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Rank revealing QR factorization

Given A of size m x n,m > n, consider the decomposition

where Ry is k X k, permutation matrix 1. and k are chosen such that

||Ra2]|, is small and Ry; is well-conditioned.

m By the interlacing property of singular values [Golub, Van Loan, 4th
edition, page 487],

0i(Ri1) < 0i(A) and 0j(Rz2) = o(A)

forl<i<kandl1<;j<n-—k
" 0411(A) < Omax(Ra2) = ||Ra2] |2
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Rank revealing QR factorization

Given A of size m x n, consider the decomposition

AI'IC—QR—Q[ Ru gz } (2)

If || Raz||2 is small,

® Q(:,1: k) forms an approximate orthogonal basis for the range of A,
min(j,k)
AGQ) = D> RGDQG) € span{Q(:,1),... Q(:, k)}
i=1
Range(A) € span{Q(:,1),...Q(:;, k)}

_ p-1
= [, [ Rl} R12] is an approximate right null space of A.
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Rank revealing QR factorization

The factorization from equation (1) is rank revealing if

0i(A)  gj(Rx)
oi(Ri1)” okt j(A)

for 1 <i<kand1l<j<min(m,n)— k, where

1<

S Wl(na k)a

Omax(A) = 01(A) > ... > omin(A) = 0,(A)

It is strong rank revealing [Gu and Eisenstat, 1996] if in addition
‘|R]11R12|‘max S 72(”7 k)7

where v1(n, k), v2(n, k) are low degree polynomials in n and k.
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Low rank approximation with strong RRQR

Given A € R™" and Ry; € RK*k,

n - ar-(@ a) (" ).

Ay = Q(Ru Ri)N] =QQ A=7P°A
® |t can be shown that
Uj(Rzg) = O’j(A — Aq,)

® [Gu and Eisenstat, 1996] show that given k and f, there exists
permutation M. € R"*" such that the factorization satisfies,

0i(A)  oj(R)
1< , < n, k), n k) =+/1+f2k(n—k
1 (R) 7eei(A) Y(n k), A(n k) =/ (n—=k)
‘|R]__11R12||max < f
for1<i<kand1l<j<min(m,n)— k.
m Cost: 4mnk (QRCP) plus O(mnk) flops and O(k log, P) messages.

— Agr with strong RRQR is (k,y(n, k)) spectrum preserving and kernel approximation of
A

7of 43 1




strong RRQR (contd)

Given A € R™*" and Ry; € Rkxk,

_ _ Rii Rz
Al = QR=(Q1 @) ( Rzz) ,
Ar = Q (R Rp)Nl =@ Q A=7P°A

= We show that
0j(R2) = 0j(A — Ag)

0i(A—Ag) = (A — Q@] A) = 0;(@QQ] A) = ;(Q2(0 R2)N ") = 0j(Ra2)
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QR with column pivoting [Businger and Golub, 1965]

Idea:

= At first iteration, trailing columns decomposed into parallel part to first
column (or e;) and orthogonal part (in rows 2 : m).

® The column of maximum norm is the column with largest component
orthogonal to the first column.

Implementation:
= Find at each step of the QR factorization the column of maximum norm.

® Permute it into leading position.

If rank(A) = k, at step k + 1 the maximum norm is 0.
= No need to compute the column norms at each step, but just update
them since

Qv =w=, st | W@ 1= 11v1E - g
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QR with column pivoting [Businger and Golub, 1965]

Sketch of the algorithm
column norm vector: colnrm(j) = ||A(:,j)||2,j =1: n.
forj=1:n do
Find column p of largest norm
if colnrm[p] > € then
1. Pivot: swap columns j and p in A and modify colnrm.
2. Compute Householder matrix H; s.t. H;A(j : m,j) = £||A( :
m,j)||2e1.
3. Update A(j: m,j+1:n)=HA({J:m,j+1:n).
4. Norm downdate colnrm(j +1: n)>— = A(j,j +1: n)2
else Break
end if
end for

If algorithm stops after k steps

Tmax(R22) < Vn — klgrjnf’ik [[Ro2(:, /)|]2 < Vin — ke

10 of 43 1



Strong RRQR [Gu and Eisenstat, 1996]

Since

n—k
det R11 HO’, Rll =14/ det(ATA)/ H O’,'(Rgz)
i=1

a strong RRQR is related to a large det(Ri1). The following algorithm
interchanges columns that increase det(Ry1), given f and k.

Compute a strong RRQR factorization, given k:

Compute All. = QR by using QRCP

while there exist i and j such that det(Ry;)/det(Ry1) > f, where
Ri1 = R(1: k,1: k), IN; j4+x permutes columns i and j + k,
Rl_li’j+k = é:‘%, R'n = R'(l . k,l . k) do
Find i and j
Compute Rn,"’,;H( = Qé and N, = FICI'I,-JM

end while
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Strong RRQR (contd)

It can be shown that

Z:;EZB = \/(RlllRH)ij + 97 (Ru1) X5 (Ra2) (3)

forany 1 <j<kand1<j<n—k (the 2-norm of the j-th column of A is
Xj(A), and the 2-norm of the j-th row of A=1 is p;(A) ).

Compute a strong RRQR factorization, given k:
Compute All. = QR by using QRCP

. _ 2
while maXi<i<k,1<j<n—k \/(R111R12),‘7j + p’2 (Rn) XJZ (R22) >f do
Find i and j such that \/(Rl—llRlz)f_j + 02 (Ru) 2 (Raz) >

Compute RM; j+x = QR and M = MMy ik
end while
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Strong RRQR (contd)

m det(Ryy) strictly increases with every permutation, no permutation
repeats, hence there is a finite number of permutations to be performed.
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Strong RRQR (contd)

Theorem
[Gu and Eisenstat, 1996] If the QR factorization with column pivoting as in
equation (1) satisfies inequality

_ 2
\/(R111R12),-,j + 07 (Ru) X7 (Ra2) < f

foranyl1 <i<kandl<j<n-—k, then

o) oilRe) _ A ),

= 0i(Ri1) ok+j(A)

forany1 < i<k and1 < j < min(m,n)— k.
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Sketch of the proof ([Gu and Eisenstat, 1996])
Assume A is full column rank. Let @ = 0 max(R22)/0min(R11), and let

Ry Ik R1R12} 5
R = 11 = R W;.
[ Rzz/a} { alp_ i

We have B
Ji(R) S U;(R1)|‘W1||2, 1 S i S n.
Since Umin(Rll) = UmaX(R22/a), then 0‘,'(f:\31) = U;(Rll), for 1 < i < k.

IWAIR < 1+ (IR Ruall3 + o = 1+ ||Ry" Ruel 3 + [ Rez 1311 R I3

< 14 ||Ry RuallE + [ Rl [E R IF
k n—k

1+ Z Z ((R1_11R12):2,j + 07 (R11)X12' (R22)) < 1+ f2k(n — k)
i—1 j=1

We obtain,

oilA) AT PRk

oi(Ru) ~
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Deterministic column selection: tournament pivoting

1D tournament pivoting (1Dc-TP)

.. 2k 2k 2k 2k
® 1D column block partition of A, select k cols
from each block with strong RRQR
(A1 A1z A1z A1s) A; Ay Ay | Ay

Il Il Il Il
( QuoRooMedy  QuoRioMefy  QoRo0Mcdy  QaoRs0Mcd,

s 4 4 s

loo ho o ho
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Deterministic column selection: tournament pivoting

1D tournament pivoting (1Dc-TP)

® 1D column block partition of A, select k cols

from each block with strong RRQR
( A11 A12 A13 A14
Il Il 1

( QuoRooMecdy  QuoRioMNcfy  @oR20Mcd, Q30R30ﬂc30 loo
s 4 4

loo ho 2% I30

16 of 43 1



Deterministic column selection: tournament pivoting

1D tournament pivoting (1Dc-TP)

B Reduction tree to select k cols from sets of 2k
cols,

(A(:, loo U o) A(:, ko U ho); )
Il Il

( Qo1Ro1Mcdy QuiRuiMNc];)
{ {

lo1 h1

A(:, lo1 U h1) = QoaRo2Medy — lo2
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Deterministic column selection: tournament pivoting

Lo I3

AVARY

1D tournament pivoting (1Dc-TP)

B Reduction tree to select k cols from sets of 2k
cols,

(A(:, loo U o) A(:, o U ho); )
Il

I log Iy
( QorRo1Mecdy QuiR1iMNc];)
4 4
lo1 h1

A(:, lo1 U h1) = QoaRo2Medy — lo2

16 of 43




Deterministic column selection: tournament pivoting

1D tournament pivoting (1Dc-TP)

B Reduction tree to select k cols from sets of 2k
cols,

(ACG, oo U ho)  A(:, ko U ); )
Il Il

( Qu1Ro1Mecdy Qu RNy )
4 4

lo1 h1

A(:, do1 U h1) = QoaRo2Medy — o2

16 of 43

NSNS

H |——

~.
ﬂl




Deterministic column selection: tournament pivoting

N/ \/

1D tournament pivoting (1Dc-TP)

IO.! II.‘!

..

B Return selected columns A(:, lo2) loz
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Select k columns from a tall and skinny matrix

Given W of size m x 2k, m >> k, k columns are selected as:

W = QRy using TSQR
R02n5 = Q2R2 using QRCP
Return W.(:,1: k)

Wo | = Ropo R
_— Roz
Parallel: w=| W, | ™ Ry T R,
Wz :: RZO > R11 /
W3 R30
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Reduction trees

Any shape of reduction tree can be used during CA_RRQR, depending on
the underlying architecture.

® Flat tree:
® Binary tree: Aw Ao Ao Aso
Ao Ao Ax Az {
! ! ! ! f(Aco)
f(Aw) f(Aw) f(A) f(As30) {
N N f(Ao1)
f(Ao1) f(An) }
N\ v f(Ao2)
f(Ao2) \
f(Ao3)

Notation: at each node of the reduction tree, f(Aj;) returns the first b columns
obtained after performing (strong) RRQR of Aj.
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Rank revealing properties of tournament pivoting

It is shown in [Demmel et al., 2015] that the column permutation computed
by CA-RRQR satisfies

X2 (R Ri2) + (xj (Re2) /omin(Ru1))? < Fip, for j=1,...,n— k. (4)

where Frp depends on k, f, n, the shape of reduction tree used during
tournament pivoting, and the number of iterations of CARRQR.
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CA-RRQR - bounds for one tournament

Selecting k columns by using tournament pivoting reveals the rank of A with
the following bounds:

ai(A)  0j(Rx2)
:(Ri) 7y (A)

IR Riz||max < Frp

1+ F72'P(n - k)7

® Binary tree of depth log,(n/k),

Fro < — (n/) 521, (5)

The upper bound is a decreasing function of k when k > /n/(v/2f).
m Flat tree of depth n/k,

Frp < T (var)” " (6)
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Tournament pivoting for 1D row partitioning - 1Dr TP

= Row block partition A as e.g.

-1
A Qoo RoolMegg — select k cols oo
A A | _ Q10:‘:\’1o|'|c1_01 — select k cols lp  Po An by
A3 QoRx0Mesyy | — select k cols ko
]
An Q30R30|-|C30 — select k cols g
P1
Az Io
Pz A31 IZO
P3
A41
’30
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Tournament pivoting for 1D row partitioning - 1Dr TP

= Row block partition A as e.g.

-1
A Qoo RoolMegy — select k cols Ipg

o P Qlole'lclPl —s select k cols g Po An o
A3t Q20 R20M ey — select k cols g

As Q30R3o|_|c§Jl — select k cols I3 /

= Apply 1D-TP on sets of 2k sub-columns

A .
(( ) G foo U /10)\ (001Ro1nc01 ) — o1

A31> (55 o U /30)) QHRHHCH -

O
~

Ass fzg\
Py /
0

A(, lo1 U h1) = (Qo2Ro2Megyt) — oz Aa

® Return columns A(:, lp2)
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Tournament pivoting for 1D row partitioning - 1Dr TP

® Row block partition A as e.g.

A Qoo RooMegg — select k cols lpg
A— A | QloRlonciJl — select k cols g Po Ay foz\
T [ Az | T | QuoReoNey' | — select k cols ko
Apn Q30R3o|_|c;01 — select k cols 3o
Py /
= Apply 1D-TP on sets of 2k sub-columns Az
A
Lo U T _
(( )( 00 10)\ _ (001R01|_|c011) — o1 P, | a
(A31) (5, hoU /30)) QllRllncil —h " ,ﬂ\

P /
Ay

’30

A b1 U 1) = (Qu2Ro2Megy') = hoz

® Return columns A(:, lpz)
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Tournament pivoting for 1D row partitioning - 1Dr TP

® Row block partition A as e.g.

A1l QOOROOI_IC&)l — select k cols Ipp

A | _ | QuRioMcyyt | — select k cols ko b

A | Qa0 RaoMc5q — select k cols I,y ' ° Ay
As1 (;)30[?30|‘|63*0:l — select k cols /59

IGO
\ "Dl
® Apply 1D-TP on sets of 2k sub-columns N ,m/ \

((Au) (:y loo U l1o)\ . (QolRolnco_ll) Sl
k(Aﬂ) (5,0 U /30)) \QuRufe) = P2 As "ZN
’11
A(, lo1 U h1) = (Qo2Ro2Megy') — oz Ps A f /
30

® Return columns A(:, lp2)
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Tournament pivoting for 1D row partitioning - 1Dr TP

® Row block partition A as e.g.

An QooRooﬂc&)l — select k cols Ipg
A— Ao | _ QloRmI'Icfol — select k cols hg
T An | T onR’zol'IC;(]1 — select k cols Iy
An Q30R3o|_|c§]1 — select k cols /3p

’01
= Apply 1D-TP on sets of 2k sub-columns il M4, ,m/I \

((All) (5, loo U 110)\ 3 (QmROlncall) N
k(Au) (5, hoU /30)) ) QuRunC;ll o 2| A IZN
111
A o1 U 1) = (QO2R02|_|C()_21) — lo2 Ps A | /
30

® Return columns A(:, lpp)
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CA-RRQR : 2D tournament pivoting

u A distributed on I1, x I, procs as e.g.

A— Aun A A Au
Axi Axn Ax Axn




CA-RRQR : 2D tournament pivoting

= A distributed on 1, x I procs as e.g.

A:(All A Az Au
Axi Axn Ax Axn

||

= Select k cols from each column block by 1Dr-TP, I i

|
An\ (A [(As) [Au I I
(Afl) (Afz> <Afa> (Af;) \ / \

loo ho I ho I | I
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CA-RRQR : 2D tournament pivoting

A distributed on I1, x N, procs as e.g.

A:(All A Az Au
Axx Axn Ax Ax

Select k cols from each column block by 1Dr-TP,

(An) (A12> <A13> <A14>

A A Aps Az
{ { 4 {
loo ho I ho

Apply 1Dc-TP on sets of k selected cols,
A(Z, /00) A(Z, /10) A(:7 /20) A(:7 /30)

Return columns selected by 1Dc-TP A(:, lp2)
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Numerical results

® Stability close to QRCP for many tested matrices.
= Absolute value of diagonals of R referred to as R-values.

= Methods compared
7 RRQR: QR with column pivoting
0 CA-RRQR-B with tournament pivoting 1Dc-TP based on binary tree
11 CA-RRQR-F with tournament pivoting 1Dc-TP based on flat tree
o SVD
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Numerical results (contd)

S TN A S A N AT T

50 00 50 20 =0
Cotumn No.i

0 00 50
Golumn No.

B Left: exponent - exponential Distribution, o1 =1, 0; = a/~1 (i=2,...,n),
o = 1071/11 [Bischof, 1991]

B Right: shaw - 1D image restoration model [Hansen, 2007]

emin{||(AMo)(:, )l [[(AM) (DIl 5 [1(AM2)G, 2}
emax{[[(AMo)(:, Il » [(AML) G, DIz » [[(AN2) (5 DI}

()
(8)

where M;(j = 0,1,2) are the permutation matrices obtained by QRCP, CARRQR-B, and

CARRQR-F, and ¢ is the machine precision.
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CA-RRQR : 2D tournament pivoting
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Numerical experiments

Singular val d rati
Original image, size 1190 x 1920 ingufar values and ratios

¥ Image source: https://pixabay.com/photos/billiards-ball-play-number-half-4345870/
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Plan

LU_CRTP: Truncated LU factorization with column and row tournament
pivoting
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Low rank approximation based on LU factorization

® Given desired rank k, the factorization has the form

Au /Z\lz I All A12
MnAM. = | ' = =~ = = ,
<A21 Azz) (A21A111 /) < 5(A11)>
where A € R™*" All S Rk’k, 5(/_\11) = 12\22 — Azljﬂljlz.

® The rank-k approximation matrix Ay is

/ _ _ A o )
Ak = <A21A1_11> (A11 A12) = <A;) A111 (A11 A12),

L Aﬁl is never formed, its factorization is used when Ay is applied to a
vector.
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Select k cols using tournament pivoting

2k 2k 2k 2k
Partition A = (A1, Az, As, As).
Select k cols from each column A1 A, A, A,
block, by using QR with column
pivoting

= At each level i of the tree
o At each node j do in parallel
B let A, ;_1,Ay,i—1 be the cols
selected by the children of node j
B Select k cols from
(Av,i—1,Aw,i—1), by using QR
with column pivoting

® Return columns in Aj
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Select k cols using tournament pivoting

2k 2k

Partition A = (A1, Az, As, As).

Select k cols from each column ) , , ,
A Ao

block, by using QR with column
pivoting
= At each level i of the tree
o At each node j do in parallel
W Let A, i_1,Aw,i—1 be the cols
selected by the children of node j
B Select k cols from
(Av,i-1,Aw,i-1), by using QR
with column pivoting

® Return columns in Aj;
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Select k cols using tournament pivoting

2k 2k
Partition A = (A1, Az, As, As).
Select k cols from each column A, A, A,

block, by using QR with column

pivoting A‘O\‘ 70 A<‘
® At each level i of the tree

o At each node j do in parallel
B let A, i_1,An,i—1 be the cols
selected by the children of node j

B Select k cols from
(Av,i—1,Aw,i—1), by using QR
with column pivoting

® Return columns in Aj

29 of 43




Select k cols using tournament pivoting

2k 2k

k 2k
Partition A = (A1, Az, As, Ag).
Select k cols from each column n, 7,
o Ap

2|
block, by using QR with column A
pivoting

VARV
® At each level i of the tree /

o At each node j do in parallel
B let A, ;_1,Ay,i—1 be the cols
selected by the children of node j
B Select k cols from
(Av,i—1,Aw,i—1), by using QR
with column pivoting

® Return columns in Aj
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Select k cols using tournament pivoting

Partition A = (A1, Az, As, As).

Select k cols from each column A3
E:sglt(i,nzy using QR with column 0 A~<q
At each level i of the tree

o At each node j do in parallel

B Let A, ;_1,Aw,i—1 be the cols
selected by the children of node j A

B Select k cols from A 11
(Avi-1,Aw,i-1), by using QR K -

with column pivoting
Return columns in Aj; ﬂ
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Select k cols using tournament pivoting

2k 2k
Partition A (A1, Az A, As). q
Select k cols from each column 3 4
block, by using QR with column 0 A 0 A30
pivoting \‘ /

® At each level i of the tree
I At each node j do in parallel
W Let A, ;_1,Aw,i—1 be the cols

selected by the children of node j A

A 11
B Select k cols from K /
(Av,i—1,Aw,i—1), by using QR

with column pivoting
® Return columns in Aj

A02
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LU_CRTP factorization - one block step

One step of truncated block LU based on column/row tournament pivoting
on matrix A of size m x n:

1. Select k columns by using tournament pivoting, permute them in front,
bounds for s.v. governed by g1(n, k)

_ AR R\ _ (Qu Q) (Ru R
Al = Q( Rzz) B <Q21 sz) ( Rzz)

2. Select k rows from (Qq1; Q1) of size m x k by using tournament

pivoting,
(Qu G
nrQ_(Qzl Qz2>

such that ||C_)21@1_11Hmax < Frp and bounds for s.v. governed by g>(m, k).
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Orthogonal matrices

Given orthogonal matrix @ € R™*™ and its partitioning
_ (Qu Quw
Q= (Qn %)’ (11)

the selection of k cols by tournament pivoting from (Qy1; le)T leads to
the factorization

_(Qu Qu\ _ ([ I Qu Qo
n-Q= (QZI 022) N (Qlel_ll /) ( S(Qll)) (12)
where S(Q11) = Qo — Qu @71 Q1x = Q5,7 since

S(Qu)R, = @0Qy — 621@1_116125)22 =1 - Qu@Jf - @21@1_11 QR12Q5,
= - Qu(Q) — Q' Qu@)) =1

3of 43 1



Orthogonal matrices (contd)

The factorization

C(Qu Q) _ L Qu Q2
Q= (@21 sz) N (Q21Qfll /> ( 5(Q11)) (13)
satisfies:
||Q21©1_11Hmax S FTP7 (14)
1 _

— < g <1, 15

amk) = oi(Qu1) (15)

Umin(@ll) = Umin(é22) (16)

forall 1 </ <k, 1<j<m-—k, where g3(m, k) = /1 + F7p(m — k).

Exercice: show that omin(@11) = T min(@22) by considering unit vectors
x € RK y e Rmk

1= [[Quxl” +[|Quxl?, 1= |QhyI* + || @yl

and showing min|j,||=1 \|011X||2 = min||y||=1 ||C_)2T2y||2
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Sketch of the proof

A Ap / An Ap
mAn, — (A de)y_(_ | 1
<A21 A22> (’421’4111 I> ( 5(A11)>
_ L ) Qu Qu Rii  Ri2 (17)
@ Q7 1 S(Qu1) Ry
where
@@yt = AuAL,

S(An) = S(Qu)Rn= Q5 Run.
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Sketch of the proof (contd)

A = QuRu, (18)
S(Aw) S(Qu1)R2 = Q" Roo. (19)

We obtain

1

0i(A) > 0i(A11) > T min(Qr1)oi(Ri1) > WW

(A),

We also have that

oi+j(A) < 0;(S(An)) 0j(S(@11)Ra2) < IS(Q11)ll207(Ra2)

< qi(n, k)ga2(m, k)oryi(A),

where qi(n, k) = \/1+ F25(n— k), qa(m, k) = /1 + F25(m — k).
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LU_CRTP factorization - bounds if rank = k

Given A of size m x n, one step of LU_.CRTP computes the decomposition

Asnn= (G 2= (eew (7 si) e
where Ai; is of size k x k and
S(An) = An — An At A = Ap — Q@ Q' A (21)
It satisfies the following properties:

||A21A1_11||max - ||Q21©1_11Hmax S FTP7 (22)

ai(A)  a;(5(An))
= 0i(An)’ ok+j(A)
forany 1</ <m—k, 1<i<k, and 1< j<min(m,n)—k,
a(m, 0. k) = qu(n. K)qa(m. k) = v/(L+ F2p(n — k) (L + F2p(m — K)).

< q(m, n, k), (23)
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Plan

Experimental results, LU_.CRTP
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Numerical results

Evolution of singular values for exponential Evolution of singular values for foxgood

10° 10°
< QRCP 3 ~QRCP
« LU-CRQRCP) B « LU-CRQRCP
s LU-CRTP 10°F LU-CRTP
10 - SVD %\ + SVD
© ®
% ) % 10—10 L% 4
Z 1010 B z ‘K
§10 < & %
= 3 -15 1 4
g 210 L. _
[%2] (2]
-15 4 %
10-20 L L L L w‘ 10-25 L L L L L
0 50 100 150 200 250 300 0 50 100 150 200 250 300
Index of singular values Index of singular values
B Left: exponent - exponential Distribution, 01 =1, o, =/~ (i =2,...,n),

a = 10~ 1/11 [Bischof, 1991]

B Right: foxgood - Severely ill-posed test problem of the 1st kind Fredholm integral
equation used by Fox and Goodwin
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Results for image of size 919 x 707

Original image

Rank-38 approx, SVD Singular value distribution

Rank-75 approx, LU_.CRTP
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Results for image of size 691 x 505

Singular value distribution

Evolution of the s

Original image Rank-105 approx, SVD
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More details on CA deterministic algorithms

u [Demmel et al., 2015] Communication avoiding rank revealing QR
factorization with column pivoting Demmel, Grigori, Gu, Xiang, SIAM J.
Matrix Analysis and Applications, 2015.

= Low rank approximation of a sparse matrix based on LU factorization
with column and row tournament pivoting, with S. Cayrols and J.
Demmel, Inria TR 8910.
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Results used in the proofs

m Interlacing property of singular values [Golub, Van Loan, 4th edition,
page 487]
Let A=[ai|...|an] be a column partitioning of an m x n matrix with
m>n. If A, =Ja]...]a/] thenforr=1:n-1
Ul(Ar+1) > Ul(Ar) > 02(Ar+1) >z Ur(Ar+1) > Ur(Ar) > O'r+l(Ar+1)~

® Given n X n matrix B and n x k matrix C, then
([Eisenstat and Ipsen, 1995], p. 1977)

Imin(B)oj(C) < 0j(BC) < omax(B)oj(C),j =1,... k.
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