
Exercises for Statistical analysis of network data – Sheet 10

1. For each pair of nodes, Pr{ij exists} = Pr{ji exists} = ρ. The situation is similar to asking for the
distribution of the adjacency matrix of the projection of a multilevel network. The distribution is Bernoulli
with the probability

Pr{ij exists or ji exists} = Pr{ij exists and ji does not exist}
+ Pr{ij does not exist and ji exists}+ Pr{ij exists and ji exists}
= 2ρ(1− ρ) + ρ2.

2. The “in”-graphon: f (in)(x) = 2x, the “out”-graphon: f (out)(y) = 1. There is a freedom to select the two
functions, in principle f (in)′(x) = 2λx and f (out)′(y) = λ−1 would do just as well.

Assume that the densities of in-edges and out-edges are ρ(in) and ρ(out), respectively. Then, using the
notations and definitions of slide 17 of the lecture, and denoting the latent variable corresponding to node

i by xi, we can write π
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i = ρ(out). Therefore, Aij ∼ Ber(2xiρ
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3. Under the assumption of a constant population, the SIR model must statisfy dP (t)/dt = 0. Indeed,

dP

dt
=
d(S + I +R)

dt
= −βSI + βSI − γI + γI = 0.

To linearize the equations, first we note that we have two stable points of the system where linearisation
is a good approximation: the time derivatives are zero in the states (S = N, I = 0) and (S = 0, I = 0).
The first of these is the start of the epidemic, where there is no infection yet and the whole population is
susceptible. The second is after the epidemic, when the whole population is in the “removed” compartment,
and there are neither infected persons, nor susceptible ones.

We are interested in the start of the epidemic, so I0 = 0. Substituting these values into the differential
equation yields

dδI

dt
= β[S0 + δS(t)]δI(t)− γδI(t) ≈ βS0δI(t)− γδI(t),

where in the second equation we neglected the cross-term δS(t)δI(t). The resulting differential equation
is indeed satisfied by the proposed solution.
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