TOPICS IN PROBABILITY. PART II: UNIVERSALITY

EXERCISE SHEET 9: UNIVERSALITY AND SEMICIRCLE LAW

Exercise 1 (Moments of semicircle law). ;
Let pu be the semicircle law, i.e., p(dz) = 5=v/4 — £21{jz<ay. Show that for k € Ny,

i 0 k odd:
plrt] = Cor &
k)2 even,

where C, = HLR(Q:) 1s the kth Catalan number.

Exercise 2 (Trace, operator and Frobenius norms). ;
Let (Ai)f:1 be matrices of sizes m;_1 X m; such that mg = my. Show that for any 1 < i <
J<k,

| Trace(A' A% ... AF)| < [|A’)|pl| A7) T 114 ]lop.
L4,

where ||A||lr = \/Trace(AtA) = /> laij|? is the Frobenius norm and || Allop = supz,=1 [l Az |l

the operator norm.

Exercise 3 (Bound on difference of eigenvalues). ;
Let A, B be two Hermitian n x n matrices. Let us denote their eigenvalues (A", and
(AP);, respectively. Show that

o(i

inf > N A% P < 14 - B3,
=1

where the infimum is taken over all permutations of n elements.

Exercise 4 (Bound on the operator norm of Wigner matrix with bounded entries). ;

Let X be a Wigner N x N matriz with mean-zero, uniformly bounded (wlog, by one)
entries, i.e., (Xij)i<j<n are independent with E[X;;] = 0 and |X;;| < 1 almost surely and
Xji = X;;. Show that there exists C,c > 0 (absolute constants independent of N) such that
P[|| X ||op/VN > t] < =N for all t > C.

You may proceed as follows:

(1) Show (using an appropriate concentration of measure inequality you know) that for
any unit vector x € CN and N x N-matriz X with (all!) mutually independent,
uniformly bounded by one entries of mean zero, P[|Xz|/vVN > t] < e=N* for all
t > C for some appropriate absolute constant C' > 0;

(2) Prove that P[||X||op/VN > t] < PU,cc{lX7|/V'N > t/2}] for a mazimal 1/2-net
G Cc CVNNSV=L e, all points of G are separated by a distance at least 1/2, and G
18 maximal w.r.t. set-inclusion;

(8) Estimate the number of points of G appropriately and conclude the result for HXHOp/\/N;
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(4) Conclude for || X ||op/V'N.
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