
Numerical Integration of Stochastic Differential Equations
Week 2024-10-21 to 2024-10-25 Prof. Fabio Nobile

Series Break - October 23, 2024

Exercise 1.
Let (𝑊(𝑡), 𝑡 ⩾ 0) be a standard one-dimensional Brownian motion. The goal of this exercise is to show

that for the class of Hermite polynomials {ℎ𝑛}𝑛∈N it holds

∫
𝑡

0
ℎ𝑛(𝑊(𝑠); 𝑠)d𝑊(𝑠) =

ℎ𝑛+1(𝑊(𝑡); 𝑡)
𝑛 + 1 . (1.1)

Remark. The function ℎ𝑛(𝑊(𝑡); 𝑡) plays the role that 𝑡𝑛 plays in ordinary calculus.
For 𝑛 ∈ N, define the 𝑛-th Hermite polynomial as

ℎ𝑛(𝑥; 𝜌) = (−𝜌)𝑛𝑒
𝑥2

2𝜌
d𝑛

d𝑥𝑛 (𝑒− 𝑥2

2𝜌 ),

where 𝜌 is a parameter.

i) Compute ℎ𝑛(𝑥; 𝜌) for 𝑛 = 0, … , 4.

ii) Show that

𝑒𝑡𝑥− 𝑡2𝜌
2 =

∞

∑
𝑛=0

ℎ𝑛(𝑥; 𝜌)
𝑛! 𝑡𝑛.

iii) Show that

𝑒𝜌𝑡𝑠 =
∞

∑
𝑛,𝑚=0

𝑡𝑛𝑠𝑚

𝑛!𝑚! ∫
R

ℎ𝑛(𝑥; 𝜌)ℎ𝑚(𝑥; 𝜌)𝜈(𝑥; 𝜌)d𝑥.,

where
𝜈(𝑥; 𝜌) = 1

√2𝜋𝜌
𝑒− 𝑥2

2𝜌 .

iv) Show that the Hermite polynomials {ℎ𝑛(𝑥; 𝜌)}𝑛⩾0 are orthogonal in L2(R) with respect to the weight
function 𝜈(𝑥; 𝜌) and that

∫
R

ℎ𝑛(𝑥; 𝜌)2𝜈(𝑥; 𝜌)d𝑥 = 𝑛!𝜌𝑛.

v) Using the fact that the stochastic process 𝑌 (𝑡) = 𝑒𝜆𝑊(𝑡)− 𝜆2𝑡
2 satisfies

𝑌 (𝑡) = 𝑌 (0) + 𝜆 ∫
𝑡

0
𝑌 (𝑠) d𝑊(𝑠), (1.2)

prove equality (1.1).
Remark. Equation (1.2) will be proved in a future series of exercises.

Solution

i)
ℎ0(𝑥; 𝜌) = 1, ℎ1(𝑥; 𝜌) = 𝑥, ℎ2(𝑥; 𝜌) = 𝑥2 − 𝜌,
ℎ3(𝑥; 𝜌) = 𝑥3 − 3𝜌𝑥, ℎ4(𝑥; 𝜌) = 𝑥4 − 6𝜌𝑥2 + 3𝜌2.
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ii) First, rewrite 𝑒𝑡𝑥− 𝑡2𝜌
2 = 𝑒

𝑥2

2𝜌 𝑒− (𝑥−𝑡𝜌)2

2𝜌 . Then, consider the function 𝑓(𝑦) = 𝑒− 𝑦2

2𝜌 and write its Taylor
expansion around the point 𝑦0 = 𝑥 and evaluated in 𝑦 = 𝑥 − 𝑡𝜌. We obtain

𝑒− (𝑥−𝑡𝜌)2

2𝜌 =
∞

∑
𝑛=0

1
𝑛!

𝑑𝑛

𝑑𝑥𝑛 (𝑒− 𝑥2

2𝜌 )(−𝑡𝜌)𝑛,

which implies

𝑒𝑡𝑥− 𝑡2𝜌
2 =

∞

∑
𝑛=0

(−𝜌)𝑛𝑒
𝑥2

2𝜌
d𝑛

d𝑥𝑛 (𝑒− 𝑥2

2𝜌 ) 𝑡𝑛

𝑛! =
∞

∑
𝑛=0

ℎ𝑛(𝑥; 𝜌) 𝑡𝑛

𝑛! .

iii) Using ii) we have

𝑒𝑡𝑥− 𝑡2𝜌
2 𝑒𝑠𝑥− 𝑠2𝜌

2 =
∞

∑
𝑛,𝑚=0

𝑡𝑛𝑠𝑚

𝑛!𝑚! ℎ𝑛(𝑥; 𝜌)ℎ𝑚(𝑥; 𝜌),

and hence
∞

∑
𝑛,𝑚=0

𝑡𝑛𝑠𝑚

𝑛!𝑚! ∫
R

ℎ𝑛(𝑥; 𝜌)ℎ𝑚(𝑥; 𝜌)𝜈(𝑥; 𝜌)d𝑥 = ∫
R

𝑒(𝑡+𝑠)𝑥− 𝜌(𝑡2+𝑠2)
2 𝜈(𝑥; 𝜌)d𝑥

= 𝑒𝜌𝑡𝑠 ∫
R

𝑒(𝑡+𝑠)𝑥− 𝜌(𝑡+𝑠)2

2 𝜈(𝑥; 𝜌)d𝑥 = 𝑒𝜌𝑡𝑠 1
√2𝜋𝜌

∫
R

𝑒− (𝑥−𝜌(𝑡+𝑠))2

2𝜌 d𝑥
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

=1

.

iv) Note that

𝑒𝜌𝑠𝑡 =
∞

∑
𝑛=0

(𝜌𝑡𝑠)𝑛

𝑛! = 1 + 𝜌𝑡𝑠 + 𝜌2 (𝑡𝑠)2

2! + 𝜌3 (𝑡𝑠)3

3! + … ,

so identifying this with the right hand side of iii), we conclude that for 𝑚 ≠ 𝑛,

∫
R

ℎ𝑛(𝑥; 𝜌)ℎ𝑚(𝑥; 𝜌)𝜈(𝑥; 𝜌)d𝑥 = 0,

and
∫
R

ℎ𝑛(𝑥; 𝜌)2𝜈(𝑥; 𝜌)d𝑥 = 𝑛!𝜌𝑛.

v) In order to show (1.1), we have on one hand (using the formula in ii))

𝑌 (𝑡) = 𝑒𝜆𝑊(𝑡)− 𝜆2𝑡
2 =

∞

∑
𝑛=0

ℎ𝑛(𝑊(𝑡); 𝑡)
𝑛! 𝜆𝑛 = 1 +

∞

∑
𝑛=1

ℎ𝑛(𝑊(𝑡); 𝑡)
𝑛! 𝜆𝑛,

and on the other hand (using (1.2))

𝑌 (𝑡) = 𝑌 (0) + 𝜆 ∫
𝑡

0

∞

∑
𝑛=0

ℎ𝑛(𝑊(𝑠); 𝑠)
𝑛! 𝜆𝑛d𝑊(𝑠)

= 1 +
∞

∑
𝑛=1

( ∫
𝑡

0

ℎ𝑛−1(𝑊(𝑠); 𝑠)
(𝑛 − 1)! d𝑊(𝑠))𝜆𝑛.

As these equalities are valid for any 𝜆, identifying the factor of the 𝜆𝑛 we obtain the result.

Exercise 2.
(Itô product rule) Consider for 0 ⩽ 𝑡 ⩽ 𝑇 the stochastic differentials

𝑑𝑋1 = 𝐹1d𝑡 + 𝐺1d𝑊,
𝑑𝑋2 = 𝐹2d𝑡 + 𝐺2d𝑊,
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where 𝐹1, 𝐹2 ∈ M1(0, 𝑇 ) and 𝐺1, 𝐺2 ∈ M2(0, 𝑇 ). Assume that 𝑋1(0) = 𝑋2(0) = 0 and let 𝐹1, 𝐹2, 𝐺1, 𝐺2 be
time independent ℱ(0)-measurable random variables. Without using the Itô formula, show that

d(𝑋1𝑋2) = 𝑋2d𝑋1 + 𝑋1d𝑋2 + 𝐺1𝐺2d𝑡.

Solution

For 𝑖 = 1, 2, we have

𝑋𝑖(𝑡) = 𝑋𝑖(0) + ∫
𝑡

0
𝐹𝑖d𝑡 + ∫

𝑡

0
𝐺𝑖d𝑊 = 𝐹𝑖𝑡 + 𝐺𝑖𝑊(𝑡).

Therefore, we obtain

∫
𝑟

0
(𝑋2d𝑋1 + 𝑋1d𝑋2 + 𝐺1𝐺2)d𝑡

= ∫
𝑟

0
𝑋2(𝐹1d𝑡 + 𝐺1d𝑊) + ∫

𝑟

0
𝑋1(𝐹2d𝑡 + 𝐺2d𝑊) + ∫

𝑟

0
𝐺1𝐺2d𝑡

= ∫
𝑟

0
(𝑋2𝐹1 + 𝑋1𝐹2 + 𝐺1𝐺2)d𝑡 + ∫

𝑟

0
(𝑋2𝐺1 + 𝑋1𝐺2)d𝑊

= 𝐹1 ∫
𝑟

0
(𝐹2𝑡 + 𝐺2𝑊(𝑡))d𝑡 + 𝐹2 ∫

𝑟

0
(𝐹1𝑡 + 𝐺1𝑊(𝑡))d𝑡 + ∫

𝑟

0
𝐺1𝐺2d𝑡

+ 𝐺1 ∫
𝑟

0
(𝐹2𝑡 + 𝐺2𝑊(𝑡))d𝑊 + 𝐺2 ∫

𝑟

0
(𝐹1𝑡 + 𝐺1𝑊(𝑡))d𝑊

= (𝐹1𝐹2 + 𝐹2𝐹1)𝑟2

2 + 𝐺1𝐺2𝑟

+ (𝐹1𝐺2 + 𝐹2𝐺1)( ∫
𝑟

0
𝑊d𝑡 + ∫

𝑟

0
𝑡d𝑊) + 𝐺1𝐺2(2 ∫

𝑟

0
𝑊d𝑊)

= 𝐹1𝐹2𝑟2 + 𝐺1𝐺2(𝑟 + 𝑊(𝑟)2 − 𝑟) + (𝐹1𝐺2 + 𝐹2𝐺1)𝑟𝑊(𝑟).

where the last equality follows from the previous exercise. Finally, we verify that

(𝑋1𝑋2)(𝑟) = 𝑋1(𝑟)𝑋2(𝑟) = 𝐹1𝐹2𝑟2 + 𝐺1𝐺2(𝑟 + 𝑊(𝑟)2 − 𝑟) + (𝐹1𝐺2 + 𝐹2𝐺1)𝑟𝑊(𝑟),

which completes the proof.

Exercise 3.
Let (𝑊(𝑡), 𝑡 ⩾ 0) be a one-dimensional Brownian motion. Using the Itô formula:

i) compute d(𝑊 𝑚) where 𝑚 is a positive integer,

ii) show that 𝑌 (𝑡) = 𝑒𝜆𝑊(𝑡)− 𝜆2𝑡
2 where 𝜆 ∈ R satisfies

{ d𝑌 = 𝜆𝑌d𝑊,
𝑌 (0) = 1.

Solution

i) Using the Itô formula with 𝑢(𝑥) = 𝑥𝑚, we have

d(𝑊 𝑚) = 𝑢𝑥(𝑊)d𝑊 + 1
2𝑢𝑥𝑥(𝑊)d𝑡 = 𝑚𝑊 𝑚−1d𝑊 + 1

2𝑚(𝑚 − 1)𝑊 𝑚−2d𝑡.
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ii) It is clear that 𝑌 (0) = 1. We then apply the Itô formula with 𝑢(𝑡, 𝑥) = 𝑒𝜆𝑥− 𝜆2𝑡
2 and get

d𝑢(𝑡, 𝑊(𝑡)) = 𝑢𝑡(𝑡, 𝑊(𝑡))d𝑡 + 𝑢𝑥(𝑡, 𝑊(𝑡))d𝑊 + 1
2𝑢𝑥𝑥(𝑡, 𝑊(𝑡))d𝑡

= −𝜆2

2 𝑢(𝑡, 𝑊(𝑡))d𝑡 + 𝜆𝑢(𝑡, 𝑊(𝑡))d𝑊 + 1
2𝜆2𝑢(𝑡, 𝑊(𝑡))d𝑡

= 𝜆𝑢(𝑡, 𝑊(𝑡))d𝑊,

which shows that 𝑌 (𝑡) = 𝑢(𝑡, 𝑊(𝑡)) solves the equation.

Exercise 4.
Let (𝑋(𝑡), 𝑡 ⩾ 0) be an 𝑛-dimensional process with stochastic differential

d𝑋(𝑡) = 𝐹(𝑡)d𝑡 + 𝐺(𝑡)d𝑊(𝑡),

where 𝐹(𝑡) ∈ R𝑛, 𝐺(𝑡) ∈ R𝑛×𝑚 and 𝑊(𝑡) is an 𝑚-dimensional Brownian motion. Consider 𝑢(𝑥) ∶ R𝑛 → R
defined as 𝑢(𝑥) = |𝑥|2 = ∑𝑛

𝑖=1 𝑥2
𝑖 . Using the Itô formula, compute the stochastic differential d𝑢(𝑋(𝑡)) and

give its expression in integral form.

Solution
As 𝑢𝑥𝑖

(𝑥) = 2𝑥𝑖 and 𝑢𝑥𝑖𝑥𝑗
(𝑥) = 2𝛿𝑖𝑗, the Itô formula gives

d𝑢(𝑋(𝑡)) =
𝑛

∑
𝑖=1

2𝑋𝑖(𝑡)d𝑋𝑖 +
𝑛

∑
𝑖=1

(𝐺𝐺𝑇)𝑖𝑖d𝑡 = 2𝑋(𝑡)𝑇d𝑋 + ‖𝐺‖2
𝐹d𝑡,

where ‖𝐴‖𝐹 = √trace(𝐴𝑇𝐴) is the Frobenius norm. Then, in integral form we have

𝑢(𝑋(𝑠)) = 𝑢(𝑋(𝑟)) + ∫
𝑠

𝑟
(2𝑋(𝑡)𝑇𝐹(𝑡) + ‖𝐺‖2

𝐹)d𝑡 + ∫
𝑠

𝑟
2𝑋(𝑡)𝑇𝐺(𝑡)d𝑊(𝑡).

Exercise 5.
Let (𝑊1(𝑡), 𝑡 ⩾ 0) and (𝑊2(𝑡), 𝑡 ⩾ 0) be two independent one-dimensional Brownian motions. Without

using the Itô formula, show that
d(𝑊1𝑊2) = 𝑊1d𝑊2 + 𝑊2d𝑊1.

Hint. Consider 𝑋(𝑡) = 1
√

2
(𝑊1(𝑡) + 𝑊2(𝑡)).

Solution
We verify that 𝑋(𝑡) is a Brownian motion as it is the sum of two 𝑁(0, 𝑡/2) independent random variables,

hence 𝑋(𝑡) ∼ 𝑁(0, 𝑡). Moreover, using the properties of 𝑊1 and 𝑊2 we check that E(𝑋(𝑡)𝑋(𝑠)) = min{𝑡, 𝑠}.
Note that

𝑋(𝑡)2 =
𝑊1(𝑡)2

2 +
𝑊2(𝑡)2

2 + 𝑊1(𝑡)𝑊2(𝑡),

and that for any Brownian motion 𝑊(𝑡), we have seen that d(𝑊 2) = 2𝑊d𝑊 + d𝑡. Consequently,

d(𝑊1𝑊2) = d(𝑋2) −
d(𝑊 2

1 )
2 −

d(𝑊 2
2 )

2
= 2𝑋d𝑋 + d𝑡 − 𝑊1d𝑊1 − d𝑡/2 − 𝑊2d𝑊2 − d𝑡/2
= (𝑊1 + 𝑊2)(d𝑊1 + d𝑊2) − 𝑊1d𝑊1 − 𝑊2d𝑊2

= 𝑊1d𝑊2 + 𝑊2d𝑊1,
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which gives the result.

Exercise 6.
Let 𝐵(𝑡) be a one-dimensional standard Gaussian process such that E[𝐵(𝑡)𝐵(𝑠)] = min{𝑠, 𝑡}. Show that

𝐵(𝑡) is a Brownian motion.
Recall. A real-valued stochastic process (𝑋(𝑡), 𝑡 ⩾ 0) is called a one-dimensional Gaussian process if for any
integer 𝑛 ⩾ 1 and any choice of times 𝑡1 < … < 𝑡𝑛 the random vector (𝑋(𝑡1), … , 𝑋(𝑡𝑛)) has a multivariate
Gaussian distribution. Moreover, it is called a standard one-dimensional Gaussian process if in addition
𝐸[𝑋(𝑡)] = 0 for all 𝑡 ⩾ 0.

Solution
We have to show

(a) 𝐵(0) = 0 a.s.,

(b) 𝐵(𝑡) − 𝐵(𝑠) ∼ 𝑁(0, 𝑡 − 𝑠) for all 𝑡 ⩾ 𝑠 ⩾ 0,

(c) 𝐵(𝑡4) − 𝐵(𝑡3) and 𝐵(𝑡2) − 𝐵(𝑡1) are independent for all 𝑡4 > 𝑡3 ⩾ 𝑡2 > 𝑡1 ⩾ 0.

For (a), note that by hypothesis E(𝐵(0)2) = 0 and hence 𝐵(0) = 0 a.s. To show (b), we assume 𝑠 < 𝑡 without
loss of generality and note that

E(𝐵(𝑡) − 𝐵(𝑠)) = 0,
E((𝐵(𝑡) − 𝐵(𝑠))2) = E(𝐵(𝑡)2) + E(𝐵(𝑠)2) − 2E(𝐵(𝑡)𝐵(𝑠)) = 𝑡 + 𝑠 − 2𝑠 = 𝑡 − 𝑠.

Since for any Gaussian process the increments are Gaussian random variables (linear transformations of
Gaussians are Gaussians), this ensures (b). For (c), we note that

E((𝐵(𝑡4) − 𝐵(𝑡3))(𝐵(𝑡2) − 𝐵(𝑡1))) = 𝑡2 − 𝑡1 − 𝑡2 + 𝑡1 = 0.

For Gaussian random variables 𝑋, 𝑌,

E(𝑋𝑌 ) = E(𝑋)E(𝑌 ) ⇒ 𝑋, 𝑌 are independent, (6.1)

hence (c) is verified.
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