EPFL - SB MATHAA PRST Probability theory
Thomas Mountford Fall 2022

Series 11: characteristic functions and central limit theorem

Exercise 1

(i.) Show that if X, is a sequence of random variables that converge in law to N(0, 1), and (a,),>1 is a

L
real sequence such that @, — a, then X, + a, (—L N(a,1).
(ii.) Show that if X, ~ N(0, 0'%) converges in law to X, then 0',21 — o € [0, o).

Exercise 2
Show that if X ~ N(0, 1), then
m] (2n)!
B = S
Exercise 3
Use the central limit theorem for Poisson random variables to show that

= nk 1
. n _ 1

Exercise 4
Let X1, Xa, ... be i.i.d. real random variables with E[X;] = 1, Var(X;) = 02 € (0, o). Show that

VS — Vit~ N0, 02 /4).

Exercise 5
Let X, X5, ... be i.1.d. real random variables with I[E[X;] = 0, 0 < ]E[Xlz] < 00. Show that

k=1

-2 ,

3 X~ NGO, D).
k=1

Exercise 6

Let X1, X5, ... bei.i.d. real random variables with E[X;] = 0,0 < E[Xlz] <oo,andletS, = (X;+..

(i) Show that limsup S,/ Vi = +co a.s. (Hint: use Kolmogorov’s 0-1 law.)

A4X).

(ii) Show that S,/ v/n does not converge in probability. (Hint: intuitively, if n; << n, then S, and S,

are almost independent.)



