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Exercise 1.
Let {𝑊𝑡}𝑡 be an 𝑚-dimensional Brownian motion. We recall the definitions

𝐼𝑛(𝑘, 𝑙) = ∫
𝑡𝑛+1

𝑡𝑛

∫
𝑠

𝑡𝑛

𝑑𝑊 𝑘
𝑢 𝑑𝑊 𝑙

𝑠, 𝐼𝑛(𝑘, 𝑙, 𝑗) = ∫
𝑡𝑛+1

𝑡𝑛

∫
𝑠

𝑡𝑛

∫
𝑢

𝑡𝑛

𝑑𝑊 𝑘
𝑟 𝑑𝑊 𝑙

𝑢𝑑𝑊 𝑗
𝑠 ,

with the convention 𝑊 0
𝑡 = 𝑡 (hence 𝑑𝑊 0

𝑡 = 𝑑𝑡). Show that

1) 𝐼𝑛(0, 0) = 1
2
𝛥𝑡2,

2) 𝐼𝑛(0, 𝑘) = 𝛥𝑡𝛥𝑊 𝑘
𝑛 − 𝐼𝑛(𝑘, 0)

3) 𝐼𝑛(𝑘, 0) = 1
2
𝛥𝑡(𝛥𝑊 𝑘

𝑛 + 1
√

3
𝑍𝑘) with 𝑍𝑘 ∼ 𝑁(0, 𝛥𝑡) independent of 𝛥𝑊 𝑘

𝑛 .

4) 𝐼𝑛(𝑘, 𝑘, 𝑘) = 1
2
( 1

3
(𝛥𝑊 𝑘

𝑛)2 − 𝛥𝑡)𝛥𝑊 𝑘
𝑛

Exercise 2.
Let 𝑊1, … , 𝑊𝑚 be 𝑚 independent one-dimensional Brownian motions in [0, 𝑇 ]. Consider a uniform

partition 𝑃 = {0 = 𝑡0 < 𝑡1 < … < 𝑡𝑁 = 𝑇 } of size 𝛥𝑡. We recall that

𝐼𝑛(𝑖𝑝, … , 𝑖1) ∶= ∫
𝑡𝑛+1

𝑡𝑛

∫
𝑠1

𝑡𝑛

… ∫
𝑠𝑝−1

𝑡𝑛

d𝑊 𝑖𝑝
𝑠𝑝 … d𝑊 𝑖1𝑠1

where for d𝑊 𝑖𝑗
𝑠 = 0if 𝑖𝑗 = 0 For example, we have

𝐼𝑛(1, 2, 0) = ∫
𝑡𝑛+1

𝑡𝑛

∫
𝑠1

𝑡𝑛

∫
𝑠2

𝑡𝑛

d𝑊 1
𝑠3

d𝑊 2
𝑠2

d𝑠1.

Show that:

i) E[𝐼𝑛(𝑖𝑝, … , 𝑖1)] = 0 if there exists ̂𝑗 ∈ {1, … , 𝑝} such that 𝑖 ̂𝑗 ≠ 0.
ii) E[𝐼𝑛(𝑖𝑝, … , 𝑖1)] = 𝒪((𝛥𝑡)𝑝) if 𝑖𝑗 = 0 for all 𝑗 ∈ {1, … , 𝑝}.

Hint. Use the Cauchy formula for repeated integration.
iii) E[𝐼2

𝑛(𝑖𝑝, … , 𝑖1)]1/2 = 𝒪((𝛥𝑡)𝑞) where 𝑞 = ∑𝑝
𝑗=1

2−min{1,𝑖𝑗}
2

.
Hint. Prove it by induction.

iv) E[|𝐼𝑛(𝑖𝑝, … , 𝑖1)|] = 𝒪((𝛥𝑡)𝑞) where 𝑞 = ∑𝑝
𝑗=1

2−min{1,𝑖𝑗}
2

.

Exercise 3.
The aim of this exercise is to derive a method of strong order 3/2 for an autonomous one-dimensional

SDE of the form
d𝑋(𝑡) = 𝑓(𝑋(𝑡))d𝑡 + 𝑔(𝑋(𝑡))d𝑊(𝑡).
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Let us first define the following Itô integrals with the notation of Exercise 3

𝐼𝑛(0) = ∫
𝑡𝑛+1

𝑡𝑛

d𝑠1, 𝐼𝑛(1) = ∫
𝑡𝑛+1

𝑡𝑛

d𝑊(𝑠1),

𝐼𝑛(0, 0) = ∫
𝑡𝑛+1

𝑡𝑛

∫
𝑠1

𝑡𝑛

d𝑠2d𝑠1, 𝐼𝑛(0, 1) = ∫
𝑡𝑛+1

𝑡𝑛

∫
𝑠1

𝑡𝑛

d𝑊𝑠2
d𝑠1,

𝐼𝑛(1, 0) = ∫
𝑡𝑛+1

𝑡𝑛

∫
𝑠1

𝑡𝑛

d𝑠2d𝑊𝑠1
, 𝐼𝑛(1, 1) = ∫

𝑡𝑛+1

𝑡𝑛

∫
𝑠1

𝑡𝑛

d𝑊𝑠2
d𝑊𝑠1

,

𝐼𝑛(1, 1, 1) = ∫
𝑡𝑛+1

𝑡𝑛

∫
𝑠1

𝑡𝑛

∫
𝑠2

𝑡𝑛

d𝑊𝑠3
d𝑊𝑠2

d𝑊𝑠1
, …

In the following, we denote by 𝑓, 𝑓 ′, 𝑓″ and 𝑔, 𝑔′, 𝑔″ the values 𝑓(𝑋(𝑡𝑛)), 𝑓 ′(𝑋(𝑡𝑛)), 𝑓″(𝑋(𝑡𝑛)) and 𝑔(𝑋(𝑡𝑛)), 𝑔′(𝑋(𝑡𝑛)), 𝑔″(𝑋(𝑡𝑛)),
respectively. Moreover, we define

𝑒1 = ∫
𝑡𝑛+1

𝑡𝑛

𝑓(𝑋(𝑠1))d𝑠1 − 𝑓𝛥𝑡,

𝑒2 = ∫
𝑡𝑛+1

𝑡𝑛

𝑔(𝑋(𝑠1))d𝑊𝑠1
− 𝑔𝛥𝑊𝑛.

i) Show that
𝑒1 = 𝑓 ′𝑔𝐼𝑛(0, 1) + (𝑓𝑓 ′ + 1

2𝑔2𝑓″)𝐼𝑛(0, 0)

+ 𝒪(𝐼𝑛(0, 1, 0)) + 𝒪(𝐼𝑛(0, 1, 1)) + 𝒪(𝐼𝑛(0, 0, 0)) + 𝒪(𝐼𝑛(0, 0, 1)).

ii) Show that

𝑒2 = (𝑓𝑔′ + 1
2𝑔2𝑔″)𝐼𝑛(1, 0) + 𝑔𝑔′𝐼𝑛(1, 1) + 𝑔(𝑔𝑔″ + (𝑔′)2)𝐼𝑛(1, 1, 1)

+ 𝒪(𝐼𝑛(1, 0, 0)) + 𝒪(𝐼𝑛(1, 0, 1)) + 𝒪(𝐼𝑛(1, 1, 0)) + 𝒪(𝐼𝑛(1, 1, 1, 0)) + 𝒪(𝐼𝑛(1, 1, 1, 1)).

Then, a possible proposal for a method of strong order 3/2 is given by

𝑌𝑛+1 = 𝑌𝑛 + 𝑓𝛥𝑡 + 𝑔𝛥𝑊𝑛 + 𝑓 ′𝑔𝐼𝑛(0, 1) + (𝑓𝑓 ′ + 1
2𝑔2𝑓″)𝐼𝑛(0, 0)

+ (𝑓𝑔′ + 1
2𝑔2𝑔″)𝐼𝑛(1, 0) + 𝑔𝑔′𝐼𝑛(1, 1) + 𝑔(𝑔𝑔″ + (𝑔′)2)𝐼𝑛(1, 1, 1).

(3.1)

iii) Using the results of Exercise 1, write explicitly the method (3.1).

Exercise 4.
Let 𝑎 ∈ R and consider the SDE on [0, 𝑇 ]

d𝑋(𝑡) = −1
2𝑎2𝑋(𝑡) + 𝑎√1 − 𝑋(𝑡)2d𝑊(𝑡), (4.1)

with initial condition 𝑋(0) = 𝑋0.

i) Verify that the Itô solution of equation (4.1) is given by

𝑋(𝑡) = sin(𝑎𝑊(𝑡) + arcsin(𝑋0)).
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ii) Write the Milstein scheme for equation (4.1) and the corresponding derivative-free schemes with
supporting values

𝑍𝑛 = 𝑋𝑛 + 𝑓(𝑡𝑛, 𝑋𝑛)𝛥𝑡 + 𝑔(𝑡𝑛, 𝑋𝑛)
√

ℎ,

𝑍𝑛 = 𝑋𝑛 + 𝑔(𝑡𝑛, 𝑋𝑛)
√

𝛥𝑡.
(4.2)

iii) Implement the schemes above and verify that they all have strong order of convergence 1. Set 𝑎 = 0.5,
𝑋0 = 0, 𝑇 = 1. Choose different step sizes 𝛥𝑡 = 2−𝑖 with 𝑖 = 2, … , 8 and approximate the expectations
using 𝑀 = 104 realizations of the Brownian motion. What difference do you notice between the three
schemes?

iv) Repeat the previous point for the strong order 1.5 scheme of Exercise 4.

Exercise 5.
Consider the SDE on [0, 1]

d𝑋(𝑡) = −1
2𝑋(𝑡)d𝑡 + 𝑋(𝑡)d𝑊1(𝑡) + 𝑋(𝑡)d𝑊2(𝑡),

with initial condition 𝑋(0) = 1. Does this problem have commutative noise? Give the exact solution and
compute the numerical solution employing the Milstein–Platen scheme. Verify that it has strong order of
convergence 1. Choose different step sizes 𝛥𝑡 = 2−𝑖 with 𝑖 = 2, … , 8 and approximate the expectations using
𝑀 = 104 realizations of the Brownian motion.
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