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Exercise to hand in. Basic properties of P. (Due Sunday October 13th,

18:00)
Please write your solution in TEX.
Let A be a ring and A[xo, ..., 2z,] the polynomial ring in n+ 1 variables over

A. We define P} := Proj(A[zo, ..., zx)).

(1) Show that Dy (x;) for ¢ € {0,...n} provides an open cover of P’
and that each D, (z;) is isomorphic to A’. Hint: use the result from
class about homogeneous elements of degree 1.

Note: this point is telling us that projective n-space is obtained
gluing n + 1 copies of affine n-space, in the same way it is defined
using varieties in classical algebraic geometry, or in complex or real
geometry.

(2) Show that I'(P"j, Opr) = A. Hint: use the covering of the previous
point and the sheaf property.

Note: this is a first instance of a more general fact about projec-
tive varieties and can be thought of as an algebraic instance of the
maximum modulus principle in complex analysis.

(3) Assume that A = k, where k is an algebraically closed field. Show
that the closed points of P} are identified with (n + 1)-tuples [ao :
... ay] satisfying the following properties:

e a; € k for all 7,

e not all a; are 0, and

e two (n + 1)-tuples [ap : ... : ap] and [bg : ... : by] are identified

if there exists ¢ € k* such that b; = ¢ - a; for all 3.
In other words, the points are identified with (k"*1\ 0)/k*, i.e.
linear subspaces of dimension 1 of k"*1.

(4) Let A = k be a field and B be a k-algebra. Show that every mor-
phism of k-schemes P} — Spec(B) is constant at the level of topo-
logical spaces with image a closed point which is k-rational. Hint:
part (2) of this exercise.

(5) Let d be a positive integer and set m = (”;d) —1. Use Exercise 5 and
monomials of degree d to define an everywhere defined morphism?,
that we call a d-th Veronese embedding of P’

ba: P — P

(6) Let k be an algebraically closed field. Describe the image of a second
Veronese embedding t2: Pr — P2, Furthermore, using part (3),
describe the closed points of the image as triples [ag : a; : az]. Find
a homogeneous ideal I such that im(¢») = V() — you can use
Exercise 5 for that.

Hnduce a map using Proj from an homogeneous map of degree d that sends monomials
of degree 1 to all monomials of degree d.
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Solution key. (1) (Mathis) Let p € Proj(A). Since Alzg,...,Tpn|4 =
(g, .oy ) € P, there must be some x; with z; € p. Thus p C Dy (x;)
so that the D, (z;) form an open cover of Proj(A). Wlog it suffices
now to show D, (zg) = A’} As seen in class we have an isomorphism
of schemes D (xg) = Spec(Alxo, ..., Tn, xal]o). We have an isomor-
phism g : A[z1, ..., zn] = A[zo, ..., Zn, Ty o sending x; — x;/z0, S0
that D4 (xg) = Spec(A[z1, ..., x,]) = A} as required.

(2) (Kangyeon) Let s € T'(P}, Opr). Then the restriction s|p, (s, is
induced from f € OSpeC(S(wi))(SpeC(s(mi)) = Sy 2 Alyr, -+ ,yn] in
the following way: if f(yi, - ,yn) € Aly1, - ,yn), then any p €
Dy (z;) is sent to f(wo/@i, -+, i—1/Ti, Tiv1/Tis -+, Tn/Ti) € S
Thus it is of the form g;(xo, 1, - -+ ,zn) /2" where g; € Alzg, 1, -, xy)
is homogeneous with degg; = m; € Z>o. Now for p € Dy(z;) N
D (zj) = Dy (x;x), we must have

gi(zo, 1, ,zp) _ gj(xo,T1,- -+ ,Tp)

in Sy AS S(zz;) = Ospe( )(Spec(S(z;z,))) is isomorphic to

S(mﬂj)
Oproj(s)(D+(zizj)), we see that above fractions are equal in S(aiay)-

In other words,

m

, .
(xiz;)" (gi(xo, 1, - - ,a;n)a;j P —gj(xo, 1, xn)z] ) =0
in S. This forces
my __ m;
gi(anxla"' ,l’n>fL'J _gj(anxla”' ,xn)xi
as x;x; is not a zero-divisor, and we see that =" | gi(xo, z1, - ,Tn).
Thus by degree argument, g;(xo,x1, - ,2,)/2;" € A and they are

all equal by (1), so that s is induced from a € A in a way that
s(p) = a/1 € S(y. This map is obviously a ring homomorphism,
which we have just shown to be surjective. Moreover different a € A
give different element of I'(P"}, Opn ), for if a/1 = 0 € S, for every
p € Proj(S), then the annihilator I of a is not contained in any
p € Proj(S), so that I € V(S4), and in particular zpa = 0 in S5,
which forces a = 0. This we have an isomorphism A — T'(P’, Opn ).
(3) (Mathis) Let = € P be a closed point. x is contained in some

D™ (z;) which is affine, so that x corresponds to a maximal ideal
Pi
of k[zg, ..., Tiy vy Tp] = k[xo,...,xn,xi_l]o. By weak nullstellensatz,

this corresponds to an ideal (¢ — ag, ...,z — ay) for some a; €
k, j € {0,...,n} \ {i}. This corresponds via ¢; to the homoge-
neous ideal (z¢/x; — ag, ..., Tn/x; — a,). We thus associate the tuple
[ag, ..., 1,...,a,] to x with the 1 in the i-th coordinate. Suppose we
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associate to it another tuple [bo, ..., 1, ..., b,] with 1 in the j-th coor-
dinate for z € D" (z;). We have
gp;l o L;il o tij o pi(xo — ag, ..., xn — an) = (zo — bo, .., Ty, — by)

- SO}l © L;il($0/$i — A0, ey T /T — Q)

= (pj_l o L]-_l-l((xo/:):j)aj —ag, ..., (Tn/Tj)a; — an, (x;/z;)a; — 1)

= (ajxo — ag, ..., ajTp — ap,ajz; — 1)
= (zo — ao/aj, ..., xn — an/ay)

We deduce that b, = ai/a; (note we could divide by a; since x €
D (z;) is equivalent to a; # 0). This shows that the assignment of
x to the class of [ag, ...1, ..., ay] under multiplication by £* is well de-
fined (ie independent of the chosen affine containing ). By construc-
tion not all coordinates are 0 (the non-zero ones correspond to the
affines in which z belongs) and they all belong to k. The assignment
is injective since if x,y are assigned to the same tuple [ag, ..., ay],
then locally in some common affine D(z;) (such an affine must exist
by hypothesis since the set of non-zero a; corresponds to the affines
containing z, y),  and y both correspond to the same maximal ideal
so are equal. It is surjective for given a tuple [ag, ..., a,]|, wlog we
have ag # 0 so we can take a representative [1,b1, ..., b,], and taking
the closed point of Dy (zp) corresponding to (x1 — by,...,x, — by)
gives a point associated to this tuple class

(Dév) Using the Spec and global sections adjunction, we know that
maps [P}’ — Spec(B) are in natural bijection with maps B — Opr (P),
and by point (2), the global sections are isomorphic to k. Putting
this together with the fact that we are working with schemes over
Spec(k), we see that the set of maps P} — Spec(B) is in natural
bijection with section of the k-algebra structure map k& — B. Now
we know that these are exactly the k-rational points B. Finally, us-
ing the naturality of the isomorphisms exhibiting Spec as adjoint to
global sections, we get that the maps P} — Spec(B) factor through
Spec(k) and must map to k-rational points of B.

(Kangyeon) There are m+ 1-number of monomials of degree d in S =
Alzg, -+ ,zp]. Thus we have a homogeneous ring homomorphism
of degree d ¢ : 8" = Alxg, - ,xm] — S by sending each z; to a
monomial of degree d. Then for k > 0 each S}, — Sjq is surjective;
each monomial of degree kd can be split into k£ number of monomials
of degree d, which are images of xg, - - - , Z, S0 the original monomial
is in the image of S;.. If k = 0 this is trivial. Thus from this we induce
a morphism of schemes from P’ to P'.

(Mathis) We use homogeneous coordinates according to part 3 of
this exercise. We pick the choice of bijection F' as in the previous
part to be xy — x%, 1 = x0Ty, T2 — 23, Let x € IP’,lg be de-
scribed by homogeneous coordinates [a : b]. It thus corresponds to
the homogeneous ideal (ax; — bzg) in A[xg,z1]. The degree 2 part
of this ideal is (ax? — brox1,ar179 — brd) so that it maps through
V9 to (axs —bxy,axy — brg) If a # 0 this is (axy — b?/axg, axy — bxo)



which corresponds to the coordinates [a : b : b?/a] = [a® : ab : b].
If b # 0 we have (axy — bx1,axo — a?/bxr1) which corresponds to
[a?/b:a:b] = [a® : ab : b*]. Similarly ¢ # 0 gives the coordinates
[a? : ab : b?].

Now using part 4 of exercise 5, the image of 1 is given by
Vi (ker(F)) (using the notation of part 5 of this problem). We claim
that ker(F) = (xoxz — 27), which is a homogeneous ideal, so that we
may take I = (zorgy — 7).

Let us show the above claim. It is clear that (zozs —22) C ker(F).
Suppose that

o0 o0
f(zo, 21, 22) = Z fa= Z Z aa@ca:gxlfxg € ker(F)
d=0 d=0 a+b+c=d

where the f; are homogeneous of degree d. Since F is homogeneous,
we have that F(d) is homogeneous of degree 2d, and thus we must
have f; € ker(F') Vd > 0. In particular it is easy to see that fy, f1 =

0. For d > 2 we get then that

Ffd — Z aa b cx2a+b 2C+b 0
a+b+c=d

Now note that a monomial of the form x%‘”bx%ﬁb cannot be equal

to m2a ud 2C ity # V' mod 2. Thus we deduce that

2a+b,. 2c+b _ 2a+b—1 2c+b 1
E Qg b, T = Zox1 - E Qg b,y =0
a+b+c=d,b even a+b+c=d,b odd
Now note that
2 a+b/2 c+b/2 a+(b—1)/2 c+(b 1)/2
fat(zoro—11) = § Qg b,c T +x71- E Qg be Ty
a+b+c=d,b even a-+b+c,b odd

Now the injective map k[zg, z2] — k[zo, z1] sending z¢ — :c% and
x9 + 27 shows that

a+b/2 c+b/2 a+(b—1)/2 c+(b 1)/2
Z Qg b,cTq § Qg b,cl =0
a+b+c=d,b even a+b+c,b odd

and thus fy € (zow2 — 23) as required



