
Setting:/b =ts, chart arbitrary, some useful notes:Edixhoven, van der Geer, Mooner

Definition (Recall):Xvoiety/l completem:xxx+X, i= x+X, e:Spect->X

Today. . X (h) as a group:commutative, nx: xex xxxx is sun for pth.
· Basic properties ofMX, X trivial,Mx trivial.

1. Commutativity:

Lemma(RigidityLemmal:X, Y,z varieties/k, X complete, fixx4+7 s+5yotY
and zotzsuch thatf(xx(xi)=1703 = 79:4-2 f=gopry.

xxY
Remark:Y,z varieties /a,b:y-> z

L
picure.

it if a and b agree on theclosed Speck
points of some dense open then

z a=b.

X

Proof:toEX, Ito, id): Y-XXY,if we watf-gopry - folts, id)=g
y te (xiy) so define g:=fo(X, id).

Letwet be an open affine neigh ofto and define F ==EIV, letG=prylf-FICY
V=YIG notice thatyouV.

FyeV folid, y) has image in U, indeed take by contradiction xeX stf(xy)oU
->(xy) f-Ul = yeG.
foidy:X--U and as X proper+Waffine - folid,y) constantequal to gly)
f(x,y) =gopryxy) for all cased (x,y) eXxU -f- gepry. I

-> completeI
Corollary 1:X,Y group var. /t, f:x+y scheme morphism -54: X+Y groupver.

morphism and atSt f- Lush (here La is translation by al.

Proof:Up toreplacing of by Lilflexof he assume flex):ey. Consider themap
d:xxx +YG(x,x) =f(x.x)).f(x)

-

!f(x)-!But4(Xx1ex7 =sey3 and
0([ex3xx) =3ex) - by previous lenma d=ey and of is a groupmorphism. I

Corollay 2:X commutative.

Proof: i:X-X and ilex)-exeigroup morphism - Xcommutative. I

2.Ex Trivial (i.e =Gdimx):

Observation:Xsmooth. Indeed smoothlocus is dense open, take toEXin the smooth
locus, Lx-x gives Ox,x=Ox,to- XeX smoothfor ally closed => Xsmooth.

Setting:hTE] =hix]/(x2), S=Speckis], X vorlk, X, =x xx S, x3 =((X),0x[93)
Recall, XeX= Tx,x =Dere(0x,x,fel and we can identify ↑Ispecky
For t:S+Xwe get a deivation +#:0x,x +h24] Txx =S-ex I

t t(X) +TitE.
↳Speck*

Define Tx =
=Homox

1x0xxattin openall-DealOXIU,
oxit

idOXIUl-red
=>OxIrl ->OxIUITE]S
-k S

speck
I

t >t+D(t).E



-Tx,x =4x,xxk(X), 56txUl+ 3:Us- U -30(X,ill: S-Ugr

proposition:X abelian voiety,Inatural iso Tx,QOxTx.
Proof:We want2:Tx.0-> TxIX, take teTxo,4:S-> X
define, E(t1=Xs HXxX-X.
Claim: 3 is he-liner (Exercisel

We obtain E:T,0QOx-> Ixsuch that[(Ul (+xs) =s.E/Ilv. To show thatI is an
iso itsuffices that3 is subjective.
Claim:3(4)(X)=dLx,elt)
proof: Recall thatfor f:Y+E, T:S->YeTyy

↳x ->dfylt):fot.SEX,N(x, id ↓ 3 (t)(x) SodLX,elt1=3(t(X+ 31-1(X) is an iso

xx
mssu 5 iso. B

Grollary:1=0xOdinx and wx=OX. Also every global vector field is translation invariant

3.nxsubjective for ptr:
·XX proposition:If pin then nx is surjective.

MX Proof:Let's determine dico,a
&Lid,0l o dpr20,0

o Txo
-

Txxx,T0 TXxx, 10,TX,Tx,
- - ~ Take did,olo/Tiltdlo,idloltzlaprilo,ol dl0, idlo

applying dico,s to this elementyields, Ts++2-> dico:Tx-xo
iterting this shows, dnx,o= multiplication by n. 141,42) 1> 4c+T2

In particular dix,is subjective.
Suppose by contradiction nx notsubjective. nxIXIX proper closed.
x-nx(x) -X Every irreducible componentof nylo) has dimension

(dimensionthe)[] dimX-dimnx(X)>0
dimny' (0)1,2:HI(0) -X and 1x02 =0 - dnxod1o =0 ->Tr 10D, =0
which is a contradiction -> nx suj


