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Series 11: characteristic functions and central limit theorem

Exercise 1
(i.) Show that if Xn is a sequence of random variables that converge in law to N(0, 1), and (an)n≥1 is a

real sequence such that an → a, then Xn + an
(L)
−−→ N(a, 1).

(ii.) Show that if Xn ∼ N(0, σ2
n) converges in law to X, then σ2

n → σ ∈ [0,∞).

Exercise 2
Show that if X ∼ N(0, 1), then
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Exercise 3
Use the central limit theorem for Poisson random variables to show that
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Exercise 4
Let X1, X2, . . . be i.i.d. real random variables with E[X1] = 1, Var(X1) = σ2 ∈ (0,∞). Show that√

S n −
√

n
(L)
−−−−→
n→∞

N(0, σ2/4).

Exercise 5
Let X1, X2, . . . be i.i.d. real random variables with E[X1] = 0, 0 < E[X2

1] < ∞. Show that n∑
k=1
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N(0, 1).

Exercise 6
Let X1, X2, . . . be i.i.d. real random variables withE[X1] = 0, 0 < E[X2

1] < ∞, and let S n = (X1+. . .+Xn).
(i) Show that lim sup S n/

√
n = +∞ a.s. (Hint: use Kolmogorov’s 0-1 law.)

(ii) Show that S n/
√

n does not converge in probability. (Hint: intuitively, if n1 � n2, then S n1 and S n2

are almost independent.)


