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Series 12: central limit theorem Solutions

Exercise 1
Let µ be the law of X. Since X and Y have the same characteristic function, µ is also the law of Y . Since
X and Y are assumed independent, their joint law is the product measure µ ⊗ µ. In particular, we have

(1) P[X = Y] =

∫
1{x=y} dµ(x) dµ(y).

We now compute

1
2T

∫ T

−T
|ϕ(t)|2 dt =

1
2T

∫ T

−T
ϕ(t)ϕ(t) dt

=
1

2T

∫ T

−T

∫
eitx dµ(x)

∫
e−ity dµ(y) dt

=

∫
1

2T

∫ T

−T
eit(x−y) dt dµ(x) dµ(y),

by Fubini’s theorem. Now,
1

2T

∫ T

−T
eitz dt = sinc(Tz),

where

sinc(z) =

∣∣∣∣∣∣ sin(z)/z if z , 0,
1 if z = 0.

Hence, we get
1

2T

∫ T

−T
|ϕ(t)|2 dt =

∫
sinc(T (x − y)) dµ(x) dµ(y).

We check that sinc is a bounded function, and that sinc(Tz) → 0 as T → ∞ if z , 0, and otherwise
sinc(Tz) = 1. By the dominated convergence theorem, we thus get

1
2T

∫ T

−T
|ϕ(t)|2 dt −−−−−→

T→+∞

∫
1{x=y} dµ(x) dµ(y),

which, when combined with (1), gives the result.

Exercise 2
Substracting the expectation out of each Xi, one can see that it suffices to prove the result for mean zero
random variables. We thus assume that EXi = 0 ∀i. Let

Ym,n =
Xm

αn
, n ≥ 1, 1 ≤ m ≤ n.

Since S n/αn = Y1,n + . . . + Yn,n, it suffices to check that the Ym,n satisfy the Lindeberg-Feller conditions.
Indeed,

• E(Ym,n) = 0 ∀m, n.

• For any n,
n∑

m=1

E(Y2
m,n) =

Var(X1 + . . . + Xn)
α2

n
= 1.



• For ε > 0 and n ≥ 1,

n∑
m=1

E(Y2
m,n · I(Ym,n>ε)) ≤

n∑
m=1

E

Y2
m,n ·

(
Ym,n

ε

)δ =

1
εδ

n∑
m=1

E(Y2+δ
m,n ) =

1
εδα2+δ

n

n∑
m=1

E(X2+δ
m ),

so
∑n

m=1 E(Y2
m,n · I(Ym,n>ε))→ 0 when n→ ∞.

Exercise 3
Following the hint, we write

E[S 2
n] >

n∑
k=1

E[(S 2
k + 2S k(S n − S k) + (S n − S k)2) 1Ak ]

>
n∑

k=1

E[S 2
k 1Ak ] + 2E[S k(S n − S k) 1Ak ].

Concerning the last expectation, note that S k1Ak is σ(X1, . . . , Xk)-measurable, while (S n − S k) is
σ(S k+1, . . . , S n)-measurable. These random variables are thus independent, and since S n − S k is cen-
tred, we get

E[S k(S n − S k) 1Ak ] = 0.

On the other hand, on the event Ak, we have S 2
k > x2, and the events (Ak) are disjoint, thus

E[S 2
n] >

n∑
k=1

E[S 2
k 1Ak ] > x2

n∑
k=1

E[1Ak ] > x2
P

[
max
16k6n

|S k| > x
]
.

Exercise 4
Let

Yn =
S Nn

σ
√

an
, Zn =

S an

σ
√

an
.

By the central limit theorem, Zn
(L)
−−→ N(0, 1). We will show that Yn − Zn → 0 in probability; we will then

be able to conclude that

Yn = Zn + (Yn − Zn)
(L)
−−→ N(0, 1).

Let ε > 0 and δ < ε3/8. We have

P(|Yn − Zn| > ε) = P


∣∣∣∣∣∣∣

Nn∑
i=1

Xi −

an∑
i=1

Xi

∣∣∣∣∣∣∣ > εσ√an

 ≤
P

(∣∣∣∣∣Nn

an
− 1

∣∣∣∣∣ > δ) + P

Nn ∈ [an(1 − δ), an],

∣∣∣∣∣∣∣∣
an∑

i=Nn+1

Xi

∣∣∣∣∣∣∣∣ > εσ√an

 + P

Nn ∈ [an, an(1 + δ)],

∣∣∣∣∣∣∣∣
Nn∑

i=an+1

Xi

∣∣∣∣∣∣∣∣ > εσ√an


≤ P

(∣∣∣∣∣Nn

an
− 1

∣∣∣∣∣ > δ) + P

 max
an(1−δ)≤ j≤an

∣∣∣∣∣∣∣∣
an∑
i= j

Xi

∣∣∣∣∣∣∣∣ > εσ√an

 + P

 max
an≤ j≤an(1+δ)

∣∣∣∣∣∣∣∣
j∑

i=an

Xi

∣∣∣∣∣∣∣∣ > εσ√an

 =

≤ P

(∣∣∣∣∣Nn

an
− 1

∣∣∣∣∣ > δ) + 2P

 max
an≤ j≤an(1+δ)

∣∣∣∣∣∣∣∣
j∑

i=an

Xi

∣∣∣∣∣∣∣∣ > εσ√an

 ,



since the Xi are i.i.d. We now use Kolmogorov’s inequality:

P

 max
an≤ j≤an(1+δ)

∣∣∣∣∣∣∣∣
j∑

i=an

Xi

∣∣∣∣∣∣∣∣ > εσ√an

 ≤ Var(Xan) + . . . + Var(Xdan(1+δ)e)
ε2σ2an

≤
dδaneσ

2

ε2σ2an
≤ 2

δ

ε2 <
ε

4
.

Since Nn/an → 1 in probability, we can choose n0 such that n ≥ n0 implies P
(∣∣∣∣Nn

an
− 1

∣∣∣∣ > δ) < ε/2. For

n ≥ n0, we thus have P(|Yn − Zn| > ε) < ε
2 + 2 ε

4 = ε.


