOykly). Ithis is actually FIXy.
Goal:Study thecohomology group HilXy,Fyl as yet uries, in particular we prove:
· ytshilxy,Fy) is upper semi-continuous.
·

yi XIFy) is locally constant.

Appendix:
Theorem 0.1:f: x+Y paper, FECohIX) the VicO (Rifa)lFl-ChlY)

Lemma 0.2:Suppose O+LosL,*-3 Ln -0 is an exactsequence ofAmodules
Such thatLi is flat fist. ThenLo is flat.
Proof:(Sketch) 0 -Im2, the---s(n-0, 0-104 -Im2,10
thentake long exactsequence in Tor"(M,-1.

Grollary 0.3:Suppose 0+10+he-+Ln+0=L is an exactsequence of flat
modules and Me Mode then LQAM is exact.

Definition 0.4:LetP:KitC = CoChain (Modal thenthe mapping cone ofPisL
withLi.=k:*(i-1, theboundary map. 2:= [P8]
Theorem 0.5:d is a quasi-isomorphism (i.e isomorphism ofcohomology groups/CL' acyclic.
Proof:03C--K-0, C= CE17 ie CP= CP+, 2'P=-jP-

Taking LES in cohomology: ....Hill") Hi Hit(C1) -Hi+1)(%- Hit1(KY-
rlC

Theorem:Let f, X,Y, F be as in theSetup, Y:SpecAaffine. Thenthere existsa complex
*finite complexof f.g. projective A-modules st VAalgebras B

HilX xy SpecB, FQABl=HilKQABl.

Remark:Suppose U= (Vil is a finiteaffine opencover for X. Uxy SpecB =3UiXySpecB7
is an open affine cover for XxySpecB:HilxxySpecB, FOABI can be computed as the
Yech cohomology:

CPLUXySpecB,FQABl:i N(Vir,-ip XySpecB,FYABl
i<-Lip

=iocipNVio,-,ip,Fl QAB =CPLU, FIXAB so HilX xy Spec,FXAB) =HiXABI.

LemmaI:Suppose C= 0+Co+ 4 + - + (n+ 0 is a bounded Complex ofA-modules st
Hi(C) are finitely generated. ThenIK:=0Ko-K,--- kntD and a map
6:Ki +C
til K. is a complex of fog A-modules, for iso Kiarefree.



(ii) Hilpi):HICK.e Hi(C
(iii) If each Ci is flat so is ko.

LemmaII:Let b:Ki-Cobe a quasi-iso of complexes offlatA-modules, thenfor every
Aalgebra Bwe have PRB:R*Be CRB is a quasi-isomorphism.
Proof:If L is themapping core for then(QB is themapping cone for PB.
Liis flatfor all;and Li is acyclic -> L*B is exact > PXB is a quasi-iso.

HICK. QBl=Hi)CB) =HilXXySpecB, F*ABI.

Definition:4: Y ->so is upper-semi-continuous if 4-115r,+rl) is closed.

Corollary:With f,X,Y,F as above,
(i) 29:4->2,0 ythi(Xy,Fy)=dimkly/HilXy,Fyl is upper semi-continuous.
(ii) yt- XIFy) is locally constant.

Proof:We can assume y=SpecAis affine, Ki =0Kote-Kn-0, furtherassume
thatK:are free. We have, Hilxy, Fyl=Hi(Ki*Akryll ->
hi(k*Akly/)=dirkly, I kerdiktyll-dimky,(Ind"-kyl

Il

castant [dimly, (kicky)) - dirk,lIm(d"*knyll- X(Fy) =2 (-1)"dimzy (Ki*kLyl
is constant. dimbly, ImIdioxhyll is upper semi-cont

LetA be the matrixcorresponding tothemorphism offree modules kifinkit
taking an:NK:Hi Ankit

AA akicklyy'kitefly
11 Il

ifdimacy, (Im(d'*kzyllin then ar(Kixhyllhypr/Ki+xky11.
AMA @Ky1) =0 Im by) Aij =0 - 3ytY/ dimbry, Fruld" Gryll <r] is closed.

Proof of LemmaI:We use reverse induction to construct Ki,2m,pas follows:
Suppose for is,m+1 we constructed Ki,2, di km+12 kin+27km+3-
(i)21+102:=0 Vixm+1 ①m+1 *

+

qm
+2b 4m+36

(iil20pi =pi+o2k -> c -> (m+2
- (m

+3
-

(iii) Hi(P):Hi(KT +HiCC) is an iso for i,m+2.
(iv) pint, Keram+1:Keram+) ->Hm+(C) is surjective.
Denote kerkk+/keram+1 = BM+

As Brt' is finitely generated, thereexists a free module Kim Em+! There exists fog free
A-mocle K "m *Hm(C) define km =KIMAK"m. Since 4m+1oym? Im2Y and

- ↑ Kis free, pint ofliftsto 0:K'm- cm
zm(C) Define am=200 and 0 =0'* 0".

6Il
· cm We constructed, Ro-K--->K" and define

K
-

=0 KnCO and KO =KY/kerfnkerp.
Itremains toshow Ko is projective. Suppose isthemapping come of4:K+C

the "tactininaquasiiso Lo is acyclic - L0 is flat

Remark:d:ASB, A+B-CIP)-ATI] correspond toexact sequence in thederived

category.


