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1. Let K/Q be an extension of the number field @), L/K a finite extension, and p<10¢
a non-zero prime ideal, B € Spec,(Ox), and Q € Spec(Op).
a) Show that Q € Spec,(0y) if and only if QN Ok € Spec,(Ok).
b) Show that

eap =eap-epp  and  fap = fagp - fpp-

2. Let K/() be an extension of number fields and let p € Spec(Og) a non-zero prime
unramified in K. Let 9 € Spec,(Of). Recall that the Frobenius element (%Q) €
Dy denotes the preimage of the Forbenius froby,| € Gal(ky/ky).

a) Show that (KTéQ) is the unique element o € Dy such that

Vze O o(z)=2% mod .
b) Let o € Gal(K/Q), show that

(K/Q) 1 (K/Q>

o O —_— o g = .

B a(B)

c) Show that the set of Frobenius elements at primes above p is a single conjugacy
class in Gal(K/Q).

3. The following exercise is an exercise in Galois Theory. If time is scarce, we en-
courage you to just use the results and focus on the other exercises instead.

Let K be a field, let Ly, Ly C K be finite Galois extensions of K. Let L;L,
denote their composite field, i.e., Ly L, is the smallest subfield of K containing the
union L U Lsy.

a) Show that L;L,/K is Galois.
b) Consider the map given by
U Gal(Lng/K) — Gal(Ll/K) X Gal(Lg/K),

o (U|L1v U|L2)7

where 0|1, denotes the restriction of ¢ to L;. Show that ¥ is an injective group
homomorphism.
c¢) Show that the group homomorphism

b Gal(Lng/Ll) — Gal(LQ/Ll N L2>,

o+— 0|,

is a well defined isomorphism of groups.
Hint: For surjectivity, show that the fixed field of im(®) equals L; N Lo, i.e.,

{z € Ly: Vo € im(®) o(z) =z} = L1 N Lo.
d) Prove that if L; N Ly = K, then W is an isomorphism and hence

Gal(L1Ly/K) = Gal(Ly/K) x Gal(Ly/K).
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4. Let Ly,L, C Q be finite Galois extensions of Q such that L; N Ly, = Q. We
denote ny; = [Ly: Q] and ny = [Ly: Q]. Furthermore, for ¢ = 1,2, let O; be the
ring of integers in L; and

(zii), e ,ZT(L?) SNV
be Z-bases of O;. Finally, set
d; = diSCLi/Q (Zgi), ey 7(1)) € 7,

and assume that d; and dy are relatively prime, i.e., (di,ds) = (1) as ideals in Z.
a) Show that L;Ls is a number field of degree nins.
b) Let f1,...,0n, € L1 be such that

o= Blzfz) + -+ 6@2,(122) € 0,1,

Prove that the elements dyf, ..., dyf,, are integral.
Hint: Let Gal(LiLs/Ly) = {af), . ,07(122)} and Tp = ( 3(2)(@)) e Q"™ . Note
that

(017 (@). 03 (@) = (Br.- -, Bua) T
¢) Deduce that the tuple
B = (z(l)z( )1 <Ji < nz)
forms a Z-basis for the ring of integers in L L.
Hint: B is a Q-basis of LiL,.
d) Prove that
diSCLlLQ/Q(g) = d1n2d2m.
Hint: This is a rather long computation in rearranging the matrix defining the
discriminant; cf. §3 of Lecture 4.

5. For each positive integer n > 1, let (,, be a primitive n-th root of unity. The aim
of this exercise is to show that the ring of integers of the cyclotomic field Q((,) is
given by

Oa(cn) = Z[Gnl.
a) Let [n1,ny] denote the least common multiple of ny and ny. Prove that

Q(Cnn CTLQ) = Q(C[nl,nﬂ) and Z[Cnlv an] = Z[C[nl,nﬂ] :

Hint: You can choose the roots (; and (» such that, for example,

ng
C[nl,ng] (nm2) = Cnp

where (n1,n9) denotes the greatest common divisor of n; and ny respectively.
b) Prove that Q(¢u,) N Q(Cry) = @(C(m,na))-

Hint: First, show that Q((n,n.)) C Q(Cuy) N Q(Cry). Then use Exercise

together with [Q((,): Q] = ¢(n) to show that

0165 @) Q)] = S~ 10(6,): Qo)

c¢) Conclude that Og(c,) = Z[¢,] and that all the divisors of the discriminant of
OQ(Qn) divide n.

Hint: Use induction on the number of prime divisors of n.
d) Prove that a non-zero prime (p) € Spec(Z) is ramified in Q(¢,) if and only
if p|n.



