Numerical Integration of Stochastic Differential Equations E PFL
Week 2024-10-21 to 2024-10-25 Prof. Fabio Nobile

Series Break - October 23, 2024

Exercise 1.
Let (W(t),t > 0) be a standard one-dimensional Brownian motion. The goal of this exercise is to show
that for the class of Hermite polynomials {h,,},,cy it holds
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Remark. The function h,, (W (t);t) plays the role that ™ plays in ordinary calculus.
For n € N, define the n-th Hermite polynomial as
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where p is a parameter.
i) Compute h,(z;p) for n =0, ..., 4.
1) Show that
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) Show that the Hermite polynomials {h,(z;p)},>o are orthogonal in L?(IR) with respect to the weight
function v(z; p) and that

/hn(x; p)?v(z; p)da = nlp™.
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v) Using the fact that the stochastic process Y (t) = e 2 satisfies
¢
Y()=Y(0)+ A/ Y (s)dW(s), (1.2)
0

prove equality (1.1).
Remark. Equation (1.2) will be proved in a future series of exercises.

Exercise 2.
(Itd product rule) Consider for 0 < ¢ < T the stochastic differentials

Xm == Fldt + GldW,
dX2 = F2dt + GQdW,



where Fy, F, € MY(0,T) and G1,G5 € M?(0,T). Assume that X;(0) = X,(0) = 0 and let Fy, F,,G1,G4 be
time independent F (0)-measurable random variables. Without using the Itd formula, show that

d(Xle) == X2dX1 + deXQ + G1G2dt

Exercise 3.
Let (W(t),t > 0) be a one-dimensional Brownian motion. Using the It formula:
i) compute d(W™) where m is a positive integer,
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i7) show that Y (t) =e 2 where A\ € R satisfies
dY = A\YdW,
Y(0)=1.

Exercise 4.

Let (X(t),t > 0) be an n-dimensional process with stochastic differential
dX(t) = F(t)dt + G(t)dW (1),

where F(t) € R*, G(t) € R™™ and W(t) is an m-dimensional Brownian motion. Consider u(x): R® — R
defined as u(z) = |z|? = Z?Zl x2. Using the Itd formula, compute the stochastic differential du(X(¢)) and
give its expression in integral form.

Exercise 5.

Let (Wy(t),t > 0) and (W,(t),t > 0) be two independent one-dimensional Brownian motions. Without
using the Ito formula, show that
d(W1W2) = WldWQ + WQdWl.

Hint. Consider X(t) = iz(wl(t) +Wy(t)).

Exercise 6.

Let B(t) be a one-dimensional standard Gaussian process such that E[B(¢)B(s)] = min{s,t}. Show that
B(t) is a Brownian motion.
Recall. A real-valued stochastic process (X(t),t > 0) is called a one-dimensional Gaussian process if for any
integer n > 1 and any choice of times t; < ... < t,, the random vector (X(¢;), ..., X(t,)) has a multivariate
Gaussian distribution. Moreover, it is called a standard one-dimensional Gaussian process if in addition
E[X(¢)]=0 for all t > 0.
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