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Given a function f : Rd → R ∪ {−∞,∞} we define the convex conjugate f∗ as

f∗(y) = sup
x∈Rd

(x · y − f(x)).

When f : Rd → R ∪ {+∞} is convex, f∗ is also known as Legendre transform of f . Notice that, at

least informally, if we assume that f is differentiable and that the supremum in the right-hand side is

realized at a point x̄, then y = ∇f(x̄).

Exercise 4.1. Given two functions f, g : Rd → R ∪ {+∞} such that f, g ̸≡ +∞. Show the following:

(i) f∗ and g∗ are convex functions.

(ii) If f ≤ g, then g∗ ≤ f∗.

Exercise 4.2. Compute the convex conjugate of

(i) f(x) = 1
2⟨x, x⟩ for x ∈ X, X = Rd;

(ii) f(x) = ⟨x, x0⟩, for x ∈ X, where x0 ∈ X is a fixed point, X = Rd;

(iii) a function f defined by f(x0) = 0 and for x ∈ X, x ̸= x0, f(x) = +∞, where x0 ∈ X is a fixed

point, X = Rd;

(iv) f(x) = 1
p |x|

p if 1 < p < ∞ and X = R.

Exercise 4.3. Let f : Rd → R∪{+∞} be a convex lower semicontinuous function such that f ̸≡ +∞.

Prove that (f∗)∗ = f .

Hint: Prove the two inequalities separately, f ≥ (f∗)∗ and f ≤ (f∗)∗. For the latter, use point (ii)

and (iii) of Exercise 4.2.

Exercise 4.4. Given a function f : Rd → R ∪ {+∞}, prove that

(i) y ∈ ∂f(x) if and only if f(x) + f∗(y) = ⟨x, y⟩;

(ii) If f is convex, lower semicontinuous, and f ̸≡ +∞, then y ∈ ∂f(x) ⇐⇒ x ∈ ∂f∗(y).

Exercise 4.5 (,). Consider a strictly convex C1 function f : Rd → R such that

lim
|x|→∞

f(x)

|x|
= +∞.

Prove that ∇f : Rd → Rd is a bijection and f(x) + f∗(y) = ⟨x, y⟩ if and only if ∇f(x) = y.
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