
Characteristics and Weak solutions

Exercise 1
The partial differential equation

ut + f(u)x = 0 , u(x, 0) = u0(x) (1)

with f(u) = u2/2 is known as (the inviscid) Burgers equation. Draw the characteristics of the solution in the x-t
plane, driven by the initial condition

u(x, 0) = u0(x) :=


0 x < −1

1 + x −1 < x < 0

1− x 0 < x < 1

0 1 < x

. (2)

Compute the exact solution in 0 < t < 1 and draw its profile at t = 1.

Exercise 2
Consider the following IVP for the Burgers equation

ut +

(
u2

2

)
x

= 0 u(x, 0) = u0(x) =

{
ul x < 0

ur 0 < x
. (3)

This is known as a Riemann problem. For ul < ur, and any um ∈ (ul, ur), let

u(x, t) =


ul x < smt

um smt < x < umt

x/t umt < x < urt

ur urt < x

, (4)

where sm = (um + ul)/2. Show that u is a weak solution of (3), and draw its characteristics. Can you give the
expression of any other weak solution for this problem?

Exercise 3
In this example the flux f depends on x as well as on the solution u. Suppose u is the solution of the PDE

ut + (a(x)u)x = 0, a(x) = x (5)

which satisfies the initial condition u(x, 0) = u0(x), where u0 is some given smooth function. Use the method of
characteristics to compute the equation describing the characteristics in the x-t plane. Is the solution u constant
on the characteristic curves?

Information
A function u is said to be a weak solution to the initial value problem (IVP)

ut + f(u)x = 0 , u(x, 0) = u0(x) (6)

if for any compactly supported C1 function ϕ = ϕ(x, t), there holds∫ ∞

0

∫ ∞

−∞

(
ϕtu+ ϕxf(u)

)
dxd t = −

∫ ∞

−∞
ϕ(x, 0)u0(x)dx . (7)

Exercise 4
Suppose f(u) = au, where a > 0 is a constant and u0(x) is an integrable function. Verify that u(x) = u0(x − at)
satisfies (6) in integral form:∫ x2

x1

u(x, t2) dx−
∫ x2

x1

u(x, t1) dx = −
∫ t2

t1

f(u(x2, t)) dt+

∫ t2

t1

f(u(x1, t)) dt . (8)
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